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Preface 


This text is intended to describe and explain the process, tools, models, 
and evaluation of managerial analysis. Managerial analysis is a process 
which uses any tools, models, and evaluation techniques appropriate to 
assist the manager to make decisions. Many friends and readers have sug¬ 
gested that management science or operations research, or possibly sys¬ 
tems analysis, or even systems engineering could have been substituted for 
managerial analysis. The reason such suggestions have been made is that 
each of these fields, although identified by separate professional associa¬ 
tions, subscribe to a similar underlying analytical process which is very 
frequently aimed at managerial considerations. This book has no desire to 
coin a new phrase or begin a new professional association but merely 
recognizes what appears to be a convergence toward a widely accepted 
underlying process. It is true that the examples and models presented are 
more closely allied with those frequently used by practitioneers in man¬ 
agement science/operations research. 

This book is intended as an introductory text for either advanced un¬ 
dergraduates or first-year graduate students. While it assumes only two 
years of high school algebra or one semester of college algebra, obviously, 
the stronger the mathematics preparation, the easier to concentrate on 
the heart of the subject. This author finds that it is not formal mathematics 
which make the better student but the ability to visualize mathematical 
functions and see them in more than an abstract light. This text has been 
classroom tested at the University of Maryland in both a graduate and un¬ 
dergraduate introductory course in quantitative analysis. 

The book is divided into six sections. Section One explains what mana¬ 
gerial analysis is, how it is conducted, what analytical approaches are 
used in its conduct, and a historical perspective. Section Two discusses 
the process of managerial analysis in detail. Since Sections One, Two, and 
Six are the sections which emphasize analysis for management as a mean¬ 
ingful process, they are essential to the book. 

Section Three includes a discussion of mathematical and statistical tools 
used in managerial analysis. The author normally assigns part of this 
material as outside reading because it is a review of material covered in 
other courses. All of the author’s students (both graduate and under¬ 
graduate) have had topics covered in the two chapters on statistics (8 and 
9). However, the author may lecture the undergraduate students on the 
concepts of regression analysis. The author’s graduate students have had 
at least mathematics through differential calculus; thus, Chapters 10 and 
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11 are used for review. Often the author’s undergraduate students have 
had only one year of finite mathematics. Consequently, the author assigns 
only sections 1-10 and 13 of Chapter 10 as a normal part of the course. 
Since part of Chapter 12 requires differential calculus, those sections of 
Chapter 12 are omitted for the undergraduate students. 

Section Four presents a fairly thorough introduction to models of 
common processes. These are the models and solution methods of fre¬ 
quently found situations in the business environment. The models in¬ 
clude: classical economic optimization models, inventory models, queuing 
and other probabilistic models, models of linear systems (linear program¬ 
ming), network models (including PERT), and decision theory (payoff 
matrix) models. Section Five presents an introduction to models of com¬ 
plex systems. This section deals with approaches to modeling complex 
systems which may not be amenable to models of common processes. This 
section covers systems analysis and simulations. 

Since the book covers a great deal of material, most instructors will 
omit some chapters or sections of chapters from Chapters 12 through 20, 
depending upon the desires of the instructor. However, Chapters 13, 15, 
and 18 are essential to the book and should always be covered. 

Section Six covers the topic of validity. It attempts to give the pro¬ 
spective user of the tools and models a basis upon which to evaluate either 
his own analysis or someone else’s analysis. This section is essential to the 
book and should always be covered. 

The author is grateful to all of the individuals who played a part in 
the development of this text. The students who endured the preliminary 
drafts and made many helpful suggestions are due a special note of thanks. 
I would like to acknowledge my friends and associates whose reviews 
and suggestions also added materially to whatever merit the text deserves. 
These associates include William Bassin, Kirby Madden, and Stanley 
Hilley. A special thanks to Rudolph Lamone who has taught three dif¬ 
ferent classes using preliminary versions of the text and offered unmeasur¬ 
able assistance in its development. Thanks are also due to my typist, 
Mrs. Margaret Warren, who has endured patiently the many revisions. 
A very special thanks to Dr. Charles Taff, chairman of the Department of 
Business Administration of the University of Afaryland, who has provided 
reduced teaching loads, and secretarial and editorial assistance without 
which this manuscript would have been impossible. Further thanks are 
due my graduate students and graduate assistants who made direct con¬ 
tributions. These include Frank Budnick, Richard O’Niell, Ronald Less¬ 
ing, and A. K. Sherman. Thanks are also due Mrs. Barney, Mrs. Dillard, 
and Lynda Weber, secretaries. 

Thanks are also due those authors from whose books I have taught. 
These books have had a significant impact on the development of my ap¬ 
proach to presenting certain materials. Those books which have had the 
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greatest impact on my approach are R. C. Meier and S. H. Archer, An 
Introduction to Mathematics for Business Analysis (New York: McGraw- 
Hill Book Co., Inc., 1960); R. I. Levin and C. A. Kirkpatrick, Quantitative 
Approaches to Management (New York: McGraw-Hill Book Co., Inc., 
1965); and N. S. Loomha, Linear Programming: An Introductory Analysis 
(New York: McGraw-Hill Book Co., Inc., 1964). 

Thanks are also due Professor Robert Fetter, editor of this series, 
whose editorial assistance has also contributed greatly. Finally the patient 
understanding of my w 7 ife Linda must be recognized as essential to the 
successful completion of this manuscript. 


February, 1969 


Robert E. Schellenberger 
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Prologue 


The subject of this book is a process which aids the decision maker to 
make decisions. As with any process, it becomes operational when the 
activities which allow it to function are specified. Thus the book must 
deal with a description of the process as well as the ingredients which 
make it operational. It is to be expected that readers have differing inter¬ 
ests in managerial analysis. Some students (probably most) will be 
interested in using the analysis conducted by others or in applying only 
a very elementary form of analysis. This group must develop an ability to 
evaluate the work of others. A thorough understanding of the underlying 
process is the first requisite to judging and using analysis. A brilliant and 
sophisticated analysis which maximizes the wrong objective is worse than 
an elementary analysis which promotes the fulfillment of the right objec¬ 
tive. 

The student who aspires to be an analyst must, more than the manager, 
understand both the process of analysis and guidelines for evaluating any 
analysis. He cannot rely upon the manager as the final judge of his work. 
The analyst should be judged on how close the actual results come to the 
predicted results. The models presented here are in a form which is 
elementary enough that the student can stand back and separate the 
mechanics from the purpose. The author hopes this introduction will 
serve continually to remind the student to separate the mechanics from 
the purpose. 

As managers in all forms of organization rely more and more upon 
analysis conducted by highly specialized analysts, the decision maker 
needs to be assured that the correct analytical process was used. The 
author frequently lectures to top and middle management about the 
models used in managerial analysis. Often the mathematical and symbolic 
complexities serve to distract attention from evaluating the application 
in managerial terms. This text prepares the present or future manager to 
use managerial analysis in two ways: (1) It provides a thorough discus¬ 
sion of the underlying process and guidelines for evaluating any analysis, 
and (2) it provides an elementary discussion of many of the models which 
have found wide applicability. If at least the elementary form of a num¬ 
ber of models is understood, the mathematical and symbolic complexities 
are less apt to distract the manager. At the same time, such an under¬ 
standing provides a basis for conducting elementary analysis. 
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2 Managerial analysis . 

With this discussion in mind, let us briefly outline the structure of the 
book. Managerial analysis can be a very extensive and elaborate undertak¬ 
ing. The Department of Defense has spent millions of dollars on a single 
analysis. On the other hand, a few minutes with pencil and paper may 
constitute managerial analysis. Regardless of this diversity, the underlying 
process is the same. There are numerous steps and substeps which must be 
understood. Thus, Section One (Chapters 1-3) provides a general over¬ 
view and brief explanation of the steps and tools used in managerial 
analysis. Then in Section Two (Chapters 4-7) the steps in the process are 
presented in more detail. In these chapters, essential terminology and 
more operational considerations are presented. This book distinguishes 
between tools and models of common processes. 

Sections Three, Four, and Five are divided according to this distinc¬ 
tion. This can be illustrated by the situation facing a salesman who must 
decide which route to take to service a particular customer. The follow¬ 
ing table shows a sample of times it has taken him to travel the distance 
to the customer (X is the arithmetic mean, and R is the range): 


Statistical 

Day of week Route Time {in minutes) summary 


Monday through Friday. A 62, 55, 60, 65, 58, 60 X = 60 R = 10 

Monday through Friday. B 53, 59, 54, 57, 51, 56 X = 55 R = 8 

Saturday and Sunday. A 58, 66, 72, 64 X = 65 jR = 14 

Saturday and Sunday. B 72, 80, 60, 68 X = 70 R = 20 


The purpose of the analysis is to give the salesman a basis for deciding 
which route to take. The choice is obvious, but this example provides an 
excellent vehicle for distinguishing between tools and models. The tool of 
statistics has been used to gather the data and prepare the statistical 
summary. The situation for Monday through Friday is represented by 
the following symbolic model: 

If route A is taken, X = 60, R = 10. 

If route B is taken, X = 55, R = 8. 

Given this model, we use mathematical tools to assure that the objec¬ 
tive is fulfilled. Thus the salesman should take route B on Monday 
through Friday. The model represents the situation. However, the tool of 
statistics has been used to provide quantified values so that the representa¬ 
tion is concrete, not abstract. Furthermore, the tool of mathematics is 
used to provide a solution to the model. Fortunately, some models recur 
frequently, and we may study a group of models called models of 
common processes. 





















Prologue 3 

Section Three presents mathematical and statistical tools. Section Four 
introduces models of common processes. Section Five discusses methods 
of modeling complex processes. Section Six presents a scheme for evaluat¬ 
ing any analysis. 

Many students will find the material covered in this book difficult. A 
recognition that mathematics is not abstract but a means of representing 
real and interesting phenomena is the first step to reducing the difficulty 
of this book. Mathematical representation is an efficient and exact way of 
aiding in the solution of very real and interesting managerial problems. 
Mathematics itself is not difficult if you follow its logic. When it becomes 
an exercise in rote memorization, it loses its meaning. 

A second step to reducing the difficulty is to remember that many 
chapters use the same basic problem as a reference point throughout. This 
is especially true in Chapters 13, 15, and 16 and for sections of Chapter 18. 
Thus the reader is urged to have a pencil and paper at his side on which 
the basic problem data is written. When a calculation is made or a result 
is shown, the reader is urged to verify it by conducting the calculation. 
Generally, it is wise first to read the entire chapter rapidly to identify the 
chapter plan. Then the reader should try to follow the calculations on 
the second reading. Finally, the reader should review the chapter in order 
to see it as a whole. 

A third step is to remember that you may wish to refer to other 
sources. Other sources may approach the matter in a slightly different 
fashion and complement the text. The author recommends group study 
sessions, but only after a thorough preparation on the part of all partici¬ 
pants. 

The final step in reducing the difficulty is to remember that much of 
the material is cumulative. Background deficiencies require individual 
effort. The student who has forgotten algebra is at an initial disadvantage. 
For those who have been away from mathematics for some time, an 
excellent review is provided by the following paperback: Clifford H. 
Springer, Robert E. Tlerlihy, and Robert I. Beggs, Basic Mathematics . 1 


1 Homewood, Ill.: Richard D. Irwin, Inc., 1965. 
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What is managerial 
analysis? 


Managerial analysis is an analytical process which aids or assists the 
manager to make decisions. In order to understand what it is, one must 
first discuss its relationship to the manager and then its basic characteris¬ 
tics. 

I. MANAGERIAL ANALYSIS AND MANAGEMENT 

All management activity falls under four prime activities: (1) setting 
organizational goals and objectives, (2) developing plans to fulfill these 
objectives, (3) combining the human and physical resources so that the 
objectives are met, and (4) monitoring the results to see that the desired 
objectives are met. These activities can only be effectively carried out 
with the aid of objective analysis. The analytical approaches used to aid 
management in the conduct of these activities are extensive and varied. 
Since each of these activities of management is carried out by making 
decisions, the supporting analytical tools are oriented toward decision 
making. 

Since managerial analysis is an analytical process which aids the man¬ 
ager to make decisions, one must always remember that it is, undertaken 
for the manager. Consequently, it must be carried out with the proper 
interplay between manager and analyst. 

II. THE CHARACTERISTICS OF MANAGERIAL ANALYSIS 

Managerial analysis includes all analysis designed to aid managerial 
decisions as long as the following conditions are met: (1) the analysis 
recognizes organizational goals; (2) the analysis explicitly recognizes 
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8 Managerial analysis 

relationships between relevant variables (sometimes called a model); (3) 
the recommended course of action is explicit, verifiable, and independ¬ 
ently reproducible; and (4) the analysis uses an adaptation of the scien¬ 
tific method. 

It may be said that managerial analysis is the systematic investigation, 
compilation, manipulation, and presentation of information to a decision 
maker in order to aid the decision-making process. 

It can be seen that managerial analysis is basically a process rather than 
a specific tool or model. It may be accomplished using specific analytical 
tools and models, but the end product is more than the analytical tools 
and models which have been used in its conduct. 

The process must recognize organizational goals because it exists to aid 
managerial decisions. Further, one cannot demonstrate the superiority of 
any course of action without such information. Recognition of organiza¬ 
tion goals requires the ability to empathize with the managerial viewpoint. 

The analysis must explicitly recognize relationships between relevant 
variables in order to arrive at a verifiable rationale for recommending one 
course of action instead of another. Consequently, one must have an 
understanding of the process of evolving a model to represent the envi¬ 
ronment. Then one must be equipped to take the model and evolve the 
best solution in light of the objectives. Since the environment of concern 
to the manager is viewed as a system, the analyst must have the ability to 
view the organization as a system. Further, one must have an understand¬ 
ing of the objectives of the organization before the information is gath¬ 
ered or structured. 

The process uses an adaptation of the scientific method in order to avoid 
bias and make complete disclosure in the final recommendations. A signif¬ 
icant contribution to decision making can be made only if the analyst 
looks objectively at the validity of his recommended course of action in 
light of the many possibilities for error. This includes evaluating the 
validity of the model, the data that went into the model, and the conclu¬ 
sions drawn. Later, it will be pointed out that quantitative analysis (which 
requires an optimal solution) and systems analysis (which requires the 
best solution among a set of alternative solutions) are both valid subjects 
of managerial analysis. The adaptation of the scientific method requires 
systematic investigation of the totality or system with which the analyst is 
concerned. This systematic approach allows the analyst to be sure that he 
has considered all of the factors necessary to make the ultimate decision. 
When some factors are ignored, they must be clearly identified, and the 
conclusions drawn must clearly state that those factors have been ignored. 

Finally, the necessity for explicitness, verifiability, and independent 
reproduction requires that the recommended course of action be verifia¬ 
ble and reproducible; i.e., given a knowledge of the inputs, assumptions, 
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and analytical technique, any managerial analyst should be independently 
able to reach the same conclusion. 

II*. OBJECTIVITY AND QUANTIFICATION 
IN MANAGERIAL ANALYSIS 

Managerial analysis reduces the possibility of contamination of the final 
conclusion because of inherent or subjective bias. This reduction occurs 
because of the adaptation of the scientific method and because the indi¬ 
vidual responsible for the conduct of managerial analysis is not acting in 
the role of the decision maker. If he is the decision maker, he is wearing a 
different hat. He should be capable of having a complete and clear under¬ 
standing of the assumptions, the data, and the investigation that went into 
the making of the conclusions drawn by the managerial analyst. 

Managerial analysis also requires quantification. One cannot proceed 
from the knowledge of relationships to managerial action via a demonstra¬ 
ble and systematic method without at least an elementary form of quanti¬ 
fication. Elementary quantification may take the form of recognizing the 
presence or absence of an attribute. 

IV. THREE PHASES IN THE PROCESS OF MANAGERIAL ANALYSIS 

Managerial analysis can be divided into three distinct phases. The first 
phase lays the groundwork for the actual analysis. As with any building 
activity, a weak foundation cannot be compensated for by any amount of 
frills. The second phase is the action phase, which results in a suggested 
decision. Most introductory texts concentrate on this phase. The final 
phase is the evaluation phase, which investigates the validity of the 
recommended course of action. The following pages will discuss the 
general components of each phase. 


Phase 1: Establishing objectives of the organization, purpose of the 
analysis, and a general understanding of the environment 

The process of managerial analysis begins with an overall look at the 
organization and the subunit for which the manager is responsible. This 
step requires the establishment of the complete set of objectives of the 
organization and the subunit. The process of establishing these objectives 
is one that need not be repeated for every analysis that is conducted. Later 
the problems of identifying measurable objectives that contribute to 
nonquantitative objectives will be discussed. One should now merely 
understand that there is a hierarchy of objectives. Thus a firm that has 
established an objective of a quality product has established this objective 
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as a means of fulfilling its other more basic objectives, such as profit 
maximization. 

The second step involves investigating the environment, identifying 
the problem, and determining the general nature of the environment. This 
begins with background preparation in order to identify and understand 
the major elements in the environment. Some aspects of this basic aware¬ 
ness will carry over from one analysis to another. At this point the analyst 
establishes an exact statement of the purpose of the analysis. In some 
instances, it will become evident that the preliminary statement of pur¬ 
pose, whatever its source, will be in error. 

Any manager operates in the real world, but the decision he makes 
must be from an abstraction of that real world. The real world of the 
manager can be described as a complex of interrelated components, i.e., a 
system. In referring to business firms, one commonly uses the terms 
inventory system , distribution system , production system, etc. Also, one 
often speaks of the economic system , of which each industry is a subsys¬ 
tem. The exact systems to be identified and the relevant components 
depend upon the purpose of the analysis and the familiarity of the analyst 
with the environment. Since the analyst is studying the general character¬ 
istics of the environment in order to develop an abstract representation of 
the system called a models it is useful to identify the system and subsys¬ 
tems at this point. 

After investigating the environment and identifying the objectives, the 
analyst must establish the specific criteria to be used to measure the extent 
to which the objective is fulfilled. If he finds a number of objectives that 
may be measured, he must establish some basis of measurement that will 
make them comparable. If, for example, he has an objective of minimizing 
costs, the opportunity costs should be reduced to dollar terms so that they 
can also be included with direct or operating costs. 

Phase 2: Developing relationships, the model, and a solution 

The analyst must now depict the system he is dealing with and identify 
the possible course of action that might be taken. This phase may be 
approached in two fashions, each of a different degree of sophistication. 
Consequently, it becomes somewhat difficult specifically to identify and 
recognize the steps in this segment of the process of managerial analysis. 
All of the tools, methodologies, or techniques that may be applied to 
managerial analysis portray the environment as a model; consequently, 
before proceeding further, one must understand the meaning of the term 
model 

A model is a physical or symbolic representation of the relevant aspects 
of the reality or system with which one is concerned. Implied in the 
concept of a model is a series of connected and identifiable relationships 
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that essentially demonstrate the following proposition: If this action, 
then this result. 

A model is a means of portraying the system or reality of concern to 
the decision maker. Models may be quite different in the way in which 
they describe things and in their sophistication. 

Quantitative analysis. A term to describe one methodology used to 
conduct this phase of managerial analysis is quantitative analysis. Accord¬ 
ing to Ira Horowitz: 

The quantitative analyst is a problem solver who attempts to formulate the 
decision problem in mathematical terms. This mathematical formulation or 
model is particularly useful in that it explicitly requires (1) specification of a 
comprehensive list of the variables that are considered relevant to the problem 
at hand and (2) specific hypotheses concerning the interrelationships of these 
variables. The model then can be used to help the decision maker make the 
choice that is most compatible with his goals as well as to determine which of 
these variables are the most important ones to consider in arriving at an appro¬ 
priate decision. 1 

The term quantitative analysis will serve to identify one approach to 
developing the model and a solution (i.e., phase 2). This approach relies 
upon the concept of a mathematical model, whereas the alternative ap¬ 
proach is consistent with a looser description of the system and is conse¬ 
quently called systems analysis. The basic methodology for quantitative 
analysis involves, first, the development of a pure or complete model in 
symbolic terms. This begins with an identification of or hypothesis about 
all of the relevant variables that exist within the environment. This 
involves identifying the dependent and independent variables in the envi¬ 
ronment and then hypothesizing the specific nature of those relationships. 
Note that one of the prime reasons for identifying all of the relevant 
variables is that some information may be nonexistent; consequently, the 
analyst may later ignore or make assumptions about those relationships. 
This step then publicizes the fact that the analyst has ignored or made 
assumptions about potentially relevant relationships. 

Having developed a pure model, the analyst gathers all relevant data 
and develops the interrelationships by mathematical or statistical methods 
of inference. The next step is to develop the final or modified model in 
mathematical terms. 

Systems analysis. Another approach used to develop a model and a 
solution is systems analysis. In systems analysis the method of representa¬ 
tion may be looser than in quantitative analysis. The representation is still 
symbolic, although the explicitness and the demonstrability of the rela¬ 
tionships need not be as evident or explicit as they are for quantitative 

1 Ira Horowitz, Quantitative Business Analysis (New York: McGraw-Hill Book 
Co., Inc., 1965), p. 3. 
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analysis. A mathematical model may or may not be used in systems 
analysis, although some form of model must be used. The central require¬ 
ment of systems analysis is the identification of the alternative means by 
which the objectives of the organization may be accomplished. Accord¬ 
ing to Hitch, systems analysis focuses upon (1) the objectives, (2) the set 
of relationships between objectives, (3) the alternative means of accom¬ 
plishing the objective, (4) the environment, and (5) the resources re¬ 
quired by each of the alternatives, including their costs. 2 Once the rele¬ 
vant courses of actions are identified, the costs attached to each must be 
netted against the benefits to determine the best of the investigated 
courses of action. Identification of costs and benefits requires only the 
ability to determine such costs and benefits, and does not require a 
knowledge of the variables which cause a given outcome. However, a 
knowledge of the causal variables is desirable. Systems analysis bases its 
approach in part on the principle of bounded rationality. The principle of 
bounded rationality recognizes that one can deal only with those factors 
he can comprehend at one time. Consequently, bounds are placed on the 
environment with which one deals. Systems analysis via the principle of 
bounded rationality recognizes that there is a limitation on what one can 
do via the explicit process of mathematical modeling. 

One element that distinguishes quantitative analysis from systems anal¬ 
ysis relates to the concern with the alternative means by which the 
objective may be accomplished. In quantitative analysis the identification 
of the alternative courses of action is implicit because construction of the 
mathematical model results in the number of alternatives being very large 
or infinite, whereas in systems analysis there is a limited number of 
alternative courses of action. Thus, via the systems analysis approach, one 
says: What is the contribution toward the objective of taking this 
alternative? Via the quantitative analysis approach, you say: Out of all 
the range of possible alternatives, what is the alternative which optimally 
fulfills the objective? A description of this type may impute a great deal 
of desirability to quantitative analysis and less desirability to systems 
analysis. However, this is not necessarily the case. Quantitative analysis 
requires an explicit mathematical model; and as such, it may demand a 
greater degree of abstraction from reality than systems analysis. 

Systems analysis may be applied on a very local (limited) scale or on a 
global (extensive) scale. A lease-or-buy decision is an example of a local 
systems analysis. In military parlance, one may equate the distinction 
between global and local systems analysis with the difference between 
tactics and strategy. Finding the best method of capturing the hill to the 
front is a tactical maneuver, whereas an overall plan of action which 


2 J. Hitch, “Analysis for Air Force Decisions,” in E. S. Quade (ed.), Analysis 
for Military Decisions (Chicago: Rand McNally & Co., 1964), pp. 13-14. 
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requires a series of tactical maneuvers for its fulfillment is a strategy. If a 
production engineer is planning a completely new production plant, the 
scope of the analysis must be much more extensive than when he is 
planning how to use an existing plant most effectively. Given the ex¬ 
pected use of the plant, systems analysis will allow him to choose between 
the limited number of machines he can purchase for each phase of the 
production cycle. Then, given the machines, he may use quantitative 
analysis (via an economic order quantity model) to decide upon invento¬ 
ries. Because some of the stages in designing the production plant do not 
encompass an explicit mathematical model, this total approach is systems 
analysis despite the fact that quantitative analysis was used in the interme¬ 
diate stages. 

At this point a recommended course of action must be chosen. The 
solution procedure which yields a recommended course of action depends 
upon the approach used, i.e,, quantitative analysis or systems analysis. It is 
necessary that the analysis explicitly include a statement of the assump¬ 
tions of the analysis. 

Phase 3:: Evaluation and implementation considerations 

Having recommended a solution, the analyst must attempt to prepare 
information on the validity of the recommended solution, i.e., the degree 
of confidence a manager may have in the recommended solution. This 
involves determination of the validity of the data inputs which are the 
basis for specifying the relationships between variables. The extent to 
which the data are valid or invalid is dependent upon the accuracy of the 
information, which is in turn dependent upon the ability to measure and 
record the data properly. This text includes a chapter (Chapter 6) on data 
collection and measurement that attempts to explore further questions 
essential to data validity. One must look extensively at the validity of the 
model by observing the extent to which the model portrays all of the 
relevant events within the environment and the extent to which the 
assumptions have glossed over relevant considerations in the environment. 
A technique called sensitivity analysis may be used to investigate the 
sensitivity of the solution to potential errors in the data or model. In 
short, one must present to the decision maker extensive information for 
judging the validity of the recommended course of action. 

Also, managerial analysis must be concerned with how the recommen¬ 
dations resulting from the analysis may be implemented, the effect imple¬ 
mentation may have on the organization, and the extent to which the 
analyst has reflected the (potential) effect of implementation within the 
system. Further, the managerial analyst should present the decision maker 
with a procedure which can compensate for changes in the environment 
that may affect the recommended solution. 
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Following is a summary of the steps in the process of managerial 
malysis: 

Steps in the Process of Managerial Analysis 
Phase 1: Establish objectives of the organization , purpose of the analy¬ 
sis , and general characterization of the environment. 

a) Establish organizational objectives. 

b) Obtain a general understanding of the environment. 

c) Identify measurable criteria to be fulfilled. 

Phase 2: Develop the model and a solution. 

Systems analysis Quantitative analysis 

a) Identify alternative a) Develop pure or complete 

courses of action. model. 

b) Identify costs of b) Measure interrelationships be- 

each relevant alter- tween variables (includes data 

native. gathering). 

c) Identify benefits of c) Develop final model, 

each relevant alter¬ 
native d) Derive a solution. 

d) Derive a solution. 

Phase 3: Determine and maintain validity. 

a) Ascertain data validity. 

b) Ascertain model validity. 

c) Ascertain dynamic effects of implementation. 


V. MAJOR ANALYTICAL APPROACHES USED FOR MANAGERIAL 

ANALYSIS 

Certain general analytical tools such as operations research, manage¬ 
ment science, statistical analysis, economic analysis, econometrics, systems 
analysis, and others are used as approaches to managerial analysis. 

None of these approaches are necessarily managerial analysis. For 
example, the scientist is validly concerned with the nature of relationships 
in the environment as an end in itself. The use of hypothesis testing in 
statistical analysis is simply a means of establishing the nature of relation¬ 
ships in the environment. So, for that particular purpose, statistical analy¬ 
sis is not a part of managerial analysis. The second chapter will explain 
these approaches and their use in managerial analysis. 

VI. AN EXAMPLE OF MANAGERIAL ANALYSIS 

Let us assume that the Asphalt Paving Company, a road construction 
company, has requested assistance in improving its operations. The presi¬ 
dent has attended a conference which discussed some of the possible 
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applications of managerial analysis to road construction companies. One 
such application dealt with minimizing the costs of delivering asphalt to 
the construction site. Asphalt is mixed at a semipermanent site and deliv¬ 
ered to the construction site. The company has two mixing plants and is 
currently working at three construction sites. Table 1-1 shows the capac¬ 
ity (in truckloads) of each mixing plant and the number of truckloads 
required at each site. 


Table 1-1 


Sites 

Mixing 

plant 

A 

Mixing 

plant 

B 

Needs for asphalt 
(in truckloads) 

1 



15 

2 



20 

3 



15 

Capacity (in truckloads) 

30 

20 



Given this information, the analyst must probe deeper to find out what 
further information is necessary. He must first establish the primary 
objectives of the organization. Assume that the objectives of the Asphalt 
Paving Company are purely economic, i.e., to maximize long-run profits. 

Objectives may be much more complex, involving all manner of psy¬ 
chologically laden ingredients such as maintaining the present ownership 
and/or management. However, the knowledge or tool necessary to max¬ 
imize long-run profits does not exist, let alone maximizing added objec¬ 
tives; consequently, this single objective is complicated enough to merit 
further attention. An example of the difficulty of maximizing long-run 
profits is the fact that one does not know the impact on future sales of a 
given price; accordingly, one frequently ignores the impact of any given 
price on future sales, thus maximizing short-run profits. 

Since the objective of long-run profit maximization cannot be meas¬ 
ured, the analyst must identify a measurable objective which the manager 
agrees will lead to fulfillment of the basic objective. Let us assume that the 
overall company objective will be met by the measurable criterion of 
minimizing costs of delivering asphalt to the construction site. It is 
important to recognize that minimizing cost of delivering asphalt is the 
basis on which we are going to judge the final solution, and it is used 
because it can be measured. The point is that the analysis will minimize 
short-run dollar costs, on the assumption that this will yield long-run 
maximum profits. Thus the step of establishing the criterion translates the 
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broad objectives into something measurable. The result of specifying this 
criterion is that all variables must now be expressed in this common form, 
i.e., dollars. 

The step of obtaining a general understanding of the environment has 
been partially fulfilled by the information previously provided. The 
analyst then must ask the question: What factors affect costs of deliver¬ 
ing asphalt to the construction site? Obviously, the number of trucks 
going from plant A to sites 1, 2, and 3, as well as the number of trucks 
going from plant B to sites 1, 2, and 3, will affect the cost. Further, the 
cost of going from any plant to any site is dependent upon such things as 
(1) miles from plant to site, (2) traffic density or congestion, (3) number 
of traffic lights, (4) frequency of accidents, (5) cost of the truck and 
driver, and (6) other items which each reader may add. The analyst must 
sort out this confusing array of information. 

Figure 1-1 



Although not necessarily obvious, this problem can be broken into two 
distinct parts. This is true because if we know the route which results in 
the least delivery cost from each plant to each site, we may use a separate 
analysis to find how many truckloads should be taken from each plant to 
each site. Let us first develop the analysis to find the route which 
minimizes the cost to deliver one truck from an imaginary plant to an 
imaginary site. Since there are three sites and two plants, six separate 
analyses are necessary for the first part. 

The situation is shown in Figure 1-1. The reader will note that route 1 
is the shorter of the two alternative routes. We could assume that the 
greater the distance traveled, the greater the total costs. However, choos¬ 
ing route 1 does not assure minimum delivery expense, because this 
assumption may not be true. 

Let us begin phase 2 by now postulating that costs are composed of the 
following four elements: 
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1. Vehicle operating costs (including such things as gas and vehicular re- 
pair). 

2. Accident or safety costs (i.e., on one route the probability and cost of 
an accident may be higher than on another). 

3. Direct driver costs (the cost of the driver’s time). 

4. Indirect costs (the impact of each route on future efficiency). If the 
driver works less efficiently unloading the truck because of the trauma 
of one route versus another, then all savings may be illusory. 

Now the analyst must ascertain the nature of the above-postulated 
relationships. Assume that the investigation shows that the following 
formula predicts vehicle operating costs: 

(1) Vehicle operating costs = 0.0 SM + 0.02T + 0.005S 

where: 

M — Distance traveled (in miles) 

T = Travel time (in minutes) 

S = Number of stops for stoplights, etc. 

Further, assume as given the data shown in Table 1-2. Therefore, operat¬ 
ing costs for route 1 are calculated by finding the travel time, total 
number of stops, and distance traveled for each route (see Figure 1-2). 
These are now presented: 

Route 1 Route 2 


Total travel time (in minutes).50.4 48.0 

Distance (in miles).12.0 16.0 

Stops.. . ; .45.8 46.8 


Substituting in formula 1 gives: 

Vehicle operating costs = 0.05(12) + 0.02(50.4) + 0.005(45.8) = 1.862 
Vehicle operating costs = 0.05(16) + 0.02(48) + 0.005(46.8) = 1.994 

Further, assume that the truck driver’s time and other direct expenses 
are 5 cents per minute and that indirect costs cannot be calculated. Thus, 
direct driver costs are 50.4(0.05), or $2.52, for route 1; and 48(0.05), or 
$2.40, for route 2. 

Safety costs are 7.2(0.02) + 4.8(0.01), or 19.2 cents, for route 1; and 
16(0.01), or 16 cents, for route 2. 

Table 1-2 


Frequency of Accident costs Travel time (in 
Street stops per mile per 100 miles minutes per mile) 


First street.6 $2 5 

Second street.... .......1 ... 1 ^ 

Fourth street.3 1 3 

A street.2 1 3 

B street. 1 1 3 

C street.4 1 3 
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Figure 1-2 


A Street 



Total costs for route 1 = 1.862 + 0.192 + 2.52 = $4,574 
Total costs for route 2 = 1.994 + 0.16 + 2.40 = $4,554 

Thus, route 2 should be taken instead of route 1. 

Although the analyst now has an answer to the first part of the analysis 
(i.e., what is the best route), it is not complete until he determines the 
validity of the findings. Here, he is asking the question: What faith can 
he place in his solution? 

He begins by questioning the validity of the data: Are the data 
accurate? Have the data been properly gathered? Have they been prop¬ 
erly used? For example, are the expected costs of accidents truly reflected 
in the historical costs, or did abnormal conditions cause First Street to 
have high accident costs? If some of the data are in question, the findings 
can be further checked by sensitivity analysis. For example, if the final 
decision is not affected whether accident costs on First Street are $1, $2, 
or $3, one need not worry about the validity of that piece of data. 

After questioning the validity of the data, the analyst questions the 
validity of the model. In this connection the analyst has assumed that the 
time required to travel any fraction of a street is proportional to the 
fraction of the street traveled. Thus, if one travels 20 percent of the street, 
it takes 20 percent of the time required to travel the entire street. 

If the data and model are valid now, will the decision be valid in the 
future? This requires a provision to modify the solution if conditions 
change. Also, the analysis should consider the impact of implementation 
on the system. If the company’s trucks increase congestion on Fourth 
Street, that alone may increase the travel time and negate the benefits. 

The second half of the problem may now be considered. Assume that 
the matrix of costs shown in Table 1-3 reflects the findings. Thus, one 
load going from plant A to site 1 costs $12. 


1. What is managerial analysis? 19 

On the basis of this information, let us proceed to minimize the cost in 
order to fulfill the needs for asphalt. Let us solve this relatively easy 
problem by systems analysis, recognizing that it could be solved by 
quantitative analysis. This approach requires the enumeration of all rele¬ 
vant alternative courses of action. 3 It so happens that the five courses of 
action indicated in Table 1-4 are the only relevant courses of action. Let 
us demonstrate why this is true. 


Table 1-3 

Plant 



A 

B 

1 

12 

22 

2 

20 

15 

3 

18 

16 


Table 1-4 

Matrix 1 


To: 

Trucks from 
plant A 

Trucks from 
plant B 

Trucks 

needed 

Site 1 

10 

5 

15 

Site 2 

20 


20 

Site 3 


15 

15 

Trucks available 

30 

20 



Matrix 2 


To: 

Trucks from 
plant A 

Trucks from 
plant B 

Trucks 

needed 

Site 1 


15 

15 

Site 2 

20 


20 

Site 3 

10 

5 

15 

Trucks available 

30 

-;--j~.- 

20 



3 Relevancy has both a practical and an analytical element. Here the objective 
which dictates only five alternatives determine? relevancy. However, judgment often 
plays a role in keeping the number of alternatives down to manageable proportions. 




TABLE 1-4 ( Continued) 
Matrix 3 
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Matrix 1 is obtained by saying: “Let us use the output of plant A t 
fill completely the needs of site 2.” 4 When this has been accomplished, w 
have 10 loads from plant A which have not been assigned to any site. I 
we now assign all of them to site 1, we must assign 5 loads from plant B t< 
site 1 in order to have the needed 15 loads delivered to site 1. At the sam 
time, we must assign the remaining 15 loads from plant B to site 3 in orde 
to fill the needs at site 3. The result of this assignment method is matrix 1 
Matrix 2 begins with the same statement. However, instead of assigning 

4 A matrix is a rectangular array of numbers with m rows and n columns 
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the remaining 10 loads from plant A to site 1, we assign them all to site 3. 
Thus, five loads from plant B must be assigned to site 3 in order to fill the 
needs of site 3. Further, the remaining 15 loads from plant B must be 
assigned to site 1 in order to fill the needs at site 1. These are the oifiy two 
relevant alternatives if we begin by filling the needs of site 2 from plant 
A . This is true because any other combination is a mixed strategy and 
does not take advantage of the best strategy. For example, if we begin, as 
earlier, by assigning 20 loads from plant A to site 2, we may assign 5 of 
the remaining 10 loads to site 1 and 5 to site 3. This results in a mixed 

Table 1-5 


To: 

Trucks from 
plant A 

Trucks from 
plant B 

Trucks 

needed 

Site 1 

5 

10 

15 

Site 2 

20 


20 

Site 3 

5 

10 

15 

Trucks available 

30 

20 



Table 1-6 


To: 

Trucks from 
plant A 

Trucks from 
plant B 

Trucks 

needed 

Site 1 



15 

Site 3 



15 

Trucks available 

10 

20 



strategy because each assignment was not exhaustive. Thus, when it came 
to assigning the 10 remaining loads, they were split between two sites, but 
exhausted the needs of neither site. The real test of the mixed strategy is 
that more than one site have partial fulfillment of its needs. 

For example, Table 1-5 shows a mixed strategy. The undesirability of a 
mixed strategy can best be illustrated by assuming that it is desirable to fill 
the needs of site 2 from plant A. 

This then reduces the problem to the situation shown in Table 1-6. 
The reader will recall the delivery cost matrix presented in Table 1-3 
(page 19). Some of the needs of site 1 may be filled either from plant A 
or from plant B. It costs $12 to deliver from plant A to site 1, but $22 to 
deliver from plant B to site 1. The difference is $10. It costs $18 to deliver 
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from plant A to site 3, and $16 to deliver from plant B to site 3. It is very 
important to deliver as much as possible to site 1 from plant A because 
each shift from delivering one truck from plant A to site 1 requires $10 
more, but reduces delivery costs to site 3 by only $2. This concept 
becomes confusing unless we can see the nature of the internal shifting. 
Assume that we shift the assignment so that six trucks deliver from plant 
A to site 1. This results in the necessity of only nine trucks from plant B 
to site 1 in order to fill the needs of site 1. This is shown in Table 1-7. 


Table 1-7 


To: 

Trucks from 
plant A 

Trucks from 
plant B 

Trucks 

needed 

Site 1 

6 

9 

15 

Site 2 

20 


20 

Site 3 

4 

11 

15 

Trucks available 

30 

20 



Thus the shift of one truck from plant A to site 1 instead of site 3 means 
that one less truck from plant B must go to site 1 and one more truck 
from plant B must go to site 3. Since the total delivery costs to site 3 are 
reduced by $12, we should continue this shifting until all 10 remaining 
trucks at plant A are assigned to site 1. 

Let us demonstrate that the delivery costs are in fact reduced by $12. 

For Table 1-5, costs of delivery to site 1 are: 

5(12) + 10(22) = $280 
Costs of delivery to site 3 are: 

5(18) + 10(16) = $250 
Thus, total delivery costs for Table 1-5 are: 

$280 + $250 - $530 
For Table 1-7, delivery costs are: 

6(12) + 9(22) + 4(18) + 11(16) = $518 

Costs of delivery to site 2 have been ignored because they are the same for 
each table. This discussion is intended to demonstrate that the nature of 
the cost relationships will require that a continuous shift must take place 
until one cannot shift any more. In other words, starting with the plan 
proposed in matrix 2 (page 19), one would not stop with the plan 
suggested in the mixed matrix in Table 1-5, but would continue until 
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matrix 1 was reached. Conversely, if the costs from plant A to site 1 
and from plant B to site 1 were reversed and one started with matrix 1, 
one would not stop at the matrix in Table 1-5, but would continue to 
trade off until arriving at matrix 2. 

Each of the relevant alternatives is found by first exhausting the needs 
at one site and then filling the remaining needs. Thus, delivery of plant B 
to site 2 yields matrix 3. Delivery of plant A to site 3 yields matrix 3 and 
matrix 4. It can be seen that once 15 trucks from plant A have been as¬ 
signed to site 3, the remaining 15 trucks from plant A may be assigned to 
site 1 or site 2. If the remaining trucks are assigned to site 1, matrix 3 re¬ 
sults, because this completes the needs for site 1 and all 20 trucks from 
plant B must be assigned to site 2 to fill its needs. If the remaining trucks 
are assigned to site 2, matrix 4 results, because five trucks from plant B 
must also be assigned to site 2 to complete its needs. This leaves 15 trucks 
from plant B which must be assigned to site 1 to complete its needs. AH 
remaining strategies are found by a similar process. Note the duplication. 
These alternatives may be shown in table form (see Table 1—8). 


Table 1-8 


Initial delivery 
From: To: 

Matrices 

A 

1 

3 , 5 

A 

2 

1 , 2 

A 

3 

3 , 4 

B 

1 

2 , 4 

B 

2 

3 

B 

3 

1 , 5 


We may now calculate the total cost for each of the five relevant 
alternatives, as follows: 

Matrix 1. 10(12) + 20(20) + 5(22) + 15(16) = 1870 

Matrix 2. 15(22) + 20(20) + 10(18) + 5(16) = 1990 

Matrix 3. 15(12) + 20(15) + 15(18) =$750 

Matrix 4. 15(22) + 15(20) + 5(15) + 15(18) = $975 

Matrix 5. 15(12) + 15(20) + 5(15) + 15(16) = $795 

Hence the minimum cost occurs when trucks are assigned according to 

matrix 3. . 

Much of this chapter has been devoted to an extensive discussion of an 
example of managerial analysis. The findings are not startling, nor is the 
approach unduly difficult, even for the mathematically naive. The meth¬ 
odology was built from a base which assumes very little mathematical 
preparation but which is enhanced by mathematical preparation. This 
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example does act as a good reference base for the first seven chapters, 
which attempt to explain fully the process of managerial analysis. The 
process of managerial analysis is not an analytical or computational tech¬ 
nique. It is the totality of the analysis. Thus, it is hoped that this example 
will act as a reference point for investigating that process. 

DISCUSSION TOPICS AND PROBLEMS 

1. Define managerial analysis, systems analysis, and quantitative analysis. 

2. Discuss systems analysis and quantitative analysis. How do these ap¬ 
proaches differ? 

3. What is meant by the term criterion? What is the importance of estab¬ 
lishing a criterion in problem solving? 

4. What is the relationship between the managerial analyst and the decision 
maker? 

5. What is meant by the scientific method? What are the characteristics of 
this approach? 

6. Outline and summarize the steps in the process of managerial analysis. 

7. Attempt to justify the inclusion of the extensive example used in this 
chapter. 

8. What are some of the possible effects of the implementation of a model 
in a business setting? 

9. Identify the three phases of managerial analysis and indicate the extent 
of managerial know-how, analytical know-how, and judgment necessary to 
conduct each phase. 

10 . The intercompany delivery service delivers packages and documents 
between company buildings. It has one truck and five pickup and delivery 
points. Packages picked up at any one point may require delivery at any other 
point. The diagram on page 25 pictorially presents the time it takes to move 
from any one point to any other point. Time is shown in minutes. 

Every time the truck stops at a delivery point, there is a 10-minute allowance 
for pickup and sorting time. The truck contains sorting bins; the material to 
be delivered at any given building is simply placed in that particular bin, and 
at the time of delivery is removed from the bin and taken to the particular 
building where it goes. 

The analytical staff has been asked to minimize the cost to the company 
attached to delivering these packages. It has further been told that delivery 
must be assured from any one point to any other point as least once a day. The 
truck is available for seven hours during any given day. The analytical staff 
has determined that the following delivery pattern will minimize the operation 
time of the truck while assuring delivery from any one point to any other 
point at least once a day. 
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Delivery points and time (in minutes) 

REQUIRED TO TRAVERSE THE DISTANCE 
BETWEEN PICKUP POINTS 



The movement pattern is: 

which takes 260 minutes of travel time plus 100 minutes of pickup and sorting 
time, thus utilizing a total of 360 of the available 420 minutes. Inasmuch as the 
truck is not in operation for the 60 extra minutes, there are savings resulting 
from the fact that the truck has not been operated, and the truck operator is 
of course available for other duties for those 60 minutes. 

Problem: 

a) Do you agree with the assumption that minimizing operation time will 
minimize operating costs? Explain. 

b ) Accept the assumption that minimizing operation time will minimize op¬ 
erating costs. Further, accept the fact that the delivery pattern pre¬ 
scribed does in fact minimize the time needed for delivery. Do you then 
agree that the analytical staff has properly completed its assignment? 
Explain. 
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Major analytical 
approaches used 
for managerial 
analysis 


I. INTRODUCTION 

It is highly probable that the reader has been exposed to a number of 
confusing references to analytical approaches. This section briefly identi¬ 
fies and relates approaches to managerial analysis. The general analytical 
approaches include such things as operations research, management sci¬ 
ence, statistical analysis, economic analysis, econometrics, and others that 
are an integral element in managerial analysis. The underlying mathemati¬ 
cal tools used to derive solutions to the models which are developed 
include calculus, probability theory, and matrix algebra. Throughout this 
text, various models of common processes will be shown. These models 
have been found to recur frequently. They include inventory theory, 
linear programming, and queuing theory. 

None of these approaches, tools, or models of common processes are 
necessarily managerial analysis per se. The purpose of using these ap¬ 
proaches and tools in the conduct of managerial analysis is to assist the 
manager to make better decisions. For example, statistical analysis, which 
provides information about relationships between variables within the 
environment, is used to find these relationships so that the analyst may use 
them in order to assist the manager in making a better decision. 

The scientist, however, is validly concerned with understanding the 
relationship between the variables in the environment as an end in itself. 
Consequently, statistical analysis without the end objective of assisting the 
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manager to make decisions is not a part of managerial analysis. The same is 
true of many of the other analytical tools and approaches. As long as the 
end purpose is to assist the manager in making a decision, they are then 
validly tools and approaches used for managerial analysis. The following 
paragraphs relate some of the general analytical approaches to managerial 
analysis. It should be remembered that the scope of most of these analyti¬ 
cal approaches is not uniformly agreed upon. 

II. ORGANIZATION ANALYSIS 

Organization analysis, as used in this text, refers to the general process 
of relating individuals and subunits to the organization. Organization 
analysis has two major uses. One is to look at the reason for the existence 
of the organization, i.e., to identify organizational objectives. The second 
deals with establishing the relationship between individuals and subunits. 

One may expect to see quite a different set of objectives for the 
traditional manufacturing firm, with heavy emphasis upon profits, as 
opposed to a private research firm, whose reason for existence may be to 
provide the owners the opportunity to conduct their own research and 
only secondarily to insure adequate financial income to continue. Thus, it 
is first necessary to identify organizational objectives before attempting to 
improve organizational performance. 

The process of establishing a relationship between individuals and 
subunits frequently progresses with the use of an organization chart and 
with the use of job descriptions which identify the activities, responsibili¬ 
ties, and scope of authority of individuals within the organization. The 
end purpose of understanding the relationship of individuals to one an¬ 
other is to identify (1) the actual decision maker, (2) what kinds of 
constraints he operates under, and (3) the necessary information to 
restrict the subsequent analysis to something over which the organization 
or the individual making the decision actually has control. It is of course 
unless to suggest that the manager undertake a program that deals with 
variables he cannot control. 

Organization analysis can be used to assist in the implementation and 
control of managerial analysis by providing information about the extent 
to which the organization can use a recommended course of action. 

III. STATISTICAL ANALYSIS 

Statistical analysis is a means of developing information about the 
nature of relationships between variables in the environment. The analyst 
seeks this information so that he may construct or identify the particular 
values to be used in the model of the environment. 

Thus, statistical analysis operates to provide input information for 
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subsequent analysis. Statistical analysis is used in quantitative analysis and 
systems analysis because it provides input information for both. It may, 
however, be used in a different fashion in quantitative analysis than in 
systems analysis. 

IV. ECONOMIC ANALYSIS 

Economic analysis includes normative analysis and positive analysis. 
Positive economic analysis attempts to describe rigorously economic 
phenomena and their structure. Positive economics includes econometrics 
and mathematical economics. Normative economics is a field of econom¬ 
ics which attempts to use the descriptions and findings of positive eco¬ 
nomics to assist the decision maker, especially governmental decision 
makers. 

John Johnston identifies econometrics as the manipulation of statistical 
inference problems in the context of economic models. 1 In other words, 
econometrics is a means of identifying and/or explaining relationships 
between economic variables. Usually, the econometrician has an interest 
in using the statistical methodology to explain or understand economic 
relationships in order to improve economic forecasting. For example, to 
assist in the development of public policy, economists must rely upon 
forecasts of future conditions supplied by econometricians. 

On the other hand, mathematical economics is primarily concerned 
with developing mathematical models to explain a theoretical economic 
structure or a theoretical economic model. Mathematical economics at¬ 
tempts rigorously to portray or represent the economic environment. 

As we have seen, the econometricians primarily provide data inputs by 
way of their forecasts, and mathematical economists try to explain eco¬ 
nomic structure. Normative economic analysis attempts to assist the pol¬ 
icy maker in making policy decisions by using a model to derive a 
solution in terms of a controllable variable. 

Thus, economic analysis may be used as a partial input to quantitative 
analysis and is also a meaningful analytical approach for systems analysis. 

V. OPERATIONS RESEARCH 

Operations research is a term that is widely used and that assumes very 
different meanings, depending upon the user. Very clearly, the most 
successful operations researchers are individuals who proceed on the basis 
of a particular methodology to analyze or research operations. The 
methodology is very generally stated, and it might be considered a 


1 John Johnston, Econometric Methods (New York: McGraw-Hill Book Co., 
Inc., 1963). 
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process. The phases of operations research identified by C. West Church¬ 
man, Russell L. AckofF, and E. Leonard ArnofF in the classical text, 
Introduction to Operations Research 2 are: 

1. Formulating the problem 

2. Constructing a mathematical model to represent the system under study 

3. Deriving a solution from the model 

4. Testing the model and the solution derived from it 

5. Establishing controls over the solution 

6. Putting the solution to work (implementation) 

In practice, operations research has been very successful in completing 
the phases identified in the above methodological framework, using well- 
established models of common processes such as linear programming. 
Thus, operations research may be considered a methodological frame¬ 
work or a set of successful models of common processes. 

Only one of two things can be accomplished with any form of analysis. 
One may take the resources as given and attempt to fulfill the objectives 
most effectively, or one may specify a desired level of fulfillment of the 
objective and attempt to identify the alternative course of action that will 
give that desired level of fulfillment with the least cost. You cannot both 
maximize the objective and minimize the use of resources. 

Frequently, operations research focuses upon cost minimization, thus 
minimizing the use of resources while taking demand (the objective) as 
given. 

Operations research is most applicable to quantitative analysis, although 
some of the tools may also be applicable to systems analysis, especially 
when they deal with some of the game and game-theoretic approaches. 

VI. MANAGEMENT SCIENCE 

Management science may be equated by different individuals with 
different terms. Management science is frequently identified closely with 
operations research. On the other hand, some individuals would also relate 
management science to the entire process we call managerial analysis. Like 
operations research, management science may be identified as a process or 
methodology that incorporates the same steps identified in the discussion 
of operations research. 

If management science has any distinguishable features from operations 
research, it is its concern with policy level decisions. Management science 
tends to focus more heavily than operations research on human and 
man-machine situations. Management science tends also to be more cogni¬ 
tive of market or demand conditions. Management science relies heavily 
on the same kind of analytical tools as operations research, but is also 


2 New York: John Wiley & Sons, Inc., 1957. 
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cognitive of analytical tools oriented toward psychological and economic 
analysis. Management science and operations research personnel, although 
usually conversant with the same methodological and process require¬ 
ments, tend to be differently trained. The individuals in operations re¬ 
search are normally trained in engineering and mathematical disciplines, 
whereas management scientists tend to be trained in statistical and eco¬ 
nomic or other social science disciplines. 

VII. COST-BENEFIT ANALYSIS 

Cost-benefit analysis is, more than any of the previous analytical ap¬ 
proaches, strictly an approach. Cost-benefit analysis is very extensive, but 
includes certain characteristics of an analytical tool. The approach of 
cost-benefit analysis, as the name might indicate, is to identify the costs of 
a course of action and the benefits to be derived by taking that course of 
action. Then the benefits are reduced by the cost to provide the net 
benefits. Cost-benefits analysis is mentioned here due to its recent popular¬ 
ity- 

For example, equipment replacement analysis, which has long been 
recognized as part of financial management, is a classical cost-benefit 
analysis. Cost-benefit analysis usually recognizes the period of time over 
which the alternative operates and uses present-value analysis to bring the 
annual (or monthly) benefits and expenditures to a single period in time, 
thus allowing meaningful dollar comparisons between alternatives. Cost- 
benefit analysis further may be used to compare a series of alternatives 
where the costs are measured in one dimension and the benefits in 
another. Expenditures to increase or maintain employee morale through 
recreational facilities cannot be evaluated in dollar terms. However, in 
choosing between a company campground or gymnasium, one can find 
the cost per man-day of use of each alternative, thus comparing dollars of 
cost with man-days of use. 

Since cost-benefit analysis identifies alternative courses of action, it is 
considered an analytical approach for systems analysis. 

VIII. MATHEMATICAL TOOLS 

The modeling process and the process of deriving a solution are 
essentially separate and distinct activities. Therefore the underlying math¬ 
ematical tool that allows one to move from the model to the solution must 
be recognized. Most of the models of common processes are identified 
by their mathematical characteristics; for example, linear programming is 
a separate tool that uses certain mathematical bases to derive a solution. By 
recognizing mathematical tools and models of common processes, one 
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clearly identifies that the way in which he structures the model has a 
significant impact on the solution. 

In order to obtain valid conclusions, one structures the model and then 
attempts to find the mathematical tool that will give him the best answer 
to the model. It is not sound to look only at the available models of 
common processes and try to fit them to the existing situation. 

Mathematical methods may be categorized in four major segments 
relevant to managerial analysis. The first would be classical methods of 
optimization based on the concepts of calculus. Although these are some¬ 
what limited in their application to managerial problems, the simple 
optimization processes provided by them often can give considerable 
insight in dealing with a management model. A second area is linear and 
matrix algebra. Since many management problems involve large, complex 
sets of alternatives (e.g., the illustrative problem of Chapter 1), these 
methods are extremely important. As all decision problems deal with the 
future, a third area—probability theory—is also of great importance. 
Finally, recent mathematical methods for dealing with discrete phenom¬ 
ena (integer programming and dynamic programming) will be increas¬ 
ingly important as they are developed further and their relevance is 
demonstrated. 

In summary, mathematical tools provide bases for deriving a solution to 
the models developed under the preceding steps. 

IX. SENSITIVITY ANALYSIS 

Determining and maintaining validity (phase 3 of the steps in manage¬ 
rial analysis) have not been well developed in the literature. There are, 
however, some analytical methods that assist in the determination of 
validity. One of these, and the only one that this text will discuss, is 
sensitivity analysis. Sensitivity analysis investigates the change in results if 
(1) the input information was in error or (2) the structure of the model 
was in error. 

Sensitivity analysis may test the extreme values of one or more of the 
forecast variables or parameters and then measure the impact this would 
have on the decision. If the decision is sensitive to certain forecast errors, 
a serious question is raised about the validity of our derived solution. 

Sensitivity analysis may also be used to evaluate errors in the data by 
looking at the extremes the data could take and the impact of those 
extremes on the derived solution. Also, a slightly different model might be 
constructed in order to compare the decision derived from the second 
model with that of the first. 

Defined here, sensitivity analysis includes a field that is frequently 
referred to as reliability analysis. The area of reliability and sensitivity 
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Figure 2-1 

Diagram of the steps in managerial analysis and of the relationship 
of analytical approaches to managerial analysis 


SELECTED OR SAMPLE 

APPROACHES STEPS 



analysis has developed a very extensive and sophisticated methodology 
and jargon which we shall not deal with here. 

Sensitivity analysis is equally useful for quantitative analysis or systems 
analysis. 

X. INFORMATION ANALYSIS 

Information analysis is a means of acquiring new input data so that the 
model may be updated and the solution modified if necessary. This 
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requires an analysis of incoming information and a method of relating it 
to the model. Information analysis also prescribes methods for modifying 
the procedure. 

Information analysis is equally useful in quantitative analysis and sys¬ 
tems analysis. 

XI. SUMMARY 

The diagram in Figure 2-1 of the steps in managerial analysis and of 
the relationship of analytical approaches to managerial analysis is designed 
to provide a framework for integrating the material of Chapters 1 and 2 
so that one can see how these different approaches and steps relate to one 
another. 

DISCUSSION TOPICS AND PROBLEMS 

1. Distinguish between approaches, tools, and models of common processes. 

2. How does operations research relate to managerial analysis? 

3. How do statistical analysis and economic analysis relate to managerial 
analysis? 

4. Evaluate and explain the logic of Figure 2-1. 

5. Define and explain each of the following: organization analysis, statistical 
analysis, economic analysis, operations research, management science, cost-bene¬ 
fit analysis, sensitivity analysis, and information analysis. 
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A history of 
managerial analysis 


I. INTRODUCTION 

The previous two chapters have demonstrated that managerial analysis 
is an analytical process which is dependent upon a definitive order or 
procedure, but which is aided by a specific analytical methodology and 
analytical tools. The birth of an analytical tool or a specific analytical field 
can frequently be dated by the point in time when the first material was 
published on the matter. The birth of a process or methodology, how¬ 
ever, cannot be so clearly identified. It is a thesis of this chapter that the 
essential steps in the process of managerial analysis have been recognized 
since the turn of the century, and possibly since 1830. 

II. THE YEARS 1775-1850 

The works of such notable individuals as Eli Whitney and Charles 
Babbage demonstrate (inferentially, at least) an understanding of the 
process of managerial analysis. Although it becomes difficult to stereotype 
these well-known individuals, it is obvious that they understood scientific 
methodology and approach. It is also clear that to them scientific method¬ 
ology and approach were not conducted in the dusty confines of a library 
or a laboratory. In that period of time, one could not clearly distinguish 
between the scientist and the practitioner. Both Babbage and Whitney 
directly applied their research ideas. 

Eli Whitney is known to every schoolboy as the inventor of the cotton 
gin and to most students of business administration as an early pioneer in 
interchangeable manufacturing (mass production). However, the use of 
enlightened analysis by Whitney and his partner Phineas Miller to develop 
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a loose model of manufacturing costs is typical of managerial analysis 
during that period. We shall use the following quotation from J. Mirsky 
and A. Nevins to indicate this depth of understanding: 

Their actual calculations [for use of their gin] do not exist, but their method 
can be surmised. Experiments had given them the ratio of cleaned cotton to 
uncleaned cotton—the weight of the former was 1/3 the weight of the latter. 
... In setting up their system of charges they used 5 lbs. of uncleaned cotton 
as the unit which yielded one and two-thirds pounds of cleaned cotton. Of 
this they returned one pound to the owner and retained for themselves 2/3rds 
of a pound. From this gross profit, they covered their manufacturing and ship¬ 
ping expenses plus an annual prorating of the cost of the gin to be paid off 
during the term of their patent; it also included installing, operating, and main¬ 
taining their ginneries, sums expended for the purchase of water sites, and the 
erection of elaborate gear and buildings. To this was added their labor costs— 
in each ginnery allowance had to be made for feeding the white overseer, who 
was “to receive and deliver the cotton, repair the gins and superintend their 
work, paying for the labor of the negroes who are required to attend the gins 
and bag the cotton at the rate of two shillings per day for the men and one 
shilling and six-pence for the women.” 1 

Even this much information does not allow us accurately to appraise their 
real understanding of the composition of costs, especially since this is a 
reconstruction by Mirsky and Nevins. However, Miller and Whitney 
appear to have considered all cost variables (except opportunity costs). 
Although their conclusions or actions may be open to question, the ability 
to determine and understand their manufacturing costs is not. The next 
two statements by Mirsky and Nevins point up more clearly Whitney 
and Miller’s understanding of cost elements (Miller was the financier and 
probably the better manager of the two): 

At a time [1801] when expenses were estimated on the basis of labor costs 
plus the costs of the raw materials—with a dollar or so added on to cover all 
other items—he insisted on including interest on the invested capital and in¬ 
surance charges as part of the cost of a musket. 2 

In 1824 thru Whitney’s influence, cost of manufacture at government ar¬ 
mories was computed; so that the interest on the entire capital . . . insurance 
. . . with the addition of such further percentage for wear and decay as shall 
be sufficient to preserve the said capital unimpaired, shall be charged as making 
a part of the cost of manufacturing arms. . . . 3 

However, motion economy at the individual workplace—the area fre¬ 
quently, although incorrectly, identified as scientific management—is 
also reported by iMirsky and Nevins: 

1 J. Mirsky and A. Nevins, The World of Eli Whitney (New York: Macmillan 
Co., 1952), pp. 96-97. 

2 Ibid., p. 324. 

3 Ibid., p. 273. 
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The partners [Whitney and Miller] minutely considered the internal organiza¬ 
tion of their enterprise. Meticulous keeping of all kinds of records was routine; 
but that they would schedule the many separate elements—the cleaning, pack¬ 
ing, baling, shipping, every step of which was new—submit each particular 
process to experiment, and standardize the preferred technique, is arrestingly 
modern. 4 

Charles Babbage has received much recognition as the inventor of the 
forerunner of the computer which he called a computing engine. How¬ 
ever, his book, The Economy of Manufacturers , 5 is a classic on rational 
management. 

The idea of a choice among alternatives which coordinate the activities 
of the enterprise toward a goal or goals received implied attention during 
this period. In order to have a choice among alternatives, both the means 
of recognizing the alternatives and the means of making the choice are 
necessary. In addition, the effectiveness of the choice is dependent upon 
the following factors: (1) the recognition and clear definition of the goal 
or goals, (2) the availability and accuracy of information from which to 
make decisions, (3) the availability of tools for processing the available 
information for making the best decisions, and (4) the use that is made of 
the information and tools. The idea of a choice among alternatives can be 
illustrated by using a quotation from Babbage: 

In order to judge the value of such a machine [i.e., a pinmaking machine] 
compared with hand-labour, it would be necessary to ascertain: 1) the defects 
to which pins so made are liable; 2) their advantages, if any, over those so 
made in the usual way; 3) the prime cost of the machine for making them; 
4) the expense of keeping it in repair; 5) the expense of moving the machine 
and of attending to it. 6 

This presentation by Babbage shows that management must not use rules 
of thumb to make decisions but must consider the variables affecting the 
system. In the above quotation, Babbage attempts to enumerate the varia¬ 
bles to be considered in the choice between a pinmaking machine and 
hand labor so that they may be accurately determined and taken into 
account. Later, Babbage lists four variables to consider in making the 
choice of products to market. 7 

Babbage’s pin factory example represents production organization de¬ 
signed to take advantage of the principle of specialization. 8 If the decision 


4 Ibid., p. 98. 

5 Charles Babbage, The Economy of Manufacturers (Baltimore: Charles Knight, 
1832). 

6 Ibid., p. 185. 

7 Ibid., p. 238. 

8 Ibid., p. 185. 
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so to organize production is based upon comparative cost analysis, Bab¬ 
bage’s suggestion may be considered managerial analysis. 

III. THE YEARS 1880-1940 

F. W. Taylor and Henri Fayol more clearly recognized the principles 
of managerial analysis. 9 These individuals had both a scientific and an 
applied or operational background. All of the gentlemen discussed so far 
brought to the work environment a systematic methodology for analysis. 

Taylor began as an engineer and completed his career as a manager. As 
a manager, he was concerned with systematically investigating the rela¬ 
tionships between variables in the environment he was attempting to 
direct and with making decisions on the basis of that systematic investiga¬ 
tion. Fayol was first a scientist and then a manager. Fie also was concerned 
with systematically investigating the factors which affected the operations 
of his organizations. The two gentlemen did tend to focus on different 
kinds of factors. Taylor focused on mechanical and machine kinds of 
factors because of his emphasis on shop management. Fayol focused more 
strongly on human kinds of factors because of his emphasis on top 
management. Taylor and Fayol operated in the period from 1890 to 1925, 
a period during which the complexity of operations was vastly increasing 
and in which the recognition of the necessity of approaching operations 
systematically was becoming more widespread. 

Some of the work from 1915 to 1940 closely approximates some of the 
work that now is being done in the area of managerial analysis. Trefethen 
reports that during World War I, Thomas Alva Edison made studies of 
antisubmarine warfare for the Naval Consulting Board. 10 In Trefethen s 
words: “His work included the computation of statistics to be used in 
determining the best methods for evading and for destroying submarines, 
the use of a ‘tactical game board’ for solving problems of avoiding 
submarine attack, and an analysis of the value of zigzagging as a method 
for protecting merchant shipping.” Later in this book, we shall investigate 
the economic order formula. This formula was published in 1926; 11 and to 
this day, it is one of the standard tools in the area of managerial analysis. 

IV. THE YEARS 1940 TO THE PRESENT 

In retrospect, it is easy to see that improvement in analysis was strongly 
constrained by a lack of effective techniques available to study and derive 

9 See F. N. Trefethen, “A History of Operations Research,” in T. F. McCloskey 
and F. N. Trefothen (eds.), Operations Research for Management (Baltimore: Johns 
Hopkins Press, 1954), p. 10. 

10 Ibid., p. 4. 

13 B. Cooper, “How to Determine Economical Manufacturing Quantities,” Indus¬ 
trial Management, Vol. LXXII, No. 4 (1926), pp. 228-33. 
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better solutions to managerial problems. Effective analytical techniques, 
probably more than anything else, have been developed and vastly im¬ 
proved since World War II. It was also during this period that the 
electronic computer was used to assist in conducting systematic analyses 
of operations. In addition, during this period, many new analytical tools 
became operational. 

Some of the more recent contributors in the area of managerial analysis 
have worked in operations research. P. M. S. Blackett of the University of 
Manchester was the director of a group brought together by the British 
government to improve military operations in 1940. Blackett and his 
group, known as Blackett’s circus, made a substantial contribution to the 
war effort. This group is considered the originator of operations re¬ 
search. 12 Operations research owes its origin primarily to military applica¬ 
tions. 13 

It was inevitable that the industrial community would recognize the 
potential of operations research. In the early 1950’s, a group was formed 
at Case Institute of Technology to investigate and apply operations 
research in industry. The culmination of that effort was the first textbook 
in the field, entitled Introduction to Operations Research , written by C. 
West Churchman, Russell L. Ackoff, and E. Leonard Arnoff. 14 Typical 
applications of managerial analysis from 1945 to 1960 dealt with a fairly 
restricted definition of the environment. 

V. CONCLUSION 

The preceding discussion has focused fairly heavily on what one might 
term the three historical phases of managerial analysis and the contribu¬ 
tions of certain individuals who are very prominent in the development of 
the particular phase. However, one thesis of this chapter is that progress 
to date is strongly dependent upon the availability of analytical tools and 
supporting information-processing tools. Managerial analysis is becoming 
more and more important in assisting managerial decision making, not 
because of the increased recognition of the process, a very significant 
factor in itself, but more importantly because the tools themselves have 
only recently been developed. 

There are two very significant factors that have affected the develop¬ 
ment of the tools. One is the increasing availability, understanding, and 
use of the electronic computer. Initially, the electronic computer proc¬ 
essed routine data, and it has gone through its own developmental process 
to the point where it can now effectively assist in the conduct of analysis. 

12 Trefcthen, op. cit., pp. 6-7. 

13 Witness the preponderance of references to military applications in Trefethen. 
ibid., pp. 3-28. 

14 New York: John Wiley & Sons, Inc., 1957. 
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Simulation is a tool that we shall look at later in this text. It is a tool that 
has existed conceptually for a long period of time, but has become 
operative only because of the advent of the electronic computer. Many of 
the other analytical tools have been improved by its increased computa¬ 
tional power. 

The second technological breakthrough is the development of more 
powerful mathematical tools. The increased interest in and understanding 
of mathematics, leading to increased emphasis on research and develop¬ 
ment of new mathematical tools, have strongly enhanced the power of 
managerial analysis. In summary, the framework of managerial analysis is 
old, but the mathematical and computational tools necessary for its effec¬ 
tive use have been only recently developed. 

DISCUSSION TOPICS AND PROBLEMS 

1. Indicate when you feel that the essential steps in the process of managerial 
analysis were recognized in documented form. Support your conclusion. 

2. Identify the following and indicate their contribution to managerial 
analysis: Eli Whitney, Charles Babbage, F. W. Taylor, Henri Fayol, and 
P. M. S. Blackett. 

3. Do you think future developments in managerial analysis will depend on 
an increased understanding and usage of the computer? Why? 
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Problem 

identification and 
general background 


I. INTRODUCTION 

Obviously, the starting point for analysis begins with the identification 
of the problem. Because managerial problems are so pervasive and inter¬ 
connected, this step is both crucial and difficult. Organizations should 
have a formal mechanism for identifying potential problem areas. 

The investigation which precedes acceptable identification of the prob¬ 
lem must not be shortchanged. The organization that solves the wrong 
problem is not very effective. It is of little benefit to control inventory 
costs for a product that should not be produced. Thus, one aspect of 
problem identification requires a thorough investigation and understand¬ 
ing of the interrelationship of the problem area to the organization as a 
whole. The department which installs an improvement which reduces its 
costs but causes more than offsetting increased costs in another depart¬ 
ment is not benefiting the organization. 

II. THE ORGANIZATION AS A SYSTEM 

The knowledge necessary to begin the analysis effectively relies upon 
an understanding of the organization as a system with its various subsys¬ 
tems. Organization analysis is the process of identifying the relevant 
systems and relating them to the potential problem. Finally, the under¬ 
standing generated by a knowledge of the systems must be utilized to 
identify the problem. The remainder of this chapter is concerned with a 
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discussion of these topics as well as a discussion of formal mechanisms for 
finding potential problems. 

The external systems 

One cannot proceed to analyze a specific probelm in a specific situation 
without establishing a general understanding of the relevant systems. The 
environment of any organization may be classified into the external 
systems and the internal systems. The external systems represent all of the 
external operating conditions which affect the organization. The private 
industrial firm must understand competitors’ behavior, consumers’ behav¬ 
ior, governmental considerations, suppliers’ behavior, and the behavior of 
the general public. One of the most important considerations is to estab¬ 
lish complete information about demand for the products or services 
(both existent and not yet existent) of the organization. Demand may be 
primary or derived. 

Some business firms face a derived demand, since the primary product 
to which their product contributes must be demanded before theirs is also 
demanded. For example, construction materials are demanded because 
they are components of houses and other buildings. All firms with derived 
demand must look to the industry from which their demand is derived in 
order to forecast future demand. Demand and resulting sales forecasts are 
very important ingredients in most problems. 

The internal systems 

A knowledge of the internal systems requires an understanding of the 
physical, human, and financial makeup of the firm. Internal systems are at 
least partially under the control of the manager. The external systems 
cannot be controlled, but can merely be accounted for. All organizations 
operate with certain resources available from the general supply of those 
resources. Consequently, it is well to recognize that we must have some 
understanding of the limitations of the resources. 

A knowledge of the external systems allows the firm to account for 
rather than control customer behavior. The firm cannot require a cus¬ 
tomer to purchase its goods, but it can price the goods attractively 
enough so that the customer will purchase them. The internal systems 
allow the firm greater discretion. For example, the company may place its 
machinery in a particular fashion. However, the way the firm places its 
machinery is limited by the available space and capabilities of the machin¬ 
ery and the end purpose, etc. Thus, no behavior is entirely discretionary. 
Each decision further delineates the realm of future discretionary actions. 
For example, the company wishing to diversify has virtually unlimited 
control over the area into which it may diversify. The only theoretical 
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constraint is the availability of resources to undertake any given diversifi¬ 
cation. However, any rational organization would set up a number of 
criteria for diversification. The criteria would reduce the freedom of the 
firm. 

III. ORGANIZATION ANALYSIS 

Organization analysis is used to obtain an understanding of the internal 
systems of the firm. 1 The content of and approach to organization analysis 
are not well defined. This is partially due to the fact that some researchers 
use organization analysis to understand or identify characteristics which 
allow comparison of different organizations. Others, the managerial ana¬ 
lyst included, use organization analysis to understand a specific organiza¬ 
tion. Although organization analysis can be used for both purposes, 
obviously the elements of organization analysis discussed here are for use 
in managerial analysis. 

When organization analysis is used for managerial analysis, it contains 
two primary ingredients. One element requires an analysis of the organi¬ 
zation chart, and of the duties and responsibilities of top and middle-level 
managers. Since any basic management text contains a thorough discus¬ 
sion of the ingredients in desirable organization structure, this aspect will 
not be discussed further. However, a thorough understanding of the 
organization structure is essential to the second element of organization 
analysis. 

The second element of organization analysis looks at the organization 
to ascertain the decision centers and means whereby information flows to 
and from these decision centers. This includes an identification of the 
actual and potential information which flows within the organization. 

Looking at an organization in this particular fashion accomplishes 
many purposes. It pinpoints deficiencies in the way information flows as 
well as assuring that the organization does not have overlapping areas of 
responsibility. We must look at the decision centers as well as the infor¬ 
mation centers in the firm to identify the operating conditions and the 
constraints that will affect the organizational analysis. Thus, we are only 
concerned with charting the existing, not the ideal organization. 

This analysis includes charting the information system, including the 
communications systems. 2 Knowledge about the information system is 

1 For a deeper investigation, reference may be made to the following: Charles P. 
Bonini, Simulation of Information and Decision Systems in the Firm (Englewood 
Cliffs, N.J.: Prentice-Hall, Inc., 1963); Rensis Likert, The Human Organization (New 
York: McGraw-Hill Book Co., Inc., 1967); and J. D. Thompson (ed.), Approaches 
to Organizational Design (Pittsburgh: University of Pittsburgh Press, 1966). 

2 For more detailed analysis, reference may be made to the following: C. West 
Churchman, Russell L. Ackoff, and E. Leonard Arnoff, Introduction to Operations 
Research (New York: John Wiley & Sons, Inc., 1957), pp. 20-56; Johnson F. Craig 
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used for two purposes. The analyst must know where information exists 
within the organization. In addition, he needs information about who 
makes what decisions and when. This analysis gives him a knowledge of 
the role of the recipient of the analysis and the impact of the analysis on 
the organization. The analyst must further review sources of relevant 
information within the firm, including information about the financial, 
human, and physical resources. This author has found it useful to look at 
the organization chart and to look at the availability of information about 
the following subsystems of the industrial organization producing a prod¬ 
uct. 

Production 

Information from the production system might include information on 
the raw material inventory, finished goods inventories, work-in-process 
inventories, and component parts inventories. Information about mainte¬ 
nance and characteristics of production equipment might be used for 
equipment replacement analysis. Further information about the composi¬ 
tion of the work force, the availability of work force skills, turnover, 
vacations, and shifts might be useful. Finally, one might ascertain what 
cost information is available for the production environment This cost 
information might be used for cost control purposes and might be quite 
relevant for other analytical purposes. 

Marketing 

Useful information on the marketing system might include historical 
data and demographic information about the recipient of the product and 
other data that might accompany sales. Further, any information about 
the relationship of sales to the factors affecting sales and information 
about the promotional policies and programs might be useful. 

Finance 

Information about cash needs, cash availability, funding programs, 
funding needs, funding availabilities, and financial performance of the 
organization or subunits, such as rates of return or other relevant ways of 
measuring the firm’s performance, might be useful. 


and G. R. Klave. “General Models of Communications Research: A Survey of the 
Development of a Decade,” Journal of Communication , Vol. N (March, 1961), pp. 
13-26; B. H. Westley, and M. S. Machean, “A Conceptual Model for Communica¬ 
tions Research,” Audio-Visual Communications Review, Vol. Ill (Winter 1955) 
pp. 3-12. 
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Overall administration 

Finally, any available information on the administrative system ought 
to be useful to the analyst, including an inventory of administrative 
personnel, the availability of supplies, and any other relevant information. 

Interrelatedness of systems 

Each of the above-described systems is itself related to other systems, 
thus, in a sense, forming a supersystem, because each system could be 
considered a component. Since this is so, it is vital to recognize interrela¬ 
tionships between systems. 

Concluding comments 

The end product of this orientation period, the process of obtaining an 
understanding of the environment, is a relatively meaningful understand¬ 
ing of the way the firm operates. Thus the analyst may proceed with 
this knowledge. 

IV. GOALS, RESOURCES, AND OPPORTUNITIES 

An understanding of the organization cannot proceed without an 
understanding of the organization’s goals, resources, and opportunities. 
These factors are highly interrelated. Obviously, the resources and oppor¬ 
tunities constitute the material leading to fulfillment of the goals. Oppor¬ 
tunities simply refers to the goods and services the company could supply 
and the measure of value each contains. Measuring value is far from easy, 
but some recognition of value is necessary before any decision to use 
resources in its production can be made. Opportunities are meant to imply 
not only existing but not yet existing goods and services. 

The goods and services a company supplies should be based upon 
consumer desires and the company’s capabilities. The capabilities of the 
firm are in a sense the expression of the various combinations of products 
the firm could produce with the resources available to it. Although the 
kinds of resources severely limit the range of goods or services that can be 
produced with any degree of efficiency, the remaining possibilities are still 
virtually infinite. Further, available resources are not fixed but are de¬ 
pendent upon the company’s ability to obtain resources. In turn, the 
firm’s ability to obtain resources is dependent upon its existing resources 
and their utilization. Thus the available resources are in a constant state of 
flux. For the purposes of this chapter, we shall assume that a fixed level of 
resources exists. 
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If the resources are limited, it is useful to recognize the limits as 
constraints. In the subsequent chapters of this book, we shall deal quite 
extensively with quantifiable costs and measures of productive capacity 
which are the traditional measures of resource constraints. For example, 
we talk about financial resources in terms of dollars available to fund the 
purchase of material and equipment. Or we talk about our capacity to 
produce up to the limit of equipment and labor capabilities. These can be 
termed operatioital constraints. However, other types of subtler con¬ 
straints should be recognized. We shall now discuss institutional as op¬ 
posed to operational constraints. Then we shall look at constraints im¬ 
posed by the interaction of resources and goods. 

V. INSTITUTIONAL VERSUS OPERATIONAL CONSTRAINTS 

One might recognize that objectives must be subject to institutional 
constraints as well as operational constraints. Institutional constraints are 
expressions of social values w 7 hich allow the system to operate in harmony 
with its surroundings. Institutional constraints may be represented by 
certain legal constraints on activity by organizational executives. Conse¬ 
quently, the sale of certain drugs is prohibited by law, presumably as a 
reflection of society’s belief that harmful products or services should be 
withheld from the general public. There may be other constraints that 
exist because of moral suasion. After World War II, automotive compa¬ 
nies restrained from pricing to take full advantage of pent-up demand 
partly because they feared it would have an adverse effect on customer 
relations and partly because they feared government intervention. 

Operational constraints are those constraints on activities which are 
imposed due to lack of resources or because some objectives are in 
conflict with other objectives of the organization. Lack of financial 
resources to expand into a new product line is a common manifestation of 
an operational constraint. Low inventory levels may be inconsistent with 
high sales volume. Thus, one places a constraint on the expected level of 
the other. 

If we look at different managerial philosophies, we shall see that, to an 
extent, they represent different institutional constraints. Some of them 
indicate that although profits are the end goal of the firm, profits are 
available only if certain constraints are met. 

Managerial philosophies 

Basic objectives are essentially statements or reflections of managerial 
philosophy. The five most common managerial philosophies found in 
private business are as follows: 

1. Classical . The classical philosophy is that the sole goal of the busi- 
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ness organization is to make as large a profit as possible for the owners in 
the long run. 

2. Humanist. The humanist philosophy is that the sole goal of business 
organizations is to benefit society. Consequently, profits merely act as a 
constraint upon the degree of benefit which the business organization can 
disseminate. 

3. The combination classical/humanist. This philosophy essentially 
says that some level of profits is desirable and necessary, but once it is 
attained, the business organization should act to benefit society. 

4. The mediator. This philosophy is that the manager acts as the me¬ 
diator between conflicting claimants. The claimants are (a) the employ¬ 
ees, (b) the customers, (c) the owners, (d) the suppliers, and (e) the 
general public. It could be argued that these claimants are merely an 
explicit statement of what constitutes society and that this manager is thus 
a humanist. 

5. The quasi-public philosophy. This philosophy is applicable only to 
very large corporations; it states that those very large corporations are 
quasi-public corporations which are so vital to the economic health of the 
nation that their primary role is survival while adequately providing for 
those with whom they come in contact. In other words, any change in 
policy must be considered from the standpoint of its effect upon the 
economic health of the country or any demographic or socioeconomic 
subgroups with which the organization has previously dealt. Obviously, 
this type of organization is highly institutionalized. 


VI. THE INTERACTION OF RESOURCES AND GOALS 

Resource availability places a limit on the attainment of goals. As an 
example, assume that an organization desires to pursue both a goal of 
market share and a goal of profitability. The market share objective is one 
which is pursued because it is considered a means of assuring long-run 
profitability. The organization avoids attaining a market share above a 
given level because of the possibility of antitrust action. In this instance, 
suppose the organization also sets minimums which must be attained. This 
information can be summarized in Figure 4-1. This figure recognizes only 
goals and institutional constraints upon goal fulfillment. Let us now add 
the effect of operational constraints (Figure 4—2). The area below line AB 
is attainable with resource 1. The area below line EF is attainable with 
resource 2. The reader will note that the area in the triangle IEB is 
attainable with resource 1 but unattainable with resource 2. Thus, it is 
unattainable to the organization. Recognizing the institutional constraints, 
the area of attainable goals is the rectangle GHIJ. This information poses 
a problem to the decision maker because it does not tell him what action 
to take within the area of attainable goals. However, it does help depict 
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Figure 4-1 
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his action possibilities. Further, it demonstrates the interaction between 
goals and resources when both are recognized as constraints. 

In the next chapter, we shall discuss the necessity of comparing and 
evaluating multiple objectives. Much later in the book, we shall discuss 
decision theory. In this discussion, we shall point out that the decision 
maker’s objectives are the basis of a rule to identify the best course of 
action from among many possible courses of action. Translating to this 
situation, institutional and operational constraints delimit the area of 
possible action, but deeper analysis is necessary to identify where in the 
area of attainable solutions the best solution occurs. 

The objective of this chapter is to develop an understanding of the 
organization. The concepts of this section can (at least conceptually) be 
used in order to develop a better fix on the objectives implied by the 
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actions taken. For example, a firm operating at point H in Figure 4-2 
seems to be maximizing market share, subject to the institutional con¬ 
straints on minimum profit and maximum market share. It is entirely 
possible that an organization has never looked at the objectives implied by 
its actions. It may be quite surprised and decide that it ought to modify its 
behavior to reemphasize its true objectives if they are different from the 
implied objectives. 3 

In this text, is not possible to present a detailed methodology for 
understanding the general environment. The approaches and sources of 
information are so diverse and complex that it would be impossible to 
include them all in this text. 


VII. IDENTIFYING THE PROBLEM 

There are two stages in problem identification. The first step is a 
recognition that a potential problem exists. This is usually accomplished 
by comparing some quantitative or qualitative measure of performance 
with actual performance. This search for a standard is part of the subject 
matter of the next section. The process of identifying potential problems 
begins with searching for (or stumbling into) evidence of a deficiency. 
The deficiency may be merely an intuitive feeling that there is a problem 
or potential problem. Thus the company which is aware of the possibili¬ 
ties of applying linear programming to utilize its production facilities 
effectively may have no additional evidence that these facilities are not 
being effectively used. Identifying the problem requires some organiza¬ 
tional mechanism for identifying the necessity of the individual conduct¬ 
ing managerial analysis to investigate any particular area or problem. For 
the purposes of this discussion, we shall assume that there has arisen some 
particular need for problem identification (i.e., that there is, in fact, some 
condition in the organization which requires attention). The second stage 
of identifying the problem is to assure that we have identified the under¬ 
lying or true problem facing the organization, so that we may conduct 
analysis toward the proper end. 

The process of identifying the various systems discussed earlier should 
in itself converge on a proper identification of the problem. Thus, when 
management, for example, identifies a problem of an excess inventory, the 
managerial analyst must clearly recognize that the excess inventory invest¬ 
ment may be simply a manifestation of a more basic underlying cause. 
The factors that affect that underlying cause may be many and varied. 

In the following chapter, we shall discuss the measurable statement of 

3 See V. Buck, “A Model for Viewing an Organization as a System of Con¬ 
straints,” in James D. Thompson (ed.), Approaches to Organizational Design (Pitts¬ 
burgh: University of Pittsburgh Press, 1966), pp. 103-72. In this article, Buck develops 
some of the concepts of this section. 
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the objective. If possible, the objective of the industrial organization 
ought to be tied to the overall objective of profit maximization or, at the 
very least, cost minimization. Thus, when management raises the question 
of excess inventories, the analyst must investigate the benefits of having 
inventories at various sizes so that excess means that the size of the 
inventory does not benefit the organization beyond the cost of having 
inventory of that size. 

In conclusion, it can be seen that the process of identifying the prob¬ 
lem is greatly simplified if one can focus on the overall objective so that 
one has a direct standard against which to compare the performance in 
a problem area. 

VIII. FORMAL MECHANISMS FOR IDENTIFYING POTENTIAL PROBLEMS 

The identification of a potential problem arises when someone recog¬ 
nizes an existent or expected deviation of conditions from a real or 
imaginary standard. Inventory levels are excessive only if someone objec¬ 
tively or subjectively identifies them as excessive. Consequently, a mecha¬ 
nism to identify problems for consideration by anyone responsible for 
managerial analysis requires (1) standards and (2) recognition and com¬ 
munication of those standards. 

Standards are objective or identifiable criteria for acceptable levels of 
organizational performance. Most readers will be familiar with produc¬ 
tion or cost standards. Cost standards attempt to identify the expected 
cost to produce a given item. When the cost is excessive, a problem is said 
to exist. The occasion of excessive costs usually initiates a search for the 
cause so that they may be reduced to normal levels. The cost accounting 
system, if properly used, provides a continuous monitor on the standards 
it incorporates. By the same token, the organization needs standards for all 
managerial activities. Obviously, identification of standards for some ac¬ 
tivities is easier than for other activities. It is not the function of this text 
to dwell at length upon the problems of and necessity for establishment of 
performance standards at all levels. However, the vital importance of such 
standards should be recognized. 

Given such standards, the organization should have a formal means for 
recognizing and communicating deviations from such standards. The cost 
control system can provide a continuous monitor which recognizes and 
communicates such deviations. A means should exist to uncover all poten¬ 
tial problems via formal standards and formal means for recognizing and 
communicating potential problems. Further, existing standards should be 
constantly reevaluated. 

There are essentially three elements in a formal process of identifying 
potential problems. One is a continuous monitor system. Many companies 
have a cost control system to control production costs. Although the 
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criteria used to judge performance may differ for nonproduction seg¬ 
ments of the firm, the concept of a control system which monitors 
performance for nonproduction segments of the organization is the same. 
Thus the organization should have a complete, continuous monitor con¬ 
trol system. 

Secondly, potential problem areas should be recognizable by the man¬ 
ager. Via this mechanism, the manager notifies the organizational sub¬ 
group responsible for managerial analysis of his perception of a potential 
problem. In this fashion the manager has direct access to analysis which 
the formal monitor system cannot pick up. 

Thirdly, the organizational subgroup responsible for conducting mana¬ 
gerial analysis should periodically review each functional area to evaluate 
both the current standards and performance in general. The evaluation of 
performance in general provides the analytical group the opportunity of 
investigating without traditional restrictions. Hence, more opportunity is 
provided for looking at performance and functions in the context of the 
organization as a whole. 


DISCUSSION TOPICS AND PROBLEMS 4 

1. Prepare a schematic diagram of the systems which are of concern to the 
managerial analyst in a business firm. Explain your logic. 

2. Prepare a schematic diagram identifying information sources, informa¬ 
tion recipients, and types of information necessary for the top-level manager in 
a business firm. Explain your logic. 

3. Prepare a schematic diagram identifying information sources, informa¬ 
tion recipients, and types of information necessary for the manager of a func¬ 
tional unit for a business organization with which you are familiar. 

4. How should a business organization’s goals, resources, and opportunities 
relate to its product line? 

5. How should a government’s goals, resources, and opportunities relate 
to its product line? 

6. Compare and contrast institutional versus operational constraints. 

7. Assume that you are the manager of the only department store in a com¬ 
munity of 25,000. The nearest department store is 20 miles away. Discuss the 
goals, resources, opportunities, institutional contraints, and operational con¬ 
straints facing you. Be sure to indicate how they are interrelated. The store is 
wholly owned by a family whose sole interest is in the long-run profits as long 
as their annual return on investment does not drop below the prevailing inter¬ 
est rate on certificates of deposit. 

4 Make and state any assumptions necessary to answer these questions meaning¬ 
fully. 
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Organizational 
objectives and 
their measurement 


I. INTRODUCTION 

In the last chapter, we discussed objectives and their relationship to 
resources and opportunities as a means of developing a general under¬ 
standing of the organization. In this chapter, we are concerned with 
identifying objectives so that they may be used as a basis for deciding on 
the desirability of any course of action. This requires the translation of 
objectives into measurable terms so that the desirability of any course of 
action can be measured in terms of the extent to which it fulfills objec¬ 
tives. 

II. THE ROLE OF OBJECTIVES 

All organizations, be they profit-oriented public organizations, charita¬ 
ble organizations, or other kinds of organizations, exist to fulfill one or 
more purposes or objectives. The true value of managerial analysis hinges 
on the ability to identify the objectives of the organization and hence 
ascertain the best course of action needed to fulfill those objectives. These 
objectives or purposes are difficult to fulfill if the organization does not 
clearly state them. 

Every action taken by every employee of an organization should 
contribute to the overall objective of that organization. Thus, all of the 
activities of the organization should not add up to the organizational 
objectives; but the organization, having established its objectives, should 
move on to establish the activities necessary to fulfill those objectives. 
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Therefore the process of establishing organizational objectives and objec¬ 
tives for all of the subunits of the organization provides the organization 
its basic direction. The establishment of the basic objectives of the organi¬ 
zation provide a basis against which any action can be measured to 
ascertain whether it is contributing to fulfillment of the overall objectives 
of the organization. The overriding or basic objectives are always of a 
very general, normally nonquantifiable nature. 

It is often standard practice to identify the overall objectives of a 
business firm as that of maximizing long-run profit. Since no means exist 
to assure that an organization is maximizing long-run profits, it is neces¬ 
sary to identify subsidiary operational objectives that will allow it to take 
those actions which it believes will maximize long-run profits. To assure 
that the activities of individuals in the organization contribute toward the 
overall objectives of the organization, a hierarchy of rules for the conduct 
of the enterprise must be developed. These rules must exist either implic¬ 
itly or explicitly. The level of the rules is differentiated by referring to 
objectives, policies, and procedures. Each will now be described. 

Objectives 

Objectives may be described as hoped-for results, goals or targets. 
They may be further described as hoped-for states of affairs. Obviously, 
objectives can be quite specific or very general. A specific objective might 
be a 10 percent rate of return on investment, whereas a general objective 
might be an increase in profits. The more specific an objective, the easier 
it is to appraise how well it has been fulfilled. 

Objectives may also be long-run or short-run. A short-run objective 
might be to improve the working capital position of the organization. 
This objective is short-run because it was probably developed due to a 
deficiency in the working capital position (hopefully an abnormal defi¬ 
ciency). A long-run objective might be to produce only a quality prod¬ 
uct. A short-run objective is generally more specific and directed toward 
a specific problem area. 

This author advocates the division of objectives into two categories, 
basic and fulfilling. The only admissible basic objectives for a business 
organization are (1) profits (in practice, this must be stated in a more 
definitive manner); and/or (2) psychological rewards, over and above 
those derived from profits, to the owner and/or managers (in practice, 
this must be stated in a more specific manner). It is assumed that pursuing 
social goals provides a psychological reward; and in fact, this pursuit may 
be considered a personal goal of the owners or managers. It is to be 
expected that for most corporations, the sole basic objective is profits. 
Fulfilling objectives recognizes more specific goals which contribute to 
the basic objective. 
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Policies 

Policies may be described as guides for managers in the pursuit of 
objectives. They may be further described as general rules for action. It is 
most important to recognize that they stem from fulfilling objectives. 
Thus, an objective of a quality product may lead to a policy of extensive 
inspection during and after production. Obviously, each fulfilling objec¬ 
tive requires many policies in order to carry out that objective. Hence, 
another policy stemming from the objective of a quality product may be 
the purchase of only top-quality raw materials which are used in the 
production of the product. 

Procedures 

Procedures may be described as routine rules of action in fulfillment of 
a policy. They are specific actions to be taken for specific situations. 
They may, for example, detail the time, place, and kind of inspection to 
fulfill the policy of extensive inspection. 

111. THE MEANS-END CHAIN 

The reader is now in a position to see the hierarchy or means-end chain 
in establishing objectives and policies. In the above example, the produc¬ 
tion of a quality product was the fulfilling objective designed to fill the 
basic objective of profits. In turn, extensive inspection during and after 
production was a policy designed to carry out the fulfilling objective of a 
high-quality product. The hierarchy then looks as follows: 

Profits 

Quality product 
Extensive inspection 

The means-end chain is a reflection of the fact that every step in the 
hierarchy is a means to an end. For example, extensive inspection is a 
means to an end of a quality product, but now we start the process all 
over again because quality is a means to the end of profits. Thus a chain 
occurs because each of the objectives, policies, and procedures are linked 
to one another. 

A further example 

The means-end chain that might be identified for any arm of the 
government must stem from some understanding of the primary objective 
of government, coupled with the legislative sanction which creates or 
created the need for the particular agency. In general, we may recognize 
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that governmental operations exist to maintain and enhance the welfare of 
the public. Welfare may be dichotomized into economic welfare and 
social welfare, social welfare being frequently a catchall for all noneco¬ 
nomic welfare. Early governmental activity existed primarily to provide 
for the maintenance of the physical well-being of the individual, particu¬ 
larly well-being from physical harm through the creation of armies and 
internal policing functions. Governmental activities now become more 
subtly concerned with something we might call psychological welfare. 
Agencies with this responsibility attempt to provide minority groups with 
equal social and economic opportunities. Even at this abstract level, we 
have moved from the very abstract objective of maintenance and im¬ 
provement of welfare to something more specific in terms of the ways the 
particular agencies contribute to welfare, on the assumption that the 
agencies themselves, in contributing to this specific element of welfare, 
contribute to the overall welfare. 

The order in which objectives and activities are established 

Since all organizations come into being as a result of human desires to 
form the organization, some of the activities are already identified upon 
formation of the organization. Ideally, the objectives of the organization 
should precede the identification of any of the activities the organization 
would be involved in. For example, a business firm should first identify 
the objectives and secondly the kind of product or service that it will 
provide as a means of best fulfilling those objectives. It is very doubtful 
that any business organizations have evolved on the basis of this rationale. 
Almost all organizations, whether they be private enterprise or govern¬ 
mental organizations, begin with the identification of a product of service 
to be delivered, frequently with a specific identification of the product or 
service. 

In any organization the organizational subunits derive their objectives 
from the overall objectives of the organization itself. Normally, one 
could readily identify the objectives of the subunit, since the subunit has 
been established to provide assistance to fulfill the major objective of the 
organization and that is the subunit’s prime basis for existence. For ex¬ 
ample, the production planning and control department exists to assist in 
the planning and efficient conduct of the activity of producing the prime 
product. 

IV. THE MOVEMENT FROM GENERAL OBJECTIVES TO MEASURABLE 
CRITERIA 

It has often been said that profit-oriented enterprises can be managed 
more effectively because they have the profit objective, which is readily 
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measured in dollars. In addition, this argument continues, the output or 
product of the enterprise is tangible, and its value is therefore readily 
identified. However, the student of business finds all is not so simple. He 
finds no agreement on the presence, correctness, and measurability of 
profit. Further, he can name numerous intangible products (or services) 
provided by business. The major advantage business has over not-for- 
profit organizations is the universality of the dollar (or appropriate cur¬ 
rency) as the common denominator for measuring costs and value. 

We have already indicated that short-run profitability is easier to 
measure than long-run profitability. We have also indicated that profits 
may not be the sole or even a partial goal. Recognizing the legitimacy of 
nonprofit goals, this book always assumes the sole goal is profits. Given 
this, the analyst will still find it difficult to measure or identify the effect 
of certain fulfilling objectives, policies, and procedures on overall profits. 

If such measurement were possible, we would not need to concern 
ourselves with intermediate measures. Let us further identify what we 
mean by intermediate measures. An intermediate measure is simply a 
measure which, we believe, if maximized or minimized (subject to the 
appropriate constraints), will lead to improvement in the long-run or 
overall goal. The most frequently used intermediate measure in profit-or¬ 
iented organizations is short-run profitability. Many readers will recall the 
elementary economic model of a firm which says to produce at the level 
where marginal revenue equals marginal cost (MR = MC). This model, 
in addition to the many variables which it ignores, is applicable for only 
one point in time, thus maximizing only short-run profit. 

In the previous section, we looked at a firm that chose to produce a 
quality product because it believed that a quality product would, in the 
long run, lead to maximum profits. It is highly doubtful that any concrete 
evidence exists to support or reject this very major assumption. How¬ 
ever, it is demonstrative of the kind of assumed relationship between 
interrrjediate measures and the overall goal. 

Accepting the desirability of a quality product as a fulfilling goal, can 
we measure this goal? Since quality is intangible, it cannot be directly 
measured. However, quality does possess certain characteristics or attri¬ 
butes which might be identified and measured, either objectively or sub¬ 
jectively. If one can devise a scale so that these attributes can be intercom- 
pared, then we can measure quality. Given this measure, we can compare 
alternative ways of attaining quality. The annual cost attached to a given 
quality score is shown in Table 5-1. This presents a dilemma because of 
the difficulty of comparing quality score and cost. Accepting the quality 
score and annual cost as correct and meaningful, let us rank the scores 
and costs as shown in Table 5-2. The last column shows the additional 
costs of attaining the next highest level of quality. Thus, movement from 
a quality score of 78 to 82 costs f 5,000. Suppose 3 and 4 were the only 
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Table 5-1 


Product 

alternative 

Quality score 

Annual cost* 

1. 

. 87 

$100,000 

120,000 

80,000 

85,000 

2. 

. 93 

3. 

. 78 

4. 

.82 


* This is the annual cost at a constant level of output. 


Table 5-2 


Product 

alternative Quality score Annual cost* Marginal cosP 


3 .78 $ 80,000 . 

4 .82 85,000 5,000 

1 .87 100,000 15,000 

2 .93 120,000 20,000 


* This is the annual cost at a constant level of output. 

f See Chapter 12 for a discussion of marginal analysis, including marginal cost. 


alternatives open to the decision maker. His problem then is to decide: 
Are the four additional quality points worth $5,000? As an analyst, you 
can give him no help unless you know the impact of these four quality 
points on demand. This will then allow you to ascertain the effect on 
revenue. Since revenue minus costs equals (short-run) profits, the knowl¬ 
edge about the impact of these four quality points on demand would 
allow you to convert quality to dollars. 

Three things should be illuminated by this discussion. The first is the 
important role of executive judgment which has limited the analysis 
because of the (executive’s) assumption that a quality product is neces¬ 
sary for long-run profitability. If it were possible to identify all possible 
products and the impact on profits of each, then the quality objective 
would be unnecessary because the products could be chosen by their 
direct impact on profits. However, the number of products which would 
need analysis is infinite. Thus, some method for reducing those considered 
is necessary because of the prohibitive time and cost necessary to analyze 
them all. 

The second factor which this discussion should illuminate is what 
happens when the quality scores (or other nondollar measure) cannot be 
converted to dollars (in this case via profits). Then the executive has one 
of two choices. He can say either: (1) Find the least-cost alternative 
which will give me a quality score of X, or (2) give me the highest 
quality for an annual cost of Y. The first calls for minimizing costs subject 
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to X, and the second calls for maximizing quality subject to F. One 
cannot both maximize quality and minimize cost. 

The third factor is to recognize that whenever possible the managerial 
analyst converts all objectives to a dollar base so that costs may be 
lowered or minimized (subject to specified constraints) or profits may be 
increased or maximized. 

We shall now go on to discuss ways of measuring objectives and 
converting multiple objectives to a common denominator so that alterna¬ 
tives can be compared among all objectives. When a decision is made 
without consideration of all objectives, suboptimization may occur. 
When optimization of a single objective means that one or more of the 
remaining objectives is not optimized, some way must be found to com¬ 
pare the objectives so that the best overall objective is fulfilled. Considera¬ 
tion of a single objective may mean that the overall objective is not 
fulfilled. These considerations should become clear in the next section. 

V. MEASURABLE AND MULTIPLE CRITERIA 

The purpose of this chapter is to identify the measurable form the 
objective will take in order to maximize, minimize, or improve the per¬ 
formance of the organization toward that objective. Thus, previously 
identified but abstract organizational objectives will be converted to some 
dollar base. Therefore the discussion will center upon minimization of 
costs, maximization of profits, improvement of profits, or lowering of 
costs. 

It is frequently difficult to deal with service objectives in either public 
or private organizations. A private firm provides certain customer services 
in the belief that provision of these services contributes to the overall 
organizational objective of profitability. However, the relationship be¬ 
tween the service and overall profitability is very difficult to identify and 
measure. For example, a retail store cannot accurately measure the cost of 
failing to have sufficient goods in inventory to meet its demand, since it 
may lose the customer for future sales as well as losing the present sale. 

Suppose, for example, that the store mentioned above does decide that 
it must maintain a policy of adequate inventories as a means of servicing 
the customer. Somehow, this general statement must be converted to a 
specific statement against which we can measure the degree to which the 
adequate inventory policy has been fulfilled. The specific statement is 
referred to as the criterion. In this case the criterion might be the dollar 
value of the inventory relative to the dollar value of sales. 

The store might set as a goal a monthly sales-to-inventory ratio of 0.5. 
Thus the store is saying that the monthly sales should be one half the 
average value of the inventory during the month or, in other words, that 
the average monthly value of the inventory should be twice the value of 
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sales for the month. This ratio is fairly common among department stores. 
It is based on the assumption that the customer desires to choose from a 
variety of goods. Obviously, religious adherence to this ratio \Vould 
dictate a much greater inventory during periods of high sales. If a store 
carries basically the same merchandise the entire year, it may expect the 
necessity to increase its inventory to accommodate a larger volume but 
not a larger variety during periods of high sales. Hence, it does not really 
need to increase its inventory proportionately when sales volume is above 
normal. On the other hand, when sales are below normal, a proportionate 
cut in inventory might necessitate a cut in variety, which in turn might 
reduce sales further. Thus, when sales are below normal, the inventory 
should be reduced, but not proportionately to the reduction of sales. For 
example, if sales are 90 percent of normal, the inventory should be more 
than 90 percent of normal (but less than 100 percent of normal). 

A more rational goal might be to make the inventory dependent upon 
the level of sales, with the following quantified objective. 

AI = Desired inventory 
AS = Actual monthly sales 
NS = Normal monthly sales 

Assume NS = $1,000,000 and normal inventory ( NI ) is $2,000,000/ If AS 
= $1,100,000 then AI = ($2,000,000) (1.1) % = $2,097,320. Table 5-3 
shows various inventories for various levels of sales, assuming 
NS = $1,000,000. Thus, it can be seen that increases in sales need not be 


Table 5-3 


AS 

m 

AI 

Change in sales 
from normal 

Change in inventory 
from normal 

1.1. 

1.0 _ 

.1.0487 

. 1.0000 

2,097,320 

2,000,000 

1,897,400 

100,000 

97,320 

0.9. 

.0.9487 

100,000 

102,600 


/AS\ 

1 The reader will note that if AI = Nllj^\ the ratio of AS to AI will always 

be 0.5. Thus the square root is essential to this model. If were c arj ried to a 

power greater than one, the model could accommodate the goal of an inventory 
above a normal ratio in periods of high sales and below a normal ratio in periods 
of low sales. 
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accompanied by proportionate increases in inventory. Also, decreases in 
sales need not be accompanied by proportionate decreases in inventory. 

It can further be seen that if actual sales are above normal, the desired 
ratio is greater than 0.5 and if actual sales are below normal, the desired 
ratio is less than 0.5. 

Although this may be useful as a means of checking the adequacy of an 
inventory policy, it is preferable to try to relate the necessity for adequate 
inventory to the dollar so that the cost of obtaining this goal may be 
recognized. Thus, one might develop an equation to measure the cost of 
inadequate inventory such as: 

Cl = (jj 10,000 

Cj = Monthly cost of inadequate inventory 
S = Monthly sales 
I = Monthly inventory 

5 S 

Thus, at j= 0.5, C 7 = $1,250; but at - = 1 , Cj = $ 10 , 000 . Consequently, 

halving the inventory makes the cost of inadequate inventory eight times 
as high. As more and more inventory is carried, the cost of inadequate 
inventory declines. However, this inventory costs money to carry. Now 
assume that the cost of carrying inventory is primarily the cost of capital 
tied up in inventory. If the cost of capital is 24 percent per year, one might 
express the monthly cost per dollar of inventory (letting C E represent the 
monthly cost per dollar of inventory investment) as C E = 0 . 02 . Thus, 

Table 5-4 


Value of Cost of inadequate Cost of carrying Total inven- 

inventory ^ inventory inventory tory costs 

Vi I Cj Cc Ct 


$ 250,000.4.0 $640,000 $ 5,000 $645,000 

500,000.2.0 80,000 10,000 90,000 

1,000,000.1.0 10,000 20,000 30,000 

2,000,000.0.5 1,250 30,000 31,250 


monthly carrying costs (C c ) are C^Fj where F/ is the value of the in¬ 
ventory for the given month. If normal sales are $1 million per month, 

then Table 5-4 would question the desirability of a sales-to-inventory 

c 

ratio of 0.5. The lowest total cost occurs when j = 1 . 

In some instances the conversion to cost or profits is less necessary. 
Thus the personnel department may have a recreational budget, which 
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presumably contributes to employee morale and which in turn contrib¬ 
utes to productivity. One criterion might be, given the recreational 
budget, to maximize weighted man-hours of recreational participation. 

One of the problems of using criteria other than profit is that pursuit 
of the major objectives may not truly fulfill the nonquantifiable objective. 
For example, a recreational program yielding the greatest man-hours of 
participation may appeal to a small proportion of the total work force 
who participate intensely. Hence, one may have to add a condition that at 
least X percent of the work force participates in the program. One may 
also identify two criteria. If possible, once these criteria are identified, 
there should be a means for reducing them to some common denominator, 
so that they may be intercompared and the right mix of these objectives 
may be identified as the means of most effectively carrying out the overall 
objective. 

VI. REDUCING MULTIPLE OBJECTIVES TO A COMMON BASE 

The Asphalt Paving Company, mentioned in Chapter 1, recognizes the 
fact that its objectives must be long-run profits. It further is aware that 
minimizing costs on any given job is only one factor which contributes to 
long-run profits. The company undertakes each job on the basis of a 
contractual agreement which specifies the job to be done and the minimal 
standards for the materials and for the resulting roadway. However, the 
company recognizes that the willingness of the contracting agency to 
grant future contracts depends, at least in part, upon the willingness of the 
company to provide materials above the minimal standards and to sched¬ 
ule its operations for the convenience of the contracting agency. Conse¬ 
quently, in this situation the company has the following two objectives: 
(1) to minimize current operating costs and (2) to insure future con¬ 
tracts. 

It should be noted that the dilemma of minimizing current costs while 
at the same time assuring future revenues faces all business firms. 

The company believes that market share is the best predictor of future 
contracts (market share is the ratio of present contracts in dollar value to 
the total contracts awarded in dollar value). Thus, if the paving company 
operates in a two-state area and the value of its paving contracts for the 
last year was $10 million and total contracts awarded are $40 million, this 
figure is 0.25. Further, suppose that the company must make a decision on 
the kind of material to be purchased for a particular contract. Suppose the 
expected profitability on this $ 1-million job is $50,000. The job calls for at 
least grade C material, and the company must decide whether to purchase 
grade A, B, or C. The relationship of the grade purchased to immediate 
profits is as shown in Table 5-5. The first objective of immediate profit is 
maximized when grade C is purchased. Assume that the company feels 
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Table 5-5 


Actual Percent of $50,000 

Course of action profit profit which is obtained 


Purchased.$37,500 75% 

Purchase B ... 45,000 90 

Purchase C . 50,000 100 


that it should have 25 percent of the market to insure future profitability. 
The relationship of the grade purchased to long-run revenue is as indi¬ 
cated in Table 5-6. Considering this objective alone, the company should 
purchase grade A. This dilemma may be resolved if a normalized weight 
is attached to each objective. This means that percentages should be 
assigned each objective so that the total percentage is 100 percent. Let us 
say that immediate profits are three times as important as market share. 
Thus the weights are 75 percent for immediate profitability and 25 
percent for long-run revenues. 2 The dilemma facing this decision maker is 



Table 5-6 



Actual 

Percent of market share 


market 

objective which is 

Course of action 

share 

obtained 

Purchase A . 

.0.250 

100% 

Purchase B . 

.0.225 

90 

Purchase C. 

.0.200 

80 


that he cannot directly compare market share with immediate profitabil¬ 
ity. Consequently, he must find a method for making them directly 
comparable. The previously formed information can now be used to 
make a comparison. Let us present that data in Table 5-7. If A is 
purchased, 100 percent of the objective weighing 25 percent is fulfilled, 
thus contributing 0.25 = 25 percent toward the overall objective of meet¬ 
ing both objectives. However, only 75 percent of the objective worth 75 
percent is met, thus contributing 0.75 X 0.75 = 0.5625 = 56.25 percent 

2 Normalized weights are calculated with the following formula: 


»- 1 

In this case, ai = 3 (immediate profits) and a 2 = I (market share). Since n = 2, w x = 
3/4 — 0.75 and w 2 — 1/4 = 0.25. 
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Table 5-7 


Weight 0.75: Weight 0.25: 

Percent of fulfillment Percent of fulfillment 


Course of action of objective 1 of objective 2 


Purchase A .0.75 1.00 

Purchase B .0.90 0.90 

Purchase C .1.00 . 6.80 


toward the overall objective, or a total of 0.25 + 0.5625 - 0.8125 = 81.25 
percent of the overall objective is met. Likewise, the contribution of the 
purchase of B and C is: 

B = 0.90(0.7 5) + 0.90(0.25) = 0.90 = 90% 

C = 1.00(0.75) - 0.80(0.25) = 0.95 = 95% 

In view of this, the company concludes that it should purchase C because 
a more expensive grade does not contribute enough to future revenues to 
warrant that purchase. 

This exercise demonstrates a universal method for converting dissimilar 
objectives to a common base. 3 This procedure is, however, based upon a 
series of conversions of data that may be difficult to make in practice. 
Identification of specific levels of each of the objectives (i.e., a specific 
desired market share and profit) may be difficult, but identification of the 
extent to which those objectives are fulfilled becomes even more difficult. 
Fulfillment of the profit objective is relatively easy to identify in the 
above example, since the cost of purchasing each of the alternative grades 
of material is known. It would be much more difficult to estimate the 
market share obtained as a result of the purchase of grade A, B, or C 
materials. Further, placing the weight on each of th§ objectives (i.e., 75 
percent to profit and 25 percent to market share) is ail even more difficult 
task. However, this procedure does give us an operative way to decide 
upon the most desirable course of action to be taken in the face of 
multiple and noncomparable objectives. Coupling this procedure with the 
procedure of sensitivity analysis, which will be discussed later in Chapter 
21, provides information with which to make a decision of this nature. 
For example, if we allow the percent of fulfillment of each of the 
objectives to remain the same but modify the weight, we note that the 
weight of objective 2 must be greater than 0.5 before the decision is 
changed. Consequently, the decision appears to be quite insensitive to the 
weighting scheme; thus, one may place a fair amount of faith in the 
answer in light of these limited objectives. 

3 Assuming that the utility or desirability of deviations from 100 percent fulfill¬ 
ment are proportionate (i.e., being 20 percent below 100 percent fulfillment is twice 
as undesirable as being 10 percent below 100 percent fulfillment). 
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A more desirable method of conversion would be to construct objec¬ 
tive 2 in some form of dollar or profit figures, as we did for the retail store 
earlier. Thus, if one could convert the future profitability from the 
purchase of grade A or B material to dollars, a comparison of the cost of 
the purchase versus the contribution to future profitability could be made. 

VII. A FURTHER EXAMPLE 

Suppose that thfc organization has been going through a maturation 
process and has, until recently, attempted to maximize only the single 
objective of short-run profitability. This is a fairly common procedure. 
Suppose that, historically, the dollar value of the contracts let for the 
two-state area serviced by the Asphalt Paving Company has totaled $40 
million annually and that the company, up until the last three years 
(when it modified its decision-making procedure to account for the 
second objective of long-run profits), has maintained a market share of 25 
percent and an after-tax profit amounting to 5 percent of sales, or $50,000. 
Further, suppose that under the newly promulgated dual objective the 
market share has increased to 28 percent and the actual profit level is 4.5 
percent of sales, as opposed to the previous profit level of 5 percent of 
sales. 

The relationship between market share and the ratio of cost to sales can 
be expressed as an equation, the equation being MS ~ 0 .55 — 6(R) where 
R is the return per dollar of sales and MS is the market share. 4 Since 
return refers to return per dollar, total profit can be calculated as follows: 

TP = MS (40,000,000) R 

because total sales in the market are $40 million. Substituting in the 
equation for MS gives: 

TP = (0.55 - 6R)40,000,000R 
= 22,000,000-R - 240,000,000R 2 

Thus, at R = 0.05: 


4 This was calculated using the two-point equation for a line. This equation is 
discussed in Chapter 9. The points given above yield: 

MS - 0.25 _ 0.25 - 0.28 _ -0.03 
R - 0.05 ~ 0.05 - 0.045 0.005 

and 


MS - 0.25 = -6 (R - 0.05) 
MS = -6 R 4- 0.55 


where 


R — Return per dollar of sales 
MS = Market share 
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TP = 22,000,000(0.05) - 240,000,000(0.0025) = 1,100,000 - 600,000 

= 50,000 

which checks. Given this, the company may apply a particular methodol- 
ogy (discussed in Chapter 12) to this problem to identify the return per 
dollar which maximizes profit. This conclusion is subject to numerous 
restrictions and assumptions. One restriction is that MS and R must be 
greater than zero; two major assumptions are that the relationship be¬ 
tween MS and R is linear and that the company can control R . 

VIII. NONMONETARY CRITERIA 

Another similar problem is illustrated by the following situation. An 
advertising manager for a retail store wishes to decide what kind of 
promotion to engage in to attract sufficient customers to insure profitabil¬ 
ity. He is concerned with providing only enough information to gener¬ 
ate the customers. In order to accomplish this objective, the organiza¬ 
tion has provided him with a promotion budget. His problem is to 
allocate that budget to the proper promotion categories. Assume that his 
measurable criterion (i.e., that which we wish to maximize) is the number 
of different potential customers exposed to the advertising message. He 
may then look at various alternatives. 

Suppose that the following media are available to disseminate informa¬ 
tion about his goods: radio, newspaper, and local television. He has no 
idea of the profitability of any of these alternatives. The promotion 
manager, however, may be able to ascertain the number of exposures that 
each media provides to a relevant group of potential customers. Assume 
that the promotion manager has $2,000 to dispense for promotion in any 
given month. Assume further that the relevant audience for the TV 
spot promotion amounts to 12,000 per spot announcement but that the 
new TV audience for subsequent announcements is reduced, depending 
upon the number of announcements. The second audience of new poten¬ 
tial customers is one half of the previous audience of new customers. 
Thus, if there were two TV spot announcements, the first audience 
would be 12,000. Of the second audience, one half, or 6,000, would be 
new viewers. Therefore the total potential customers from two TV spot 
announcements is 18,000. Further, assume that the relevant radio audience 
is 3,000 per spot announcement and that it also decreases, so that each 
subsequent announcement reaches one half of the previous number of 
new members of the audience. Also, assume that the newspaper audience 
is 5,000 per spot announcement and that this number decreases by one 
half of the previous audience. Further assume that the cost of the TV spot 
announcement is $1,000; the radio announcement, $500; and the newspa¬ 
per advertisement, $500. For the moment, we shall assume that the dupli- 


S. Organizational objectives and their measurement 69 

cation of audiences between the three media is nil and may therefore be 
ignored. 

On this basis, the advertising manager has nine alternatives which 
exactly use the $2,000 budget; and for each of these, he may identify the 
number of original exposures. The alternatives are shown in Table 5-8. 


Table 5-8 


Number of this 

The alternatives alternative Total original exposures 


18,000 

5,625 

9,375 

20,000 

16.500 

19.500 
12,000 
10,250 
11,750 


All TV.1 

All radio.2 

All newspaper.3 

One TV, one radio, one newspaper.4 

One TV, two radio.5 

One TV, two newspaper.6 

Two radio, two newspaper.7 

Three radio, one newspaper.8 

Three newspaper, one radio.9 


The advertising manager is now able to ascertain the most desirable 
action needed in order to obtain the maximum number of original expo¬ 
sures. He should then choose alternative 4 which says: Take one TV, 
one radio, and one newspaper ad. This procedure has allowed him to 
compare the nine relevant alternatives. He could go further and attempt 
to arrive at a scheme for weighting the desirability of different media 
exposures. Thus, he might say that the presence of both audio and visual 
stimuli on TV is worth 50 percent more than either radio or newspapers. 
In this case, he will only use TV. This scheme provides us with an implied 
weighting that equates each of the three media, 

IX. SUMMARY 

In this chapter, we have discussed both the problem of identifying 
measurable objectives and the problem of making objectives and alterna¬ 
tives comparable. In fact, we emphasize the latter because the former is 
almost an art that comes with experience. In this chapter and other 
chapters, we have discussed the movement from general statements of 
objectives to specific, measurable statements or objectives. For example, 
we discussed the importance of the service objective and the movement 
from that to the provision of adequate inventories as necessary to fulfill 
the service objective. Further, we could identify the extent to which the 
inventory objective was fulfilled by looking at the ratio of investment in 
inventory to sales. 
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As we move from the abstract to the concrete, we are making a series 
of assumptions that the concrete measurement is in fact that element 
which contributes to the abstract objective. To the extent that we are 
correct in this assumption, the activities in which the firm is engaged are 
correctly fulfilling the abstract objective. The process is one in which all 
organizations implicitly or explicitly must be involved. It was further 
pointed out that the common denominator must be found so that objec¬ 
tives may be readily compared with the fulfillment of the overall objec¬ 
tive. We have focused fairly extensively on the nonmonetary objectives, 
but we have also pointed out that it is most desirable to convert the 
objective to monetary form if possible. 

DISCUSSION TOPICS AND PROBLEMS 

1. Indicate the difference, if any, between each term in the pair for the fol¬ 
lowing pairs of terms: 

Goals and objectives 
Objectives and policies 
Policies and procedures 
Objectives and criteria 

2. Explain and illustrate the means-end chain. 

3. It has been said that the first and most crucial ingredient of accounting 
is measurement. Could the same thing be said of managerial analysis? Explain. 

4. A restaurant has the following three objectives: (a) an average customer 
service time of eight minutes, (b) a 10 percent market share, and (c) a 10 
percent return on investment. The restaurant also has three courses of action 
which it is considering. The following table shows what happens to each ob¬ 
jective when each course of action is taken: 


Course of Average Market Return on 

action service time share investment 


A . 7 minutes 9% 10% 

B . 8 minutes 10 9 

C .10 minutes 9 8 


If each objective is given equal weight, which course of action should the com¬ 
pany follow? 

5. A promotion manager has $2,000 to spend on promotion. He estimates 
that the relevant audiences for the first TV, radio, and newspaper spot 
announcements are 10,000, 4,000, and 8,000 respectively. Also, in all cases the 
audience for the next announcement is one half the audience of new customers 
from the previous announcement. The price for a TV spot is $1,000*, for the 
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radio and newspaper, $500. There is no duplication of audiences. If the manager 
assumes the TV spot to be twice as effective as the radio and four times as 
effective as the newspaper, how should he allocate his $2,000? 
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Data collection and 
measurement 


I. INTRODUCTION 

Managerial analysis does not become operational without meaningful 
data with which to specify the nature of the relationships within the 
environment. The usefulness of the final analysis is restricted by the 
meaningfulness of the data used in the analysis. However trite, the expres¬ 
sion “Garbage in, garbage out” is apropros. 

Before discussing the sources of data and their validity, we must discuss 
the process of determining relationships between variables in an unbiased 
manner. This requires the use of the scientific method. 

II. DETERMINING RELATIONSHIPS 

The development of a useful model requires a quantitative means of 
describing the relevant aspects of the environment. An element in the 
environment may be quantitatively described either by declaration or by 
collection of data which are further analyzed. In either case, it may be 
described as a certain or as an uncertain event. A declared value may be 
based upon judgment or logic. Judgment and logic in this case have 
different meanings. An example of logic is a conclusion that the distance 
between point A and C in the following diagram 

A\"^ 

B _ 


is equal to 


AB 2 + BO 
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Judgment may be strictly intuitive or aided by general knowledge. An 
event that occurs with certainty is an event for which the outcome is 
always the same. An example of a certain event would be the hourly wage 
rate for an employee. An uncertain event is an event which cannot be 
described by the same value each time. An example of an uncertain event 
is the time it takes to travel the distance between points A and B. In this 
instance, one uses measures of central tendencies and/or measures of 
variation to describe the event. 

Normally, this description will begin with identification of a postulated 
set of descriptive measures of the environment and their interrela¬ 
tionships. In the example in Chapter 1, it was postulated that the total 
costs of operating a motor vehicle were composed of three elements. 1 
Analysis later demonstrated that operating costs were dependent in a 
specific way on the following: 

1. Distance traveled (in miles) 

2. Travel time (in minutes) 

3. Number of vehicular stops 

First, it was necessary to acquire a set of data to be used in determining 
the exact nature of the relationship between the three independent varia¬ 
bles and the dependent variable (vehicle operating costs). Then, to pre¬ 
dict the average operating cost for any trip, it was necessary to describe 
the trip by these same variables. Consequently, the elements in the envi¬ 
ronment need descriptive measurement, such as the average length of time 
required to travel a route. Also, the exact description of the relationships 
between variables, as in the following equation, was needed: 

VOC = 0.0 5M + 0.02r -I- 0.0055S 

where: 

VOC = Variable operating costs 
M — Distance traveled (in miles) 

T — Travel time (in minutes) 

S' = Number of stops 

It can be seen that these relationships are determined by postulating a 
given relationship or a given form of relationship and then confirming or 
denying this hypothesis. When the criteria used to confirm or deny this 
hypothesis are determined in advance, one is using the scientific method. 
Statistical analysis offers various means for confirming or denying hy¬ 
pothesized relationships. 

It is assumed that the reader is familiar with the various measures of 
central tendency and variance or that he will refer to a statistics text to 
provide himself with this information. Both the correctness of the meas- 


1 See Chap. 1, p. 17. 
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ures and their use in a model have serious impact on the validity of an 
analysis. For example, a deliveryman has two alternative delivery routes 
which can be traversed in an average of 10 and 12 minutes, respectively; 
and the standard deviation is 6 and 2 minutes, respectively. It is quite 
possible that the variation in delivery time for alternative 1 will have an 
impact on operating costs. 

The prime emphasis of the remainder of this chapter will be upon data 
collection and validity, leaving the discussion of finding relationships to 
later chapters. In general, the validity of the data is dependent upon the 
representativeness of the sample and the truth of the information. 

The data collected here are used to provide maximum composite 
information from a limited amount of raw information. The information 
provided may be unacceptable, minimally acceptable, or very acceptable, 
depending upon the following: 

1. The amount of data available 

2. The validity and relevance of the available data 

3. Use made of the data which were available 

The amount of available data is limited by economic considerations. An 
analyst may compile varying amounts of data except that, at some point, 
additional data either become unnecessary or prohibitively costly. The 
rule of thumb which should be used is that the value of the ultimate 
analysis must more than offset the cost of conducting the analysis. One of 
the primary costs of conducting the analysis is the cost of acquiring data. 

III. THE SCIENTIFIC METHOD IN STATISTICAL ANALYSIS 

Statistical analysis should, in the purest sense, be based upon the use 
of the scientific method. The scientific method has two essential charac¬ 
teristics: The first is a systematic approach, in order to draw the ulti¬ 
mate and proper conclusion in confirmation or denial of a hypothesis 
which has been made. Such a hypothesis represents an initial feeling by 
the researcher about the relationship which exists between the variables 
with which he is concerned. The second essential characteristic of the 
scientific method is that it is an approach which is intended to reduce the 
possibility of contaminating the inputs so that the conclusions will not 
be biased. 

The scientific method allows the scientist some means of ascertaining 
whether his general observations about nature are true or not true. 
Obviously, this means that the scientist must begin by making some 
general observations about nature. In this process, he must take his general 
observations about nature and structure those observations in a specific 
manner so that a hypothesis may be made. The next step after making the 
hypothesis is to set up the procedure that will be used to test the 
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hypothesis objectively. Then, and only then, are the data gathered. Once 
the observations have been made, the next step is to go ahead and apply 
the procedure previously decided upon to test the hypothesis. Finally, on 
the basis of this information, the hypothesis is accepted or denied. 

Since the scientist knows how the data will be used to confirm or deny 
his hypothesis, it is possible for him to record the observations to favor 
the outcome he has previously hypothesized. Of course, he must not 
attempt to influence the outcome of his hypothesis. With a good scientist, 
who strives to remain objective, this would not be a problem. But it is 
difficult to devise an alternative to avoid the possibility of such influences; 
one could first gather the information and then set up some procedure by 
which he would attempt to confirm or deny his hypothesis. Then we are 
faced with the possibility that the procedure to confirm or deny the 
hypothesis will be influenced by the nature of the information that has 
been gathered. More importantly, the analyst may merely manipulate the 
data until he finds a relationship. This ever-present possibility means that 
the scientist must always strive to be nonbiased and objective. 

Let us now review the steps of the scientific method. The first step is 
general observation of the phenomena. The second step is to make some 
hypothesis about these phenomena. The third step is to develop a means 
of testing that hypothesis. The fourth step is to gather data in order to 
conduct the test prescribed in the previous step. The fifth step is to test 
the hypothesis by the procedures described, using the data that have been 
gathered. The sixth step is to confirm or deny the hypothesis. 

This discussion of the scientific method has been presented to empha¬ 
size that, in conducting statistical analysis, the researcher must adhere to 
the two prime tenets of the scientific method: (1) the tenet of objectivity 
and (2) the tenet of systematically approaching the analysis. The discus¬ 
sion also emphasizes that to evaluate the work of someone else, the analyst 
must view it in terms of the elements discussed. 

IV. DATA SOURCES 

There are two common ways to obtain data. One is to create it by 
experimentation or measurement of some kind; the second is to use 
existing data. The managerial analyst will frequently use existing data 
drawn from two primary sources, i.e., sources within the organization and 
sources external to the organization. Frequently, data that deal with the 
external environment, such as data about demand for the product or 
services of the industry, will be found outside the organization in various 
public sources too numerous to list here. 

The proper source of data depends entirely upon the type of research 
being conducted. Many disciplines will have published material which is 
familiar to knowledgeable researchers. On the other hand, many of the 
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data used for managerial analysis are found within the organization, and it 
is the role of the researcher to locate the source of those data. Organiza¬ 
tions maintain a host of existing records on operations of the organization. 
The researcher intending to use internal data must ask a series of questions 
about their validity. He must know exactly how the data are gathered and 
the ability of the individual or the instrument to measure the exact value 
of the object being measured. 

Many measurement pitfalls exist. These pitfalls will be specifically 
discussed under the heading “Data Validity” in the section immediately 
following. 

Given a knowledge of exactly how the data have been gathered and 
thereby a feeling for its validity, the researcher must then know how to 
process the data properly. This knowledge is necessary to insure that the 
researcher (1) is aware of the possibility of errors in the transcription of 
the data and (2) is completely conscious of the elements that make up the 
information he has received. For example, in standard inventory control 
analysis the researcher will frequently be provided with a figure which 
represents the cost of carrying a dollar’s worth of inventory. Certainly 
the process of calculating this particular figure has an abundant amount of 
history behind it. That figure may play a substantial role in the decision 
that is ultimately made regarding the size of the inventory needed by the 
firm. Consequently, the researcher needs to know how the figure was 
derived in order to assess its validity and thus the validity of the recom¬ 
mended decision. 

V. DATA VALIDITY 

Data validity is verified by looking at (1) accuracy, (2) impartiality, 
and (3) representativeness. If these three characteristics aie present, it 
may be assumed that the data are valid. 

Accuracy 

The criterion of accuracy deals with the ability correctly to measure 
and identify what is being gathered. When data are collected, they are 
assembled by some predesigned method, which in turn means that some 
way must be decided upon to measure the relevant variables. Thus the 
first element in gathering accurate data is to identify clearly and distinctly 
exactly what it is that is wanted. This, of course, can take place only if we 
have properly identified the organizational objectives, the problem, and 
the general characteristics of the environment. 

The second element in accuracy is the ability to communicate unam¬ 
biguously what is being measured. This communication problem is par¬ 
tially dependent upon the kind of data being gathered. If one is attempt- 
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mg to collect information about demand for items held in inventory in 
order to derive an effective inventory control model, one must be able to 
specify unambiguously the exact nature of demand. For example, in a 
retail store, does a sale take place and is the inventory reduced when the 
customer orders the item, when the item is delivered, or when the bill is 
paid? 

Another element of accuracy deals with the question of whether the 
individual or instrument responsible for recording the item being meas¬ 
ured can in fact properly record that item. For example, one of the valid 
ingredients in an inventory control model for a retail store deals with the 
amount of demand which exists for items which are out of stock at the 
time customers wish to purchase them. In fact, some retail stores have 
out-of-stock forms on which the clerks are asked to record requests for 
items which are out of stock. The ability of a clerk to record specific 
out-of-stock items is dependent upon his ability to obtain such informa¬ 
tion from the customer. 

It is of course entirely possible that the customer does not know 
exactly what item he wants until he sees it. Consequently, the clerk is 
unable to record unavailable information. He cannot measure the item 
because he cannot extract a description of it from the customer. Even a 
machine is, of course, subject to questions of its ability to record. 

Another element of accuracy deals with interest. When data are re¬ 
corded by humans, accuracy is also influenced by the interest of the 
recorder. In the out-of-stock example the proper recording of requests 
for items is obviously strongly influenced by the interest of the clerk in 
supplying this kind of information. If the clerk is not interested, some of 
the information will go unrecorded and will not be a part of the data. 

Data used in managerial analysis are sometimes gathered by observa¬ 
tion. In that case the factors which block valid or correct data may be 
attributable either to the individual being observed (if an individual is 
being observed) or to the individual doing the observing. 

One of the factors which may block recording of the data may be 
that the individual being observed does not wish to be observed. Another 
factor may be that the individual being observed wishes a different thing 
to be observed than that which is actually taking place. For example, it 
is an acceptable tenet of gathering information about income and assets 
of individuals that these figures will normally be understated by a sig¬ 
nificant percentage. 2 

Part of the problem of accuracy stems from the sources of the data. 
For example, data on unemployment are drawn or may be drawn in a 
number of different ways. Some of the data on unemployment exist 

2 See Robert Ferber, The Reliability of Consumer Reports of Financial Assets and 
Debts (Urbana: Bureau of Business and Economic Research, University of Illinois, 
1966). 
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because some employers are required by law to submit reports. Data 
published by the government are of differential accuracy, depending 
primarily upon the ability or inclination of the receiving agency to check 
or verify the information contained within the report. 

Obviously, the government cannot police the accuracy of that infor¬ 
mation, and therefore the reporter’s attitude toward that information will 
have a significant impact on its validity. A particularly good reference 
that criticizes some of the public sources with respect to accuracy of 
information was published in Fortune magazine by Oskar Morgenstern, 
entitled “Qui Numerare Incipit Errare Incipit” (“He Who Begins to 
Count Begins to Err”). 3 

Impartiality 

Next, the researcher is faced with the characteristic of impartiality. For 
instance, the clerk preparing out-of-stock forms may overstate demand to 
make his potential sales look higher, thus blaming a lackluster perform¬ 
ance on out-of-stock goods. The overstatement of demand may be 
deliberate or unconscious. The requirement for impartiality is applicable 
only to data which are gathered by individuals rather than data gathered 
by mechanical means. 

Representativeness 

The representativeness of the sample is dependent upon (1) the size 
of the sample and (2) whether the sample in fact represents the universe. 
The universe refers to the entire group of individuals or things about 
which one is concerned. If we are dealing with the entire universe, 
representativeness is not relevant. Usually, it is impractical or impossible 
to obtain anything more than sample information. 

To illustrate the importance of the representativeness of the sample, 
one need merely to look at the opinion poll prediction made by the 
Literary Digest about the outcome of the 1936 Presidential election. 
When a random sample was drawn from the telephone directory in order 
to make that prediction a very high prediction, error occurred because 
the telephone directory did not contain a representative sample of the 
universe of voters. Even today, nonownership and unlisted phones create 
a significant problem in phone studies. 

In the example in Chapter 1, the average length of time required to 
traverse a particular route is X number of minutes, and that conclusion 
has to be drawn by a sampling process. The question of whether the 
sample is representative strongly affects the validity of our answer with 


3 Fortune, October, 1963, pp. 142-44, 173-80 
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respect to the best alternative route. Since the paving operation cannot 
take place at night, night travel is not part of the universe of relevant 
travel time. Also, since it is highly unlikely that the work crew would be 
traveling during nonworking hours, those hours should also be eliminated 
as relevant times for travel. If the work crew takes a lunch break from 12 
a.m. to 1 p.m. and cannot receive the pavement truck, that period of time 
should not be included in our sample time. 

The term universe is much easier to conceptualize in the case of 
individuals or things. Therefore, in the sample of voters for the survey 
discussed above, the universe is defined as all potential voters (everyone 
who is over 21, except in those states where the legal voting age is 18). 

Although the sample size does not directly affect the representativeness 
of a sample, it does affect our ability to extend the specific findings of the 
sample m order to make conclusions about the universe. Certainly the 
Bureau of the Census would not proceed with a sample of 100 individuals 
of voting age in order to draw its conclusions. On the other hand, the 
Bureau of the Census has used samples which were considerably less than 
1 percent of the universe. Why is this so? This stems from the law of 
large numbers, which, when concerned with the arithmetic means, 
states: The sample mean tends to be closer and closer to the population 

mean as the sample size increases.” One way of illustrating this phenome¬ 
non is to look at some of the work in extrasensory perception, where an 
ability to predict the upside of a randomly flipped coin may be claimed. 
Using a common criterion of accepting a false hypothesis 2.5 percent of 
the time, let us hypothesize that a person has extrasensory perception. 
That is to say, he has some ability to predict the outcome of a randomly 
tossed coin, regardless of the magnitude of that ability. If we take a 
sample of 16 flips of the coin and the individual is correct 12 or more 
times, we accept the conclusion that he has extrasensory perception. With 
a sample of 64, if he is right 40 times, we accept the conclusion that he has 
extrasensory perception. With a sample of 256, if he is right 144 times, we 
accept the conclusion that he has extrasensory perception. Thus, as the 
sample size changes, the percentage of correct answers necessary to 
accept the conclusion changes from 75 percent to 62.5 percent to 56 25 
percent. 4 

The direct question of representativeness has two elements. One is the 
problem of whether the sample is drawn from the actual universe. This 
problem involves a recognition of the true universe and a means of 
assuring that the sample is drawn from that universe. Hence, it is incor¬ 
rect to take a sample of political attitudes from a group of University of 
Maryland students and conclude that they are representative of all college 

ce tion termS ° f f ° rma! Statistics ’ We re J ect the hypothesis of no extrasensory per- 
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students. The true universe is University of Maryland students. The 
second ingredient of representativeness requires that the individuals or 
elements in the sample have been randomly selected. In order to have a 
random selection, each member or element within the universe must have 
an equal chance of being chosen. 

In dealing with the question of representativeness, particularly the 
question of sample size and randomness, one does well to consult a 
statistician. One method of reviewing the representativeness of the data is 
to make a comparison between certain characteristics of the universe and 
the sample. For example, in dealing with economic and demographic 
information, a comparison can frequently be made between certain eco¬ 
nomic and demographic characteristics of the sample which has been 
drawn and the information provided by the Bureau of the Census for 
these particular variables. 

VI. DATA COMPARABILITY 

One of the prime factors which will influence many of the types of 
analysis is the fact that the analysis uses data that have been gathered over 
an extensive period of time. In statistical analysis, there is a whole area 
devoted to time series analysis. Time series analysis refers to data that vary 
over time, frequently exhibiting growth or decline. Population statistics, 
production statistics, income statistics, and a whole host of economic 
statistics are presented on the basis of time. These statistics have meaning 
only insofar as the variables which effect a change in these statistics 
operate in an unchanged system. For instance, economists frequently view 
the increase in gross national product over time. If this is presented in 
graphic form, GNP is inevitably shown on the vertical axis and time on 
the horizontal axis. In terms of mathematical convention, this implies that 
GNP is a function of time. However, viewing GNP as a function of time 
will have meaning only if we have a stable economic system or if the 
GNP data have been made meaningfully comparable. 

Gross national product is informally described as the value of expendi¬ 
tures on goods and services and the new investment necessary to provide 
those goods and services. Since GNP deals with expenditures and expend¬ 
itures occur at a given point in time, how does one compare the expendi¬ 
tures of any given year with those of any other year? Is the comparison 
valid? This is the crux of most of the problems attached to using data that 
have been gathered over a period of time. 

If we wish to measure the societal value of GNP relative to any given 
point in time, we must look at the cost attached to purchasing a given 
bundle of goods and use this as a basis for making GNP at any point in 
time comparable to GNP at any other point in time. We shall then estab¬ 
lish a GNP figure that we shall call real GNP. This is shown in Table 6-1. 
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Gross national Cost of Excess of GNP Real value Real 


Year product base bundle over base bundle of excess GNP 

1 .$100 billion $100 billion $ 0 billion $ 0 billion $100 billion 

2 . 150 billion 120 billion 30 billion 25 billion 125 billion 


This shows that it took $1.20 in year 2 to purchase a dollar’s worth 
of year 1 goods. Thus the $30-billion increase can only purchase 
$30 billion 

--= $25 billion of year 1 goods. However, we still do not have 


any information on the causes of a given level of GNP. If we look at 
historical records of GNP, we see quite a different pattern when we move 
from periods of depression to periods of boom or to periods of war or 
to other major factors that affect our economic system. 

As another illustration, let us look at data on the consumption of silk in 
the United States. It is very important to ascertain why you are looking at 
particular data in order to know whether it is valid to compare those data. 
Normally, we look at data of this nature to predict what will happen in 
the future and assume that the best indicator of what will happen in the 
future is what happened in the past. However, if conditions change, we 
know that the prediction was not valid. If we look at the consumption of 
silk for a period of years prior to the introduction of nylon, our projec¬ 
tions would be quite in error because the event “introduction of nylon” 
had a very significant impact on the use of silk. Therefore, from a 
predictive standpoint, we have at least three series of production records 
on silk: (1) the series prior to the introduction of nylon, (2) the series 
during the introduction of nylon, and ( 3) the series after the introduction 
of nylon. In most situations, or under most circumstances, it would be 
invalid to compare one with the other. 

In dealing with information which is essentially attitudinal, one finds 
that it becomes very difficult to make comparisons. How do you compare 
the extent to which one individual likes a political candidate with how 
much another individual likes a political candidate? Another problem in 
comparability is that data may be of varying accuracy. For example, data 
which must be reported to the government by private sources may be 
accurate from one source and inaccurate from another source. 


VII. EXTRAPOLATION TO UNWARRANTED CONCLUSIONS 

When the statistician or analyst reports on the analysis, there is a great 
temptation to extrapolate from the well-defined universe from which the 
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data were drawn to a larger universe. Psychologists have long received a 
great deal of ribbing about the use of white rats and college students as 
their experimental subjects. Some critics question whether the conclusions 
from such experiments can be extrapolated to a larger universe than white 
rats and college students. 

DISCUSSION TOPICS AND PROBLEMS 

1. It has been said that statistics is a boon to the liar. Is this so? Why? 

2. Does the scientific method insure impartiality? Why? 

3. Indicate where invalid data may have been present in a statistical finding 
you are familiar with. 

4. Define and explain accuracy, impartiality, and representativeness of data. 

5. A company informs you (a prospective investor) that in the last five 
years its sales increased from $500,000 to $600,000. Upon further inquiry, you 
are told that prices of the company’s products follow the general trend of price 
changes. You know that the consumer price index has increased from 1.2 to 1.4. 
Has there been any real increases in sales over this period of time? 

6. Which of the three characteristics (accuracy, impartiality, and repre¬ 
sentativeness) do you think is most important in determining data validity, or 
are they equally important? For example, would slightly inaccurate but repre¬ 
sentative data be preferable to data which are accurate but do not truly repre¬ 
sent the universe? 
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Models and systems 


I. THE CHARACTERISTICS OF A MODEL 

In Chapter 1, we defined a model as a physical or symbolic representa¬ 
tion of the relevant aspects of the reality with which we are concerned. 
Consequently, it can be seen that the model is nothing more than a way of 
depicting, representing, or somehow showing the reality or system with 
which one is attempting to deal. Man by his very nature is a reasoning 
animal. He uses some process to depict or represent the environment he is 
dealing with so that he can make choices. Thus the movement from the 
reader’s present method of representing his environment to developing a 
physical or symbolic representation of the reality or system that the 
individual is concerned with may be merely a matter of formalizing what 
previously was ill formulated. Anytime man is faced with a choice or 
decision situation, he must somehow structure the information so as to 
make that choice or decision. Hence the usefulness of the model concept 
is very pervasive in man’s operating environment. Most individuals will 
have been groping in the direction of modeling the environment, and the 
process now being discussed is but a natural extension of something that is 
almost inherent in a reasoning animal. Let us look at the characteristics 
explicitly discussed or represented in the definition of a model. 

The most important characteristic of a model is the ingredient of 
representation. All of the other characteristics are basically further re¬ 
strictions on what is a valid or useful representation. 

The second characteristic of a model deals with the physical or sym¬ 
bolic method of representing the environment. For managerial analysis, 
the only method of representing the environment is symbolic and nor¬ 
mally mathematical. 

A third characteristic of a model is that it deals with a reality or 
system. It may be merely a postulated reality. Of course, a model for 
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managerial analysis must deal with a reality that could possibly exist and 
most frequently does exist in the world in which one operates. 

Finally, we have said that the model must deal with the relevant aspects 
of the reality with which we are concerned. This, of course, gives the 
individual who is constructing the model a wide choice in identifying 
what is and what is not relevant. Relevance has two characteristics. There 
may be variables which affect the environment but whose impact is 
negligible, and consequently they are not considered relevant. There are 
some variables which do not affect the environment and thus need not be 
even considered tentatively as a part of the model. It is obvious that this 
condition of relevancy depends very heavily upon the purpose or end use 
to be made of the model. Relevancy is something that can only be 
measured in terms of the user. 

II. THE CONTINUUM FROM REALITY TO ABSTRACTION 

Models are of necessity abstractions of something more complex. 
There is essentially a continuum of the degree of abstractness of the 
model. If we may use the term the real world to represent what actually 
exists, we may say that the most concrete representation is what actually 
exists. However, our inability to see everything that exists acts as a screen 
so that we can never model the real world. Thus the most we could 
possibly model would be what we perceive. However, we have certain 
restrictions on our ability to model. Therefore, at most, we can model 
what we perceive and are capable of modeling. Further, as we have 
indicated in the definition, there are some aspects of the real world which 
are not necessary because they will play no role in the ultimate decision. 
Consequently, we may identify a fourth level of abstraction, that which 
we actually model. Finally, we may identify the minimum which could 
be modeled and still be considered a meaningful model. The continuum 
could be depicted as follows: 

The mini- 

That which mum 
Ourpercep- Our is relevant which 
The real tionsofthe ability and could be 
Most world real world to model modeled modeled Least 
concrete concrete 

From a practical standpoint, the analyst is only concerned with how close 
the actual model should be to his ability to model (i.e., between the center 
of the continuum and the right end). 

III. ELEMENTS OF MODELS 

In the process of building models, one uses certain terminology such as 
constants, variables, parameters, and Qther universal terms. We must also 
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look at the degree of specificity the model contains, i.e., abstract forms, 
concrete forms, or account forms. Further, in order to understand the 
elements that contribute to a desirable model, we must deal with some 
conceptual framework to understand a model. We shall utilize the frame¬ 
work recognized by G. H. Orcutt, which includes three elements: com¬ 
ponents, variables, and relationsd This section will deal with all three of 
the above elements in model construction. 

Constants and variables 

A4ost readers will have some intuitive feeling for the difference be¬ 
tween a constant and a variable. Let us use as an example an equation for 
units produced, which is: 

P = 4r - 2 

where: 


P = Units produced 

t — Amount of time spent on production 

This equation implies that the units produced (P) are dependent upon the 
hours worked (t). Thus, P is the dependent variable, and t is the inde¬ 
pendent variable. In this context, P and t are variables, and the 4 and the 2 
are constants. Variables are items with associated values that vary during 
the course of the argument. Constants are values that remain the same 
during the course of the argument. The restriction “during the course 
of the argument” implies that at some time the constant may itself be 
changed to a variable. If, in this production environment, we have two 
machines instead of one, we shall have the equation: 

Pi = aiU b% 


where: 


Pi — Production on the ith machine 
Hi and bi — Constants for the ith machine 
ti = Time on the ith machine 

In this case, production is not only dependent upon the amount of time 
but also upon the particular machine that is used. The value of the items 
which are constant when they refer to a specific machine is dependent 
upon the machine being used. Thus, we might have a second equation 
which would read 


P = 3t - 2 


1 G. H. Orcutt, “Simulation of Economic Systems,” American Economic Review, 
Vol. L, No. 5 (December, 1960), pp. 893-908. 
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In this argument, not only the time may vary, but also the machine may 
vary, and then these constants (a t and bi) are not in fact constants. 
Consequently, it can be seen that the identification of something as a 
constant depends upon the context in which you are discussing the 
material. 

Functional, operational, and accounting models 

The extent to which the model we develop represents reality is de¬ 
pendent upon the extent to which the model has identified all values asso¬ 
ciated with some measurable quantity in the real world. Each identified 
value is called a parameter. A functional model is a model without values 
specified for the constants; hence the variables can only be identified in 
abstract mathematical notation. When all of the values which must be 
associated with some measurable quantity in the environment being rep¬ 
resented have been identified, we have an operating model. A functional 
model specifies the form of the relationship, but not the exact value of 
that relationship. In the model we discussed earlier with respect to two 
machines, we said that P* = aiU — b % is a functional model. When we say 
that a x — 4, b^ =2 and a 2 = 3, b 2 — 2, the identification of a x and b u a 2 and 
b 2 , has transformed the functional model to an operating model. 

Certain equations are essentially tautologies because they merely repre¬ 
sent addition of values to give a total value. They are in a sense accounts. 
In the above example, if we are given P x and P 2 , the total production, P, is 
equal to Pi + P 2 . This is a tautological or accounting statement. Does it 
then constitute a model? For our purposes, we shall assume so, since it 
does appear to represent symbolically relevant aspects of the reality with 
which we are concerned. However, it is an accounting model. 

Essential elements: Components, variables, and relations 

Let us now look at the essential elements of models. Earlier, it was 
indicated that Orcutt’s classification of components, variables, and rela¬ 
tions would be used. 2 This classification is particularly useful for large 
models that can be represented only by an equation system. An equation 
system includes either a series of equations, all dealing with the same 
essential forms of relationship, or basic subsystems, which combine to 
represent the total environment. For example, in an economic model, one 
might find a subsystem or component that deals with consumer behavior. 
One might also find a subsystem or component that deals with the 
behavior of the manufacturer or producer, one which deals with the 
behavior of the worker, and one which deals with the behavior of 


2 Ibid., p. 898. 
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the supplier. Orcutt delines relationships as a means of specifying how the 
values of different variables in the model are related to each other or how 
they are otherwise generated. Orcutt also goes on to identify categories of 
variables. He identifies output variables, status variables, and input varia¬ 
bles. He says these may be discussed relative to components. Conse¬ 
quently, an output variable is an output of a component which is anything 
issuing from or generated by that component. Status variables are varia¬ 
bles which describe the state of the component. Input variables arise out¬ 
side the component and must be fed into the component. In other termi¬ 
nology, they are also known as exogenous variables. In the production 
example we have been discussing, when P* = atfi + b h all and are 
status variables because they describe productivity, all u are input vari¬ 
ables (at least to this component), and all P* are output variables (at least 
from this component). Note that this equation system may be only one 
component of a larger system or model. Also, one component’s input 
variable may be another’s output, and vice versa. 

IV. FURTHER CHARACTERISTICS OF MODELS 

Many different schemes for classifying models have been developed. 
The purpose of looking at schemes of classifying models is a means of 
focusing upon essential characteristics. However, the essential characteris¬ 
tics of models may depend upon the end purpose. Let us draw an analogy 
between the different types of automobiles and the different types of 
models. We can classify automobiles in several ways. For instance, we can 
consider a car’s origin and differentiate between foreign and domestic 
cars; or we can classify automobiles by age, cost, or manufacturer. We 
can classify a car by the type and size of its engine; or by transmission, 
body style, or color; or by some combination of these. The point is that 
all of these factors are valid in a particular situation. If someone were 
conducting a study of the effects of the weather on automobilies, the 
paint color would be very useful in this kind of study. However, if he 
were concerned with automobile accidents, this particular classification 
would be useless, and engine type and size would be much more valuable. 
Model classifications are useful as a means of looking at certain character¬ 
istics the mode] might possess. 

Iconic, analog, and symbolic models 

C. West Churchman, Russell L. Ackoff, and E. Leonard Arnoff, in 
their classic operations research text, discuss the following types of mod¬ 
els: iconic, analog, and symbolic . 3 An iconic model pictorially or visually 

3 C. West Churchman, Russell L. Ackoff, and E. Leonard Arnoff, Introduction to 
Operations Research (New York: John Wiley & Sons, Inc., 1957), pp. 158-62. 
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represents certain aspects of a system. An analog model employs one set 
of properties to represent some other set of properties which the system 
being studied possesses. The symbolic model employs symbols to desig¬ 
nate properties of the system being studied. These three types of models 
are identified because they represent a progression in several respects. The 
iconic is usually the simplest to conceive, and the most specific and 
concrete. Its function is generally descriptive rather than explanatory; i.e., 
it seldom reveals causal relationships. Accordingly, it can sometimes be 
used to determine or predict what effects many important changes have 
on the actual system. The symbolic model is usually the most difficult to 
conceive, and the most general and abstract. Its functioning is more often 
explanatory than descriptive. Accordingly, it is ordinarily well suited to 
the prediction or determination of the effects of changes in the actual 
system. Analog models fall between iconic and symbolic models in both 
respects. In summary, then, this classification scheme represents move¬ 
ment from the concrete to the abstract and from description to explana¬ 
tion. 

Many authors have attempted to deal with alternative means of classi¬ 
fying models. For example, (1) Claude McMillan and Richard F. Gonza¬ 
lez, in their book entitled Systems Analysis , deal with methods of defining 
and describing systems and models; 4 (2) David W. Miller and Martin K. 
Starr, in Executive Decisions and Operations Research, deal with catego¬ 
rization of models; 5 (3) Paul A. Samuelson, in Foundations of Economic 
Analysis , deals with a system for classification of models; 6 and (4) Joseph 
Wright Forrester, in Industrial Dynamics , deals with a different scheme 
of classifying models. 7 

Prediction, improvement, and optimization models 

This author advocates recognition of models for managerial analysis as 
either prediction, improvement, or optimization models. Optimization 
models are the result of quantitative analysis and allow the measurable 
criterion to assume the highest or lowest possible value, given the model 
structure and constraints. Improvement models are the result of systems 
analysis; consequently, the highest value of the criterion is chosen from 
among the alternatives investigated. Either of these models depends upon 

4 Claude McMillan and Richard F. Gonzalez, Systems Analysis: A Computer Ap¬ 
proach to Decision Models (rev. ed.; Homewood, Ill.: Richard D. Irwin, Inc., 1968), 

pp. 1-12. 

5 David W. Miller and Martin K. Starr, Executive Decisions and Operations Re¬ 
search (Englewood Cliffs, N.J.: Prentice-Hall, Inc., 1960), pp. 113-40. 

6 Paul A. Samuelson, Foundations of Economic Analysis (Cambridge: Harvard 
University Press, 1967). 

7 Joseph Wright Forrester, Industrial Dynamics (Cambridge: Massachusetts Insti¬ 
tute of Technology Press, 1961), pp. 50-52. 
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inputs which predict outcomes or relationships; thus, they depend upon a 
prediction model. 

Staticness, linearity, stability, and openness 

All models possess differing degrees of the following characteristics: 
(1) staticness, (2) linearity, (3) stability, and (4) openness. 8 A static 
model is one in which time plays no role; i.e., the relationships do not 
vary with time. A dynamic model contains time-varying interactions. A 
model either is or is not a static model. However, dynamic models exist on 
a continuum, depending upon the extent of time-varying interactions. 

A linear model is one in which all of the equations or inequalities are 
linear. When the linear relationships are constrained, the model is still 
linear. 9 A model which contains one or more nonlinear equations is a 
nonlinear model, although the degree of nonlinearity may vary greatly 
from model to model. 

A further basis of classification of models deals with stable and unstable 
models. In the words of Forrester: “A stable system is one that tends to 
return to its initial condition after being disturbed. It may overshoot and 
oscillate like a single pendulum that is set in motion, but the disturbances 
decline and die out. In an unstable system that starts at rest an initial 
disturbance is amplified, leading to growth or oscillations whose ampli¬ 
tude increases.” 10 Forrester further goes on to say that some systems will 
contain restraints that will restrict the degree to which an unstable system 
may amplify and become explosive. Thus a further condition of stability 
deals with the presence or absence of constraints that cause the system to 
assume limited values. Another subelement of stability deals with the 
presence of steady-state or transient models. In the words of Forrester 
again: “A steady state pattern is one that is repetitive with time in which 
the behavior in one period is of the same nature as any other period (for 
some purposes, a model of a nongrowing national economy that shows 
business cycle patterns could be considered a steady state fluctuation even 
though never repeating identically any particular sequence of events).” 11 
Forrester continues, describing transient behavior as those changes where 
the character of the system changes with time. A system that exhibits 
growth would show transient behavior. Transient responses are one-time 
phenomena that cannot repeat. 

Finally, the last item deals with whether the model is open or closed; 
again, in the words of Forrester, “the closed dynamic model is one that 

8 These characteristics form the basis for Forrester’s classification of models in his 
book (ibid.). 

9 This condition is contrary to Forrester’s definitions. 

10 Ibid., p. 51. 

11 Ibid. 
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functions without connection to externally supplied exogenous variables 
that are generated outside the model. A closed model is one that internally 
generates the values of variables through time by the interaction of 
variables one on another.” 12 Conversely, of course, the open model is one 
in which some variables are supplied from the external environment. 

V. SYSTEMS 

The reader will recall from Chapter 1 that a system is a physical entity. 
A model is a way (usually symbolic) of representing the system. 

The term system is so extensive in usage and broad in meaning that it 
can be confusing. A system is defined as a complex of interrelated 
components (or objects). The components or objects may be physical, 
such as machines, raw materials, clerks, or machine operators. Abstract 
components or objects may also be part of a system. Profit goals, sales 
quotas, production standards, or morale are examples. 

Attributes are properties of objects or components, and an object is 
described by listing its attributes. Relationships which exist between and 
among objects and their attributes tie the system together. The attributes 
of a system are continually varying, either because of the operations of 
the system itself or because of something external to the system. Relevant 
components and attributes must be identified and depend upon the pur¬ 
pose of identifying the system. 

One may see references to the “systems concept,” which is a way of 
looking at the environment one must deal with in conducting managerial 
analysis. 13 This is in part referring to the fact that the managerial analyst 
should think of reality as a system. More importantly, it requires the 
analyst to recognize the total system by recognizing the interrelatedness 
of the components. 

One will also find references to computer systems, which are normally 
information-processing entities built around a computer. The managerial 
analyst will not be modeling this system but may play a role in its design. 
Thus a computer system is a reality constructed by man for a specific 
purpose. 

DISCUSSION TOPICS AND PROBLEMS 

1. What are the characteristics of models used for managerial analysis? 

2. Listed below are examples and illustrations used thus far in the text. For 
each, indicate (a) whether they are actual models; ( b ) if they are models, 


12 Ibid. 

13 See for example, Russell L. AckofT and Patrick Rivett, A Manager's Guide to 
Operations Research (New York: John Wiley & Sons, Inc., 1963), p. 7. 
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whether they are functional, operational, or accounting models; (c) if they are 
models, whether they are prediction, improvement, or optimization models; 
and (d) if they are models, the degree of staticness, linearity, stability, and 
openness each possesses: 

a) The example which is represented by Figure 4-2 (page 50) 

b) The example found on page 62 

c) The example found on page 63 

d) The example found on page 67-68 

3. In the example found on page 62, identify the constants and vari¬ 
ables. 

4. Attempt to justify the inclusion of the word syste?ns in the title of this 
chapter when only 1/10 of the space is devoted to this topic. 

5. In the example found in Chapter 1, identify its components, variables, 
and relations. 
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The logic of 
statistical analysis 


I. INTRODUCTION 

Events which are related to one another occur in an orderly fashion. 
Events which are not related to one another occur in a random or chance 
fashion. Statistical inference is a technique for investigating or inferring 
order. The following discussion attempts to show the underlying logic 
which allows one to make an inference of order. This discussion is built 
around establishing the mere existence or presence of a relationship rather 
than establishing any information on the size or magnitude of the relation¬ 
ship between variables. The latter will be discussed in Chapter 9. 

II. ESTABLISHING THE EXISTENCE OR PRESENCE OF RELATIONSHIPS 

Establishing the existence of relationships between things requires an 
understanding of the concept of dependence and independence between 
variables or things. The advertising manager will tell you that, other things 
being equal, the more the advertising expenditure, the higher the sales. The 
expert is saying that sales is the dependent variable, and advertising ex¬ 
penditures is the independent variable. Here, the expert intends that de¬ 
pendence and independence be synonymous with cause and effect. 
However, such is not necessarily the case. In this instance, advertising ex¬ 
penditures are said to cause sales, advertising expenditures being the cause 
which affects sales. 

You will note that the advertising expert cautiously preceded his state¬ 
ment by the words “other things being equal.” The condition “other 
things being equal” is almost a utopian one. What is meant is that all other 
things one thinks might affect this condition are equal or nonoperative. 

95 
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Obviously, the price will also affect the sales. If the price is the same for all 
time periods, it can reasonably be assumed that price will not obscure the 
relationship because it is not operating to the benefit of any one time pe¬ 
riod. If a difference in price does occur, this difference may be either 
ignored or removed. In any case the statement “other things being equal” 
is essential to a conclusion, and its implications should be clearly rec¬ 
ognized. 


Table 8-1 


Advertising expenditures Sales {in hun- 


Period of time (in hundreds of dollars ) dreds of dollars) 


1 .24.90 450 

2 .24.00 499 

3 .28.00 600 

4 .25.10 501 

5 .27.00 650 

6 .26.00 550 

7 .22.00 400 

8 .23.00 350 


Let us look at a set of information to illustrate how the existence of a 
relationship is established. Table 8-1 presents the promotion expenditure 
and the sales (in hundreds of dollars) for eight different but equally long 
periods of time. 

A typical way of deriving more meaning from the information is to 
plot the two variables on a scatter diagram. It is conventional to plot the 
variable one believes to be the dependent variable on the vertical axis and 
to plot the variable one believes to be the independent variable on the 
horizontal axis. A glance at the pattern of points shown in Figure 8-1 


Figure 8-1 
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indicates that these points are not distributed in a random fashion on the 
scatter diagram. If they were distributed randomly, each of the eight 
points would be as likely to fall at any one place as at any other place; i.e., 
the points would show no pattern. Figure 8-1 is the scatter diagram of the 
data found in Table 8-1. 

The point closest to the horizontal axis is the point where advertising is 
23 and sales are 350. The point closest to the vertical axis is the point where 
advertising is 22 and sales are 400. If these points were randomly distrib¬ 
uted, it would be equally likely to find advertising expenditures of 22 and 
sales of 650 as it would be to find advertising expenditures of 22 and sales 
of 400. A casual glance at the data tells an observer that the data are not 
randomly distributed. The essence of statistical analysis is to find and ex¬ 
plain nonrandom situations; consequently, statistical analysis continuously 
seeks to identify the nonrandom condition. 1 


Table 8-2 


Advertising 

EXPENDITURES 

Above median of 
25 

Below median of 
25 


Sales 

Above median Below median 
of 500 of 500 


4 

0 

0 

4 


The analyst may use a number of tools designed to test whether or not 
the points are randomly distributed. Table 8-2 shows one way of depict¬ 
ing this information. This table begins with the question: How many of 
the time periods with sales above the median also have advertising above 
the median? 2 

It can be seen that all of the periods with advertising above the median 
also have sales above the median, and vice versa. A condition such as this 
will occur only once in 70 times by chance. If one concluded on the basis 
of this information that there was in fact a (positive) relationship between 
the advertising expenditure and the sales, he would appear to be on very 
strong ground. 3 But just how strong is that ground? 


1 This search progresses by postulating that no relationship exists between the 
variables, i.e., that the points are random. This is called the null hypothesis. If this 
hypothesis is rejected, we conclude that a relationship exists. 

2 The median is a value so chosen that 50 percent of the values fall on either side. 

3 Statistically, he would reject the null hypothesis and thus accept the presence of 
a relationship. 
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It should be obvious from this discussion that whatever conclusion is 
drawn, it may be correct in either of two ways: 

1. We may accept a relationship when it in fact exists. 4 

2. We may reject a relationship when it in fact does not exist. 

The conclusion may also be in error in either of two ways: 

1. We may reject a relationship when it in fact exists. 

2. We may accept a relationship when it in fact does not exist. 

In this instance the primary concern is whether a false relationship has 
been accepted. What if we are willing to be wrong 10 percent of the time? 
Since this relationship occurs only once in 70 times by chance, our chance 
of making an error by concluding that a relationship exists is 1/70, which 
is less than 1/10. 

It should now be obvious that the statistician does not establish the 
existence of a relationship, but rather the probability of the existence of a 
relationship. The probability of this condition occurring once in 70 times 
by chance does not say anything about dependence or independence. Sta¬ 
tistically, it makes equal sense to say that sales are dependent upon adver¬ 
tising expenditures or to say that advertising expenditures are dependent 
upon sales. The identification of the dependent and independent variable 
must come from judgment. 

III. THE PROBABILISTIC BASIS OF STATISTICAL ANALYSIS 

When a statistician makes a prediction, it is in full knowledge that the 
prediction may be wrong. The previous section discussed the two kinds 
of errors which may be made in statistical analysis: 

1. We may reject the existence of a relationship when it in fact exists, or 

2. We may accept the existence of a relationship when it in fact does not 
exist. 

In statistical analysis, we normally begin to establish the existence of a 
relationship by stating the proportion of the time we are willing to accept 
the existence of a relationship when it does not exist. This is then compared 
to the ratio of the frequency of the relationship which actually exists to the 
frequency of the relationships which could exist. For instance, in our ex¬ 
ample, it was concluded that the actual relationship could exist only once 
and the possible relationships totaled 70. Thus, the computed probability 
(1/70) must be less than the proportion of time we are willing to accept 
the existence of a relationship when it does not exist. 

As an example of one of the simple techniques used to find the existence 
of a relationship, let us discuss a special form of statistical analysis called 

4 As previously noted, we accept the conclusion that a relationship exists when we 
reject the so-called “null hypothesis.” 

5 This section assumes an elementary knowledge of probability theory, such as that 
presented in Chapter 11. 
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the sign test. This technique is being shown to demonstrate the logic which 
uses the probability of occurrence of events as a means of establishing the 
existence (or nonexistence) of a relationship. The technique is appropriate 
when the independent variable is calibrated in equal segments. For ex¬ 
ample, in the hypothetical table relating sales and time (Table 8-3) the 
independent variable, time, occurs in equal segments. 


Table 8-3 


Change in sales 

Time Sales from previous years 


Year 1.490 . 

2 .500 Increase 

3 .498 Decrease 

4 .504 Increase 

5 .507 Increase 

6 .510 Increase 

7 .512 Increase 

8 .515 Increase 


Since sales in the last year exceed sales in the first year, we might hy¬ 
pothesize that sales were increasing with time. The characteristic of inter¬ 
est is simply whether sales increased, and not how much. For purposes of 
this analysis, a 1-unit change in sales is viewed as the same as a 100-unit 
change in sales. Thus, we observe that between years 1 and 2, sales in¬ 
creased; but between years 2 and 3, they decreased. 

Table 8-4 


Event 1: Event 2: 

Change from year 1 Change from year 2 


Case to year 2 to year 3 Probability 


1 .Increase Increase 0.25 

2 ....Decrease Increase 0.25 

3 .Increase Decrease 0.25 

4 .Decrease Decrease 0.25 


For the moment, let us investigate only the first three years. At that 
time, we had an increase from year 1 to year 2 and a decrease from year 2 
to year 3. Let us investigate all of the conditions which could have 
taken place during that time. 6 These events are shown in Table 8-4. If we 
had only three years of data and wished to ascertain whether the series 
demonstrated an increase in the level of sales, we could say that the proba¬ 
bility of an increase and then a decrease was 0.25. Unless we specify that 
the proportion of time we are willing to accept the existence of a relation- 


Assuming that these events take place randomly. 
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ship when it does not exist is 0.25 or more, we cannot prove or disprove 
our hypothesis because the sample is too small. Our concern is with the 
probability of one or more increases out of a sample of two. This oc¬ 
curs in cases 1, 2, and 3. We may show this more effectively using a table 
showing the distribution of increases (/) and decreases ( D ), their fre¬ 
quency, and the cumulative probabilities of these events, as shown in Table 
8-5 for the case just discussed. Thus the probability of one or more in- 

Table 8-5 


Sample of two 


Number of increases (I) 
and decreases (D) 

Frequency 

Cumulative 

probability 

21 . 

.1 

0.25 

17+ ID. 

.2 

0.75 

2D. 

.1 

1.00 

Total. 

.4 



creases is 0.75. Clearly, we cannot, on the basis of this information, draw a 
conclusion that the first three years of this sequence demonstrate any pat¬ 
tern of increase. Ignoring order or sequencing, Tables 8-6 to 8-10 show 


Table 8-6 


Sample of three 


Number of increases (/) 
and decreases (D) 

Frequency 

Cumulative 

probability 

37. 

.1 

0.125 

27+ ID. 

.3 

0.500 

1D + 2D. 

.3 

0.875 

3D. 

.1 

1.000 

Total. 

.8 



Table 8-7 

Sample of four 


Number of increases (7) 
and decreases (D) 

Frequency 

Cumulative 

probability 

47. 

. 1 

0.0625 

37+ ID. 

.4 

0.3125 

27 + 2D. 

. 6 

0.6875 

17+ 3D. 

. 4 

0.9375 

4D. 

. 1 

1.0000 

Total. 

.16 
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Table 8-8 

Sample of five 


Number of increases (I) 
and decreases ( D ) 

Frequency 

Cumulative 

probability 

51 . 

. 1 

0.03125 

47 + ID. 

. 5 

0.18800 

37 + 2D. 

.10 

0.50000 

27+ 3D. 

.10 

0.81250 

17 + 4D. 

. 5 

0.96875 

5 D. 

. 1 

1.00000 

Total. 

.32 



Table 8-9 

Sample of six 

Number of increases (7) 


Cumulative 

and decreases (D) 

Frequency 

probability 

67. 

. 1 

0.015625 

57+ ID. 

. 6 

0.109375 

47 + 2D. 

.15 

0.343750 

37+ 3D. 

.20 

0.656250 

27 + 4D. 

.15 

0.890625 

17+ 5D. 

. 6 

0.984375 

6 D. 

. 1 

1.000000 

Total. 

.64 



Table 8-10 

Sample of seven 

Number of increases (I) 


Cumulative 

and decreases (D) 

Frequency 

probability 

77. 

. . 1 

0.0078125 

67 + ID. 

. . 7 

0.0625000 

57 + 2D. 

. . 21 

0.2265625 

47 + 3D. 

.. 35 

0.5000000 

37 + 4D. 

.. 35 

0.7734375 

27+ 5D. 

.. 21 

0.9375000 

17 + 6D. 

. . 7 

0.9921875 

ID . 

. . 1 

1.0000000 

Total . 

. . 128 



the frequency of each combination of increases and decreases. In Table 
8-10, we have six increases and one decrease. The probability of this con¬ 
dition (or a stronger condition) is 0.0625. If we are willing to accept a 
false hypothesis 10 percent of the time, we conclude that sales are increas- 
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ing. This is true because the probability of six increases and one decrease, 
or seven increases occurring by chance, is 0.0625, which is less than 0.1. 

This material has been presented to give the reader some insight into 
the process used to establish the existence of a relationship. A statistician 
would have concluded that the relationship was significant at the 0.10 level. 

What is the level of significance? It is merely another way of describing 
the chance we are willing to take of accepting a false hypothesis. Thus, 
when we said that we had a 0.10 level of significance, we were saying that 
the chance of making an error (in drawing a conclusion that there was an 
increase in the level of sales) was 10 percent or less. 

Let us clearly recognize that the hypothesis we were testing here was 
that an increase occurred. We could have tested an alternative hypothesis 
that a decrease occurred. What is the difference between the test for an 
increase rather than a decrease? Simply switch the D and I in the tables. 
Thus, if the order of the years were reversed, we would have six decreases 
and one increase. Then we would conclude that sales were decreasing (as¬ 
suming that we were willing to be wrong 10 percent of the time). 

DISCUSSION TOPICS AND PROBLEMS 

1. A statistician has found a relationship between IQ and years of school 
completed. He will not say what the dependent variable is and what the inde¬ 
pendent variable is. Is he correct not to answer the question of dependence 
and independence? Which variable do you believe is the independent variable? 
Why? 

2. A noted economist has found a statistically significant relationship be¬ 
tween business activity and the extent of turbulence on the surface of the sun. 
He thus concludes that the two are related. Is he technically wrong to draw 
such a conclusion? Why? Do you agree with such a conclusion? Why? 

3. What is meant by the following terms: statistical analysis and level of 
significance? 

4. The typical statistics text identifies the following errors: type 1 error, 
rejecting a true (null) hypothesis; and type 2 error, accepting a false (null) 
hypothesis. 

Explain the null hypothesis. If you have had a basic statistics course, explain 
the similarity and difference between the kinds of errors discussed on page 
98 and the errors mentioned above. 

5. A class of students have been asked to evaluate the effectiveness of a 
reducing diet. The instructor requires a 0.1 level of significance before ac¬ 
cepting the presence of a relationship. 

a) One student studied a sample of three people on the diet. All lost weight. 

The student concluded that the diet would cause a loss of weight. Do you 

agree? Why? 
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b) Another student took a sample of four. Three lost weight and one gained. 
He concluded that no relationship exists. Do you agree? Why? 

c) Another student took a sample of five. Four lost weight and one gained. He 
concluded that a relationship exists. Do you agree? Why? 

d) Another student took a sample of seven. Six lost weight and one gained. He 
concluded that a relationship exists. Do you agree? Why? 
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Forecasting 


I. INTRODUCTION 

Forecasting is of importance to the managerial analyst because it pro¬ 
vides him with structured information to use in his analysis. In Chapter 1, 
we discussed an equation for vehicle operating costs. The process of de¬ 
veloping this equation is forecasting. Statistics provide techniques for proc¬ 
essing raw information. However, the analyst exercises judgment in order 
to make a prediction. In other words, the activity of processing data is not 
identical to forecasting. 

A forecast is a prediction of future events. Most techniques for process¬ 
ing data use historical information and make some allowance for expected 
differences between present conditions and future conditions. Thus the 
sales manager who uses gross national product (GNP) as a part of the 
information to decide upon a marketing strategy may find that a reason¬ 
able method of forecasting GNP is to forecast next years’s GNP as 103 
percent of this year’s GNP. Methods of processing data for forecasting 
vary from extremely simple to extremely complex. 

The decision maker must have a valid forecast. But identifying what 
constitutes a valid forecast is very difficult. Milton Friedman would say 
that validity is synonymous with a forecast’s ability to predict. 1 

As an operational matter, we must reverse this and say that invalidity 
must be based upon inability to predict. This leads to a comparison of 
errors. But how do 10 errors of 5 percent compare to one error of 50 per¬ 
cent? The validity of one forecast verses another is difficult to assess. In 
Chapter 21, we shall discuss sensitivity analysis, which sometimes is useful 
in assessing different forecasts. The remainder of this chapter deals with 


1 See Milton Friedman (ed.), Essays in Positive Economics (Chicago: University 
of Chicago Press, 1953), pp. 1-37. 
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one technique for processing data to make a forecast. This technique is 
linear regression analysis (for one independent variable), which results in 
an equation which describes the relationship between two variables. Before 
discussing the technique, we must digress to discuss linear mathematical 
functions, because this form of regression analysis produces a linear mathe¬ 
matical function. Following this discussion, we talk about possible criteria 
to be used to judge the validity of a linear projection. Finally, we present 
the technique. 


H. LINEAR MATHEMATICAL FUNCTIONS 

Mathematical functions are ways of describing for further investigation 
the relationship between variables. These functions have many forms and 
characteristics. The most common form is the linear function. In Figure 
9-1, we find two linear functions. 

Figure 9-1 


y 



The first point (identified by A) is X = 2, Y = 1. By mathematical con¬ 
vention, this is recorded as point (2, 1). Another point on the graph (iden¬ 
tified by B) is X = 4, Y = 2. We call that point (4, 2). If we draw a line 
between points A and B and extend that line upward infinitely and down¬ 
ward infinitely, it represents a relationship between the dependent variable 
Y and the independent variable X. That is to say, when the X value moves 
from 2 to 4, the Y value moves from 1 to 2. If this relationship continues 
along this line, a move in X from 4 to 6 will be accompanied by a move¬ 
ment in Y from 2 to 3. What we have said is that a two-unit move in X 
causes a one-unit move in Y. This means that the value of Y is always one 
half the value of X. This may be expressed in equation form as Y — 1 /2X. 
If the line passes through the origin (0, 0), we can always find the equa- 
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tion by taking the change in Y divided by the change in X. The equation 
is then: 


V — Change in Y y 

Change in X 

The change in Y divided by the change in X is called the slope. Thus, 
given any equation for the linear function, the slope is the coefficient of 
(i.e., the value which precedes) the X variable. If we denote point A as 
(X 2 , Y 2 ) and point B as (Xi, Fi), the slope may be expressed: 

r 2 - Fi 1-2 i 

X 2 -Xi 2-4 2 

The order of the points does not affect the slope. Thus: 

Y 1 - Y 2 2-1 1 

Ah - X 2 4-2 2 

Since a linear equation rarely passes through the origin, we shall now show 
a procedure to derive the equation for a line when two points are known. 
The worked-out example which follows uses points C and D from Fig¬ 
ure 9-1. C is point (2, 4). D is point (4, 5). The two-point formula is: 

Y — Yi V 2 - F x 
X - Xi X 2 - Xi 

where: 


Yi — Value of Y for the first point, or 4 
Y 2 — Value of Y for the second point, or 5 
Xi = Value of X for the frst point, or 2 
X 2 = Value of X for the second point, or 4 


Y- 4 5-4 1 

X — 2 “ 4 - 2 “ 2 


Multiply through by X — 2: 


Y 


4 = ^(X 


2 ) 


Add 4 to both sides: 


F=Ix+3 

This derived equation has the general form: 

Y = ax + b 

where: 


a = Slope of the line 

b = Point at which the line intersects the F-axis 
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Thus the equation derived above has a slope (a) equal to 1/2 and a F-in- 
tercept (b) at Y = 3. 

111. STATISTICALLY ESTABLISHING THE MAGNITUDE OF 
RELATIONSHIPS 

Let us recall the information presented earlier in Table 8-1 (page 96) 
on the relationship between advertising expenditures and sales. 

Figure 9-2 depicts a line relating advertising expenditures and sales. 


Figure 9-2 



The line shown in Figure 9-2 is by observation a reasonable approxi¬ 
mation of the relationship between the dependent variable (sales) and the 
independent variable (advertising expenditures). Points A and B are the 
only points falling exactly on the line. It remains now to demonstrate or 
determine the exact nature of that relationship. 

Let us simply assume that the line we have shown, which passes through 
two specific points, is a reasonable way of showing this relationship, de¬ 
spite the fact that six of the eight points are not found directly on that 
line. Let us for the moment somewhat change the data which were pre¬ 
sented in Table 8-1 to those found in Table 9-1. 

Table 9-1 


Advertising 

expenditure Sales 

Time (in hundreds {in hundreds 

period of dollars) of dollars) 


1 .25 450 

2 .24 500 

3 .28 600 

4 .25 500 

5 .27 650 

6 .26 550 

7 .22 400 

8 .23 350 
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The first point on the line (A) then will assume the values 25 for X and 
500 for Y. The second ( B) will then assume the values 26 for X and 550 
for Y . Thus, using the two-point equation for a line, we find that 
Y = SOX - 750. 

The ultimate objective of these calculations is to predict the sales as a 
result of advertising expenditures. That is to say, given the advertising 
expenditure, we shall be attempting to predict sales. If we look at Table 
9-2, we shall see that six of the points will not be correctly predicted when 
we specify the advertising expenditure using the above predicting equa¬ 
tion. 


Table 9-2 


Advertising 

expenditure Predicted sales Actual sales 
Time {in hundreds {in hundreds {in hundreds 

period of dollars ) of dollars ) of dollars ) 


1 .25 500 450 

2 .24 450 500 

3 .28 650 600 

4 .25 500 500 

5 .27 600 650 

6 .26 550 550 

7 .22 350 400 

8 .23 400 350 


For example, if advertising expenditures are 27, our prediction of sales 
is 600. However, when advertising was 27, sales actually were 650. The 
difference between the predicted 600 and the actual 650 is 50. If we extend 
a line downward on Figure 9-2 from the point of the actual sales to our 
estimate, we see that the length of that line on the vertical axis is 50. Fur¬ 
ther, if we look at all six of the points that are not on the line and extend 
the line from the points to the prediction line, we shall see that they all 
have a magnitude of 50, on the vertical axis, half of them a positive and 
half of them a negative value. These are what we call error terms. Ob¬ 
viously, the farther these points fall from the line, the greater the error, 
and the lower our ability to predict. 

In Figure 9-3, you will find an alternative line drawn through these 
eight points which falls on three of the eight points. 

How do we decide which line is a better way of estimating the actual 
sales? We find that, with the exception of two points, the point where 
advertising is 23 and sales are 350 and the point where advertising is 27 
and sales are 650, the ability to predict the remaining points appears to be 
better than with the other equation or line. 
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The statistician may use different criteria upon which to judge the de¬ 
sirability of any predicting equation. One criterion might be that the error 
sum be zero. In this case, we would choose the first predicting equation 
over the second predicting equation. Another criterion might be the 
maximum number of points which are exactly predicted. In this case, we 
would choose the second predicting equation over the first. Since this 
criterion ignores errors, it does not seem appropriate. 

Another alternative would be to find that predicting equation which 
minimizes the absolute value of the sum of the error terms. In this instance 


Figure 9-3 



20 22 24 26 28 

ADVERTISING EXPENDITURES (X) 

Equation is Y = 33.33AT — 333. 


the second equation gives a lower absolute value of the sum of the error 
terms. “Minimizing the absolute value of the sum of the error terms” says 
that the sum total of our predicting errors, ignoring signs, should be mini¬ 
mized. 

The normal criterion used by the statistician is to minimize the squared 
error. “Minimizing the squared error” says essentially that we are more 
willing to accept a large number of small errors than a small number of 
large errors. Tables 9-3 and 9-4 demonstrate that although the sum of 
absolute error terms for the second predicting equation is lower than for 
the first predicting equation, the sum of the squared error terms for the 
second predicting equation is higher than the sum of the error terms for 
the first predicting equation. 

Therefore, by this fourth criterion of minimizing the sum of the squared 
errors, we would accept the first predicting equation as better than the 
second predicting equation. The procedure used to calculate the squared 
error is the subject of the next section. 
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Table 9-3 

First predicting equation 
(Y = 50X - 750) 


® . 

Advertising 

Actual sales Predicted sales expenditures Error 
Time {in hundreds {in hundreds {in hundreds {actual minus Squared 

period of dollars) of dollars ) of dollars) predicted ) error 


1 .450 500 25 -50 2,500 

2 .500 450 24 50 2,500 

3 .600 650 28 -50 2,500 

4 .500 500 25 

5 .650 600 27 50 2,500 

6 .550 550 26 

7 .400 350 22 50 2,500 

8 .350 400 23 -50 2,500 

Sum... 0 15,000 

Sum ignoring signs (absolute error) . . . 300 


Table 9-4 

Second predicting equation 
{Y = 33.33JY - 3 3 3) 

Time 

period 

Actual sales 
{in hundreds 
of dollars ) 

Predicted sales 
{in hundreds 
of dollars) 

® . 

Advertising 
expenditures 
{in hundreds 
of dollars) 

Error 

{actual minus 
predicted) 

Squared 

error 

1 

.450 

500.0 

25 

-50.0 

2,500.0 

2. 

.500 

466.7 

24 

33.3 

1,108.9 

3. 

.600 

600.0 

28 



4. 

.500 

500.0 

25 



5. 

.650 

566.7 

27 

83.3 

6,938.9 

6. 

.550 

533.3 

26 

-33.3 

1,108.9 

7. 

.400 

400.0 

22 



8. 

.350 

433.3 

23 

-83.3 

6,938.9 




Sum 

. . . -50 

18,595.6 



Sum 

ignoring signs 

. . . 283.3 



IV. FORECASTING: ILLUSTRATED BY REGRESSION ANALYSIS 

One of the most commonly used tools of the statistician is the tool of 
regression analysis. We have just discussed the least squares method of 
finding an estimating equation. We did not explain how that method oper¬ 
ates and how we made those calculations. Let us now show how we find 
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the predicting equation in the regression approach for the data from,Table 
9-5, which relates test scores to success scores. Without explaining how 
we have mathematically arrived at this information, let us merely state that 


Table 9-5 


Individual Test score Success score 


A .112 82 

B . 126 90 

C. 88 44 

D . 96 70 


minimizing the sum of the squared deviations results in two equations. We 
shall call them normal equation 1 and normal equation 2. 

Normal equation 1: na bEX — EY 

Normal equation 2: aEX + bEX 2 — E(XY) 

We now have two simultaneous equations and two unknowns. The nu¬ 
merical values of %X, %Y, %XY, and %X 2 which are needed for these equa¬ 
tions are computed in Table 9-6. The first three columns of Table 9-6 
show the success and test score data given in Table 9-5. Using the results 
from columns 2-5, we may substitute the values of 2X, %Y y SX 2 , and SXF 
in the normal equations and solve for a and b. When we have found a and 
by the estimating equation is then Y = a + bX , and we can make a pre¬ 
diction for the value of F, given X, for each of the observations. Table 
9-6 also shows the predicted value for Y (column 6), the error between 


Table 9-6 


Test Success Predicted Squared 

score score success Error error 


Individual X Y X 2 YX t Y - Y (Y - fi ) 2 


A . 112 82 12,544 9,184 78.6 3.4 11.6 

B .126 90 15,876 11,340 94.0 -4.0 16.0 

C . 88 44 7,744 8,872 52.3 -8.3 68.9 

D . 96 70 9,216 6,720 61.1 8.9 79.2 


Total 422 286 45,380 31,116 286.0 zero 175.7 


the predicted and actual (column 7), and the squared error (column 8). 
Finding the predicting equation: 


( 1 ) 

( 2 ) 


4 a + 422 b = 286 
422 a + 45,380£ * 31,116 
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Multiply formula 1 by 105.5, giving 422# + 44521# = 30173. 
Subtracting formula 1 from formula 2 gives: 

i 422 a + 45,380# - 31,116 

1 422a + 44,521# = 30,173 


859# = 943 
f 943 


- 1.097788 


Substituting in formula (1) 


4a 4" 422(1.097788) = 286 
4a 4" 463.27 - 286 

4 a = 286 - 463.27 
4 a = -177.27 


177.27 

177.27 

4 


= -44.3175 


Checking in formula (2): 


422( —44.3175) + 45,380(1.097788) = 31,116 
-18,701.985 + 49,817.20 = 31,116 
31,115.22 ^ 31,116 

which checks except for rounding error. 

You will note in Table 9-6 that the sum of the errors total zero. This is 
of course, to be expected because the least squares criterion not only mini¬ 
mizes the squared error but also assures that the sum of the errors is zero 
(except for rounding errors). This latter condition provides us with a 
basis for appraising our ability to predict. This will be accomplished by 
looking at our ability to explain the deviations from the mean of 71.5. In 
order to do so, we shall need to understand (1) total deviations, (2) ex¬ 
plained deviations, and (3) unexplained deviations. 

The term total deviations refers to the deviation of each observation 
from the mean of all observations. If we let Y represent the mean success 


Individual 


Total deviations 


Mean Total 
me cess deviations 

score (Y - Y) 

Y y 
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level and Y represent the actual success level, y = Y — Y is the total devia¬ 
tion and is computed in Table 9-7 and illustrated in Figure 9-4. 

Figure 9-4 


Y 



Explained deviations represent the explanation of the deviations from 
the mean. The regression equation provides an explanation of the devia¬ 
tions by suggesting that the value of Y is dependent upon the test score. 
If we let Y represent the estimated value of Y, then y = Y — Y, which 


Table 9-8 

Explained deviations 


Predicted Mean Explained 
Test success success deviations 

score score score (Y — Y) 


Individual X Y Y y 


A . 112 78.6 71.5 7.1 

B .126 94.0 71.5 22.5 

C. 88 52.3 71.5 -19.2 

D . 96 61.1 71.5 -10.4 


represents explained deviations. This is computed in Table 9-8 and illus¬ 
trated in Figure 9-5. 

The term unexplained deviations refers to the error between actual and 
predicted. This represents that variation which the regression equation 
could not account for (i.e., the last column of ^able 9-9) and is 

^ mm Iras? 
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Figure 9-5 


Table 9-9 

Unexplained deviations 


Individual 


Predicted Unexplained 


Test 

Success 

success 

deviations 

score 

score 

score 

(Y- Y) 

X 

Y 

Y 

y 

112 

82 

78.6 

+ 3.4 

126 

90 

94.0 

- 4.0 

88 

44 

52.3 

- 8.3 

96 

70 

61.1 

+ 8.9 


y — Y — Y. See Table 9-9 for the computations and Figure 9-6 for an 
illustration of the unexplained deviations. It can readily be seen that 
the total deviation is the sum of the explained and unexplained; i.e., 
(Y - Y) + (Y - Y) = (Y - Y), or y + $ = y. See Table 9-10 for the 


Table 9-10 


Individual 


iiilili; 
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computations and Figure 9-7 for an illustration. If we take the ratio of 
the sum of the squared explained deviations to the sum of the squared total 
deviations, we have an index of the variation explained by the regression 
equation: 


1,03 3.46 

1,211.00 


0.85334 


This index is known as the coefficient of determination, indicated by the 
symbol r 2 . In the words of F. E. Croxton and Dudley J. Cowden, “r 2 is 
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the ratio of the explained variation to the total variation, and therefore, the 
proportion of the total variation that has been explained.” 2 The square 
root of the coefficient of determination is known as the coefficient of cor¬ 
relation. As with all items drawn from a sample, the probability of ob¬ 
taining a correlation coefficient this high by chance is dependent upon the 
sample size. Note that the coefficient of determination provides some in¬ 
formation on the amount of variance explained by our regression equation, 
but further analysis must be conducted to find whether it is statistically 
significant. Such analysis is beyond the scope of this book. 

Although it is not obvious, it follows from the method of least squares, 
by which the estimating equation was obtained, that the sum of squares of 
the three types of deviations is also additive. Symbolically: 

Xf + 2y 2 = 2y 2 

This will not be proved except by inference from Table 9-11. 


Table 9-11 



Given: 



Then: 


y 

y 

y 

(7)2 

(yy 

O') 2 

3.4 

7.1 

10.5 

11.56 

50.41 

110.25 

-4.0 

22.5 

18.5 

16.00 

506.25 

342.25 

-8.3 

-19.2 

-27.5 

68.89 

368.64 

756.25 

8.9 

-10.4 

-1.5 

79.21 

108.16 

2.25 

Total.. 



. . .175.66 

1,033.46 

1,211.00 


1,033.46 + 175.66 = 1,211.00 

Because of rounding in columns 1, 2, and 3, there is an error of 1.88. 

DISCUSSION TOPICS AND PROBLEMS 

X. Distinguish between forecasting and data processing or data manipula¬ 
tion. In light of this discussion, attempt to justify the title of this chapter. 

2. Discuss the difference between establishing the existence of a relation¬ 
ship and the magnitude of a relationship. 

3. Discuss four different criteria upon which to judge the desirability of 
any predicting equation. Which is the most commonly used? Why? 

4. Assume that the relationship of the number of telephones in service and 
population has historically varied as follows: 

2 F. E. Croxton and Dudley J. Cowden, Practical Business Statistics (3d ed.j Engle¬ 
wood Cliffs, N.J.; Prentice-Hall, Inc., 1966), p. 389. 







9. Fore caning 117 


X Y 

Population Number of phones 


Year {millions') {millions) 


1 . 130 50 

2 .140 55 

3 . 150 60 

4 .160 70 

5 .170 75 

6 .180 85 

7 .190 90 

8 .200 100 


If the population is expected to be 250 million by year 13, forecast the number 
of phones that will be needed in five years: 

a) By using the least squares method. 

b) By using only the data from years 2 and 7. 

c) Comment on your findings. 

5. Find the coefficient of correlation for the regression equation in Problem 
4 above by using the total, explained, and unexplained deviations. 
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Mathematics for 
optimization* 


I. INTRODUCTION 

Optimization methods stem from the use of calculus. The most ele¬ 
mentary branch of calculus is the calculus which will form the basis for 
the following discussion. To the mathematically naive, calculus means an 
oppressive mix of mystery and awe, whose meaning and use will remain 
forever in the domain of the mathematician. Such should not be the case. 
Calculus (differential calculus) proceeds by looking at rates of change in 
mathematical expressions as a means of identifying points where those 
changes are somehow significant. It is the intent of this chapter to explain 
what calculus can do and how it accomplishes this. 

II. MATHEMATICAL FUNCTIONS 

Mathematical functions are ways of describing for further investigation 
the relationship between variables. These functions have many forms and 
characteristics. In Chapter 9, we discussed the relationship between ad¬ 
vertising expenditures and sales, which can be expressed: 5 = f(A). This 
is read: Sales are a function of advertising expenditures. A function ex¬ 
presses a relationship between two or more variables. This relationship is 
expressed in a general way without specifying the exact relationship. Simi¬ 
larly, we might express the fact that direct production costs depend on 
labor costs per hour, hours of labor, raw material costs per unit, and num¬ 
ber of units produced by: 

* Much of the material of this chapter is adopted by permission of the senior 
author from R. C. Meier and S. H. Archer, An Introduction to Mathematics for 
Business Analysis (New York: McGraw-Hill Book Co., Inc. 1960). 
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C = f(L c , U M„ P) 

where: 

C = Direct production costs 
L c = Labor costs per hour 
Lh = Hours of labor used 
M c — Raw material costs per unit 
P = Units produced 

Again, note that this is read by substituting the words function of for f, 
thus saying that direct production costs are a function of labor costs per 
hour, hours of labor, raw material costs per unit, and units produced. It is 
common practice to use abstract notations, such as: 

Y = f(X u X* X* X<) 

and let: 

Y — Direct production costs 
X x = Labor costs per hour 
X 2 == Hours of labor used 
X z — Raw material costs per hour 
= Units produced 

When there are so many variables involved that it is inconvenient to 
count them and list them completely, the following notation is often used: 

F=/(X 1 ,X 2 , . . . ,X n ) 

This is interpreted to mean that Y is a function of n variables. 

Sometimes, there are several different functions of n variables, in which 
case the different functions may be indicated by another set of subscripts: 

Y 1 =f 1 (X h X„. ..,*») 

F 2 =/ 2 (X 1 ,X 2 , . . . ,X n ) 


Y m = fm(Xi, X 2 , . . . ,X n ) 

Thus, there are m different functions, each of them involving n variables. 
This type of notation might be utilized in expressing the relationship be¬ 
tween production costs and such variables as labor, raw material, and 
allocated overhead. If these three variables were the only determinants 
of production costs, we would have the expression for any product: 

y=f(X h X 2 ,Xz) 

where: 

y — Production costs 
Xi — Variables affecting production costs 
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If three products are produced, a different functional relationship would 
exist between the three variables and the production cost for each product. 
The relationships for the three products could be expressed by: 

yi = MX U x 2 , x z ) 
y>2 =/ 2 (Xi,x 2 , x 3 ) 

y*=MX i,x 2 ,x 3 ) 

In the function S = f(A) (where S is sales and A is advertising), we in¬ 
dicated that since the value of S is dependent upon A, S is the dependent 
variable. In the function C = f(L c , L h , M c , P), we would usually speak 
of C as being the dependent variable and L c , L n , M c , and P as the inde¬ 
pendent variables. In managerial analysis, not all values of the variables 
are meaningful. Negative values of A in the function S = f(A) would be 
interpreted as negative advertising, a concept which would have little 
practical usefulness. Likewise, advertising cannot exceed the value of the 
company’s assets, and it would be incorrect to say that the functional re¬ 
lationship is true for values in excess of assets. 

In mathematical terms the values the independent variable or variables 
may assume are called the domain of the function, and the corresponding 
values of the dependent variable are called the range of the function. 
Sometimes the domain and the range of a function are specified, but more 
frequently they are not, and the reader is left to his own good judgment 
to determine what values are eligible for use in any specific function. In 
some business situations, it is easy to determine at least approximately the 
values for which the function is valid; in other situations the proper do¬ 
main and range of a function may not be so apparent. 

III. EQUATIONS 1 

A specific way of expressing the relationship between two or more 
variables is to use an equation which indicates the specific relationship 
between the variables. The most common form is the linear function. In 
Figure 10-1, we find two linear functions. 

The first point (identified by A) is X = 2, Y =1. By mathematical 
convention, this is recorded as point (2, 1). Another point on the graph 
(identified by B) is X = 4, Y = 2. We call that point (4, 2). If we draw 
a line between points A and B and extend that line upward infinitely and 
downward infinitely, it represents a relationship between the dependent 
variable Y and the independent variable X. That is to say, when the X 
value moves from 2 to 4, the Y value moves from 1 to 2. If the relation¬ 
ship continues along this line, a move in X from 4 to 6 will be accompanied 

This section is the same as pages 105—7 of Chapter 9. It is repeated here in case 
Chapter 9 was not covered. 
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Figure 10-1 



by a move in Y from 2 to 3. What we have said is that a two-unit move 
in X causes a one-unit move in Y, This means that the value of Y is al¬ 
ways one half the value of X. This may be expressed in equation form: 
Y -■ y 2 X. If the line passes through the origin (0, 0), we can always find 
the equation by taking the change in Y divided by the change in X. The 
equation is then: 

y _ Change in Y y 
r ~ Change in X A 

The change in Y divided by the change in X is called the slope. Hence, 
given any equation for the linear function, the slope is the coefficient of 
(i.e., the value which precedes) the X variable. If we denote point A as 
(X 2 , Y 2 ) and point B as (X u Y i), the slope may be expressed: 

Y 2 - Y 1 = 1 - 2 = 1 
X 2 — Xi 2 — 4 2 

The order of the points does not affect the slope. Thus: 

Ti - F 2 ^ 2 - 1 = 1 
Xi — X 2 4 — 2 2 

Since a linear equation rarely passes through the origin, we shall now 
show a procedure to derive the equation for a line when two points are 
known. The worked-out example which follows uses points C and D 
from Figure 10-1. C is the point (2, 4). D is the point (4, 5). The formula 
is: 


r-Vi y 2 -y, 

x - x x 2 - Xi 
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where: 


Yi — Value of Y for the first point, or 4 
F 2 = Value of Y for the second point, or 5 
Xi — Value of X for the first point, or 2 
V 2 = Value of X for the second point, or 4 
Y- 4 5-4 

V-2 4-2 

Multiply through by X — 2: 

Y - 4 = i(X-2)=lx-l 

Add 4 to both sides: 


r=Ix+3 

The equation derived above has the general form: 

Y — ax + b 

where: 

a — Slope of the line 

b — Point at which the line intersects the F-axis. 


Thus, in the above equation the slope (a) equals 1/2, and the F-intercept 
equals 3. 

A manufacturing department with one machine might express the 
relationship between the length of time it works and the number of items 
it produces by the function: 

p = m 

where: 


p = Production (in units) 
t — Working hours 


Suppose we know that it takes one-half hour to set up and clean the 
machine, and that four units are produced per hour of productive labor 


time. Accordingly, one point is 



. Further, we know that in an eight- 


hour day 30 units are produced on the machine. Thus, another point is 
(8, 30) and using the two-point equation for a line: 


p - 0 30 -0 



and 


p = 4t - 2 

or (using the point-slope equation for a line): 
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Y _ y 

-- -1 = m (m — slope) 

X — Xi 


and 

p = 4Z - 2 

This equation is one of the most elementary types that would be found 
in business problems in that it now contains only one independent and 
one dependent variable, and the relationship between them is extremely 
simple. Equations in general may contain any number of variables, and 
the relationships between the variables may be much more complicated. 

IV. MATHEMATICAL NOTATION 

One of the problems frequently faced in writing equations relating to 
business situations is that of dealing conveniently with the large number of 
similar terms in an equation. 

Suppose that we want to write an equation for the total overhead ex¬ 
pense of a company for some time period. If there were six dilferent costs 
involved, we could write the equation: 

TC — Xi + X2 + #3 + #4 + #5 + #6 

where TC is the total overhead expense for the period. 

The costs x u x 2 , x s , * 4 , #b, and # 6 are dilferent elements in overhead. 
The equation could be abbreviated by using a series of dots to indicate 
that some terms have been omitted: 

TC — xi ~b x 2 T • • • Xs 

This implies that not all x t between and # 6 have been shown. Another 

abbreviation which could be used in the large sigma E to indicate a 

1 

summation of a number of similar terms. In this notation the equation 
would become: 

rc = yy, 

j=*i 

The symbol E means that all of the from x x to are to be added 

together. The i ' = 1 below the E means that we should start with x±. 
The 6 above the means that we should continue and add all x t to 
i = 6. Sometimes the notation above is abbreviated even further to: 
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TC = 


X 


When this notation is used, it is taken for granted that the reader can 
easily determine the ending x iy which for this example is 6. The general 


notation is ^ \ where n represents the highest numbered subscript. 


More complicated summations can be abbreviated as sums of sums. 
Suppose that an equation must be written for total costs of components 
for a certain number of units of each of three products when each product 
contains three similar kinds of components. If we let x t represent the 
number of units of the zth product and Cy represent the cost of the jth 
component in the zth product, the equation for component costs may be 
expressed by: J 

Component costs = ay n + xic 12 + x^u 

+ # 2 f 21 + X2C22 + X 2 C 2 Z 
4 ~ # 3^31 + ^32 + Xtfzt 

If a much larger number of products and components were involved, the 
equation would be quite long if written out term by term. Fortunately, 
it is not necessary to do so. The notation introduced in the previous il¬ 
lustration can be used to write the equation in a form which can be used 
to handle quickly any number of products and machines. We can suc¬ 
cessively abbreviate the equation above in the following manner: 


Component costs = XiC a + x XiC i2 + X XiCiz 


3 3 

T /. XiC » 

»-1 i-i 


If the number of i’s and j’s were understood, this could be shortened still 
further to: 


Component costs = xic^ 


The reader will note that lower case letters and capital letters are used 
interchangeably. Thus the general form of a linear equation may be ex¬ 
pressed Y = AX + B or y = ax + b. Generally the letter form is con¬ 
sistent throughout the discussion. 


V. INEQUALITIES 

The equal sign in an equation indicates an equality between the right- 
and left-hand members of an equation. This is a convenient way of ex- 
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pressing a large number of the relationships found in business, but it does 
not cover all of the relationships which must be expressed. It is frequently 
the case that we would like to indicate that something is not only equal 
to something else, but may also be greater than or less than something 
else. The following symbols are used to express these types of relation¬ 
ships and are called inequalities. The first two are called strict inequalities. 

< Less than 

> Greater than 

< Equal to or less than 

> Equal to or greater than 

In each case the open end of the symbol points toward the larger 
quantity, and the closed end toward the smaller quantity. 

The rules of algebra which apply to inequalities are: 

1. Equal amounts may be added to both sides of the inequality without 
changing the inequality. 

2. Equal amounts may be subtracted from both sides of the inequality 
without changing the inequality. 

3. Both sides may be multiplied by the same positive quantity without 
changing the inequality. 

4. Both sides may be multiplied by the same negative quantity, in which 
case the inequality is reversed. 

5. Both sides may be divided by the same positive quantity without chang¬ 
ing the inequality. 

6. Both sides may be divided by the same negative quantity, in which case 
the inequality is reversed. 

Rules 4 and 6 are the most important because they reverse the in¬ 
equality. They may be simply illustrated by the following example. It is 
obviously true that 12 > 6. If both sides of this inequality were multiplied 
by —1 and the inequality were not changed, we would have —12 > —6. 
This is incorrect, since —12 is less than —6. Accordingly, when both sides 
of an inequality are multiplied or divided by a negative number, it is 
necessary to reverse the inequality. In the preceding example the correct 
result would be —12 < —6. 

VI. LINEAR RELATIONSHIPS AND RATES OF CHANQI 

The relationship between production and time, discussed earlier, is 
called a linear equation and has the general form: 

Y = ax + b 

where: 

a — Any constant except zero 
b = Any constant 
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(Arbitrarily chosen 
values of independent 
variable t) 


Table 10-1 


fit) 

{Calculated values 
of dependent variable 


and the specific form p = 4t — 2, domain and range ^ 0. We may tabulate 
the values of the dependent variable p by showing their values at different 
values of t (see Table 10-1). We may show this graphically (see Figure 
10-2). In this equation, it can be seen that the slope (4) represents the 
change in p with a one-unit change in t. Let us now adopt the notation 
A to mean “change in.” Any change in t, whether it be large or small, may 
then be denoted by At By the same token, any change in t (At) must be 
accompanied by a change in p (A p). In a linear function the slope 
A p 

represents the ratio of —, which in this case is 4. 

If we wish to indicate that the value of the function f(t) is to be found 
for some specific value of t, we may do so by inserting the value of t 
in the functional notation. For instance, if we wish to find the value of 
our function when t is 2, this may be indicated byf(2)=4(2)-2 = 6. 
It is not necessary that a specific number be substituted for t to use the 

Figure 10-2 
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Figure 10-3 



notation just described. An unspecified number, often a , may also be 
used. For our function 

f(a) = 4 (a) - 2 

Figure 10-3 will show several pairs of A p and At. We know that 
A p 

p — f(t) = 4t — 2 and — = 4. Looking at the graph, we see that any A p 

corresponding to a certain At may be found by subtracting the value of 
the function f(t) at the initial value of t from the value of the function at 
the changed value of i, that is, at t + At. In this notation, then, A p is 

A p 

equal to f(t-hAt)—f(t); and it follows that since — = 4, then 
f(t + At)-f(t) 

-s-= 4 - 

VII. LIMITS AND THE DERIVATIVE 

The change in p, regardless of the size of the change in t , is always 4. 
If we make At microscopically small, so small as to be a means of represent- 

A p 

ing a point not an interval, the ratio — is still 4. Therefore, we may say 
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. . A p 

that the limit of — as At approaches zero is 4. This is a means of expressing 

the rate at which p changes when the change in t is microscopically small. 
It may be expressed in the following notation: 

lim — 4 

which is read: The limit of A p divided by At as At approaches zero is 4. 
Note that the arrow (—») is read as “approaches.” Since we said earlier 
that Ap can be measured by f (t + At) — f(t), then: 

Vm f(t +At) -f(t) 

AM) At * 

The limit of this ratio is known as the derivative of the function f(t) 
with respect to t . This derivative represents the rate of change of p (the 
dependable variable) with respect to t (the independent variable). In this 
case the derivative is the same regardless of the initial value of t. A linear 
function such as this one is the only function where this is true; in fact, 
a linear function may be defined as any function with a constant deriva- 

dy 

tive. The symbol for the derivative is or y' or f (x). 

VIII. RATES OF CHANGE FOR NONLINEAR FUNCTIONS 

The slope of a line may have a positive or negative value. The slope of 
a straight line remains constant through its entire length. This concept 
cannot be extended directly to a curve, since the slope of a curve changes 

Figure 10-4 


y 
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from point to point along the curve. However, the slope of a curve may 
be defined at any particular point as the slope of a line tangent to the 
curve at that point. This definition is illustrated in Figure 10-4, in which 
lines tangent to the curve have been drawn at two points on the curve. 
At any one of these points on the curve, the slope of the curve is equal 
to the slope of the line drawn tangent to the curve at that point. If con¬ 
structing a tangent line were the only method of finding the slope of a 
curve at some point, it would be quite difficult to measure the slope ac¬ 
curately. However, the concept of a derivative can be used to measure 
rates of change in a nonlinear function. 

IX. THE DERIVATIVE OF A NONLINEAR FUNCTION 

Since the slope of a curve is constantly changing, measuring the change 
in the value of a nonlinear function corresponding to a certain change 

Figure 10-5 


y 



in the independent variable will not give the slope of the curve at a point, 
but will yield only some sort of average slope over an interval of the 
function. This is illustrated in the graph (Figure 10-5) of an unspecified 
nonlinear function y = f(x). We recall that the change in y may be de¬ 
noted by Ay and is equal to y 2 — yi when the change in x, A#, is equal to 
%2 ~ #i. The slope of the line between (ay, y x ) and (x 2 , y 2 ) is equal to 


Ay 

— but this tells us nothing about the slope of the curve itself at any 


particular point. However, if the point (x 2 , y 2 ) is moved closer to (x u y x ), 
it is apparent that the slope of the line between the two points becomes a 
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better approximation to the slope of the curve at the point {A t , 3 / 1 ). If the 
point (x 2 , y 2 ) is moved as close as possible to {Ti, y x ), the slope of the 
curve at the point (x u yi) will have been found. Another way of saying 


this is to 



Since Ay =f(x + A#) — f (x), we have: 


lim ^ = lim - /($_ _ g| 0 p e G f curve a t point (# 1 , yi) 

The derivative of a nonlinear function at some point is the slope of the 
curve at that point; or in other words, the derivative indicates the rate of 
change of the value of the function with respect to the independent 
variable. Since the rate of change on a curve varies continually, the 
derivative will be continually changing, and its value will depend on the 
point on the curve being considered. As a result, the expression for the 
derivative of a curve will not be a constant, as was the case with linear 
functions, but will be a function of the independent variable. 

The discussion of derivatives and rates of change is also necessary to 
understand how one proceeds mathematically to determine the best 
course of action. For example, assume that a manager has been able to 
determine the following profit function for his operations: 

t — —q 2J r 20 q 
where: tt — Daily profits 

q — Units produced per day 

The values of this function can be found in Table 10-2 and graphed in 
Figure 10 - 6 . It would appear that the best level of daily production is 10 
units. 

Table 10-2 


q * = f(q) 

1 . 19 

2 . 36 

3 . 51 

4 . 64 

5 . 75 

6 . 84 

7 . 91 

8 . 96 

9 . 99 

10.100 

11 . 99 

12 . 96 

13 . 91 

14 . 84 

15 . 75 

16 . 64 

17 . 51 

18 . 36 

19 . 19 

20 . 0 
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Figure 10-6 
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GRAPH OF f(q} = -q z + 20q 
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10 


15 20 

In order to use the general x and y symbols, let: 

tt — — q 2 ~b 20 q 


or: 


y — — x 2 -b 20 r 


We now proceed by finding: 


lim^ 


A2-+O AX 

remembering that: 

Ay = f(x + Aar) — f(x) 

Since f(x) = -x 2 + 20a:: 

f(x + Ax) — — (x -b Ax) 2 + 20 (x + &%) 
Since Ay = f(x + Aa:) —f(x): 

Ay = [- (* + A x y + 20(* + A*)] - [-* 2 + 20 *1 
Then, evaluating the square: 

Ay = [-** _ 2x Ax - A* 2 + 20(* + At)] - [-*= 
Evaluating 20(* + A*): 


+ 20t] 
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Ay = _ X 2 _ Ax - Ax 2 + 20a: + 20 A* + x 2 - 20x 
= —lx Ax — Ax 2 + 20 A# 

Dividing both sides by Ax to get 

b Ax 

&y IxAx Ax 2 20Ax 

Ax Ax Ax "* Ax ~ “lx — Ax + 20 

Therefore, as Ax -> 0, the second term becomes zero, and — = 20 — 2x 

Ax 


Table 10-3 


4 

f(q) 

Air over Value of — 
interval A q 

q — 1 to q value of q 

= 20 — 2 q at given 

(i.e., at that point) 

0. 

. 0 

N.A. 

N.A. 

1. 

. 19 

19 

18 

2. 

. 36 

17 

16 

3. 

. 51 

15 

14 

4. 

. 64 

13 

12 

5. 

. 75 

11 

10 

6. 

. 84 

9 

8 

7. 

. 91 

7 

6 

8. 

. 96 

5 

4 

9. 

. 99 

3 

2 

10. 

.100 

1 

0 

11. 

. 99 

- 1 

- 2 

12. 

. 96 

- 3 

- 4 

13. 

. 91 

- 5 

— 6 

14. 

. 84 

- 7 

— 8 

15. 

. 75 

- 9 

-10 

16. 

. 64 

-11 

-12 

17. 

. 51 

-13 

-14 

18. 


-15 

-16 

19 . 

. 19 

-17 

-18 

20. 

. 0 

-19 

-20 


The difference between the change over an interval and the rate of 
change at a point will be shown in Table 10-3. In this table, we shall be¬ 
gin at a daily production level of zero and increase production one unit at 
a time to a production level of 20. Thus, at q = 0 : 

it = -(0) 2 + 20(0) = 0 

At 4= 1; 


r “ — (1) 2 + 20 = 19 
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Over the interval, profit changed from 0 to 19. The rate of change is: 


Air 

Aq 


20 - 2 q 


Thus, at q = 1: 



18 


This demonstrates that the rate of change at the point is lower than the 
rate of change over the entire interval. This is further demonstrated by 
Table 10-3. 

You will note that the estimated rate of change of t r with respect to q 
is always overstated by one unit when we let Aq = 1 (calculated in the 
third column) as opposed to letting A q -» 0, as in the fourth column. 

At r 

— is plotted in Figure 10-7. 


Figure 10-7 

Air 

Aq 



X. EXISTENCE OF DERIVATIVES 

Up to this point in time, we have assumed that a derivative did in fact 

Ay 

exist. This essentially means that the ratio — has meaning. However, such 

may not be the case. Take as an example the total purchase cost to a 
company for a certain item when the company receives a discount on all 
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units purchased after total unit purchases reach a certain level. Suppose 
that the price is 40 cents per unit for purchases up to 200,000 units, but 
that a 10 percent discount applies to all purchases if cumulative purchases 
are more than 200,000 units in a certain period. The total purchase cost 
function under these conditions is graphed in Figure 10-7. 

Letting n equal the cumulative number of units purchased during a 
period and P equal total purchase cost, we may express the total purchase 
cost function, which has been graphed in Figure 10-8, by: 

P = 0.40?z 0 < n < 200,000 

P = 0.36 n 200,000 < n 


Figure 10-8 



Finding the derivative, we have: 

dP 

•fa = 0.40 0 < n < 200,000 

dP 

fa = 0.36 200,000 < n 

The derivative of the total purchase cost function with respect to the 
cumulative number of units purchased is 0.40 for n equal to or less than 
200,000 and is 0.36 for n greater than 200,000 units. In going from 200,000 
to 200,001 units, however, neither of these derivatives describes the rate 
of change of the total purchase cost function, since the function is dis¬ 
continuous at 200,000 units because of the application of the discount on 
cumulative purchases over 200,000. Mathematically, we say that the 
derivative fails to exist at this point because of the discontinuity. 
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We may perhaps better understand the difficulty caused by this dis¬ 
continuity by noting that at every other point on the graph of the total 
purchase cost function the derivative of the function tells what increase 
takes place in total cost for a unit increase in the number of units pur¬ 
chased. Below 200,000 units, an increase of one in the number of units 
purchased will result in a 40-cent increase in total cost. In each case the 
derivative of the proper function is the marginal cost. However, between 
200,000 and 200,001 units, neither derivative gives any information about 
the marginal cost, which is really equal to -$7,999.64. In this particular 
purchase cost function, it is apparent that such a discontinuity will exist, 


Figure 10-9 



and it is not likely to cause any difficulty in interpretation. In other prob¬ 
lems, however, the existence of discontinuities may not be so apparent, 
and care should be taken to investigate a function for discontinuities 
before the derivative is used. As was seen in the example above, the de¬ 
rivative cannot be used to indicate anything about the behavior of the 
function at the point of the discontinuity. 

Another situation in which the derivative fails to exist is when the 
function being examined is not a smooth function but has kinks in it. At 
the point where a kink occurs, the derivative fails to exist. 

As an example of a kinked function, consider the purchase discount 
example above where the 36-cent price applies only to those items pur¬ 
chased after the first 200,000 in a given time period. Thus a kink (but not a 
break) occurs in the total purchase cost function at 200,000, as shown in 
Figure 10-9. At the kink the derivative fails to exist in a strict mathemati¬ 
cal sense. It should be noted, however, that there is no great difficulty in 
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working with this function in practical problems, in spite of the kink. As 
with the previous example, it is necessary, of course, to be aware of any 
points at which the derivative will fail to exist. 

In a more formal way, we say that a function f (x) is continuous at the 
point x = a if f(a) is defined at this point and if: 

lim f(x) = /(a) 

x-*a 

That is, the function f(x) is continuous at the point where x is equal to a 
if the following conditions are met: 

1, Substituting a for x in the function f(x) must yield a limiting value, not 
an undefined quantity such as zero divided by zero or a constant divided 
by zero. 

2. The function f(x) must have a limiting value of f(a) as x approaches a 
from either direction. 


XI. HIGHER ORDER DERIVATIVES 

You will recall that the derivative (denote this y') of: 

7t = 20 q — q 2 
or: 

y — 20x — x 2 

was: 

y = 20 - 2q 
or: 

y = 20 - 2x 

However, this is also a mathematical function (which was plotted on 
Figure 10-5), and we can find its derivative. This subsequent derivative is 
called the second derivative (denoted y"). In order to avoid confusion, we 
shall consider the first derivative a different function, g(x). Let: 


./ _ 


« 0 ) 


20 - 2x 


Then: 


g(x + Ax) = 20 — 2(x + Ax) 

Ay = [20 - 2(x + Ax)] - [20 - 2x] 

Evaluating 2 (x + Ax): 

Ay = [20 - 2x - 2Ax] - [20 - 2x] 


Reducing this: 
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Ay = 20 - 2x - 2Ax - 20 + lx 
Ay — —2Ax 


Ay 

Dividing by Ax to get — gives: 


and 


A y _ — 2Ax 
Ax Ax 


y" = -2 


Also, the derivative of the derivative may be found ad infinitum until no 
further derivatives exist. It can be shown that further derivatives are zero 
for our profit function. Again, in order to avoid confusion, consider the 
second derivative a different function, h(x). Thus: 


and 


y' = h(x) = —2 
h(x + A#) — —2 


A/ = [-2] - [-2] 

which reduces to zero; and all subsequent derivatives will be zero. 

XII. MAXIMA AND MINIMA 

The first derivative indicates the rate at which the value of the function 
is changing relative to the independent variable at a given point. A positive 
first derivative indicates that the value of the function is increasing for 
increasing values of the independent variable such as the profit function 

y — 20x — x 1 

from x — 0 to 10 (but not including 10). A negative first derivative indi¬ 
cates a decreasing value of the function for increasing values of the inde¬ 
pendent variable such as the profit function above x = 10 . A zero first de¬ 
rivative indicates that the value of the function is constant at that value of 
the independent variable such as the profit function at x = 10. We could 
have drawn the same conclusions if we had drawn a series of tangents in 
the neighborhood of x = 10 and noted that up to 10 they had a positive 
slope, and above 10 they had a negative slope, and at 10 there was no slope. 

You will recall from Figure 10-6 that in the interval from x — 0 to 
x = 20, the highest value which the function f(x) assumed was 100, and 
that occurred at x = 10. The value of the independent (x) variable where 
the function assumed its highest value is known as a maximum. When 
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slightly increasing values of the independent variable cause the first deriv¬ 
ative to change from positive to zero to negative, we have what is known 
as a maximum. When the reverse is true (i.e., slightly increasing values of 
the independent variable cause the first derivative to change from negative 
to zero to positive), we have what is known as a minimum. Note that any 
function may have a number of maxima and minima. The maximum which 
yields the highest value for the function is known as a global or absolute 
maximum, and the minimum which yields the lowest value for the func¬ 
tion is known as a global or absolute minimum. All other maxima or 
minima are known as relative or local maxima or minima. A general term 
which refers to either maximum or minimum is extremum. Figure 10-10 
will show different extrema. 2 


Figure 10-10 



Points x ti x 2j # 3 , %i, #5, and x 6 are all extrema. 

Points #!, and are all maxima. 

However, jr 3 is clearly a global or absolute maximum, 
whereas x± and x 5 are relative or local maxima. 

Points # 2 , # 4 , and x 6 are all minima. However, x 6 is clearly a 
global or absolute minimum, whereas x 2 and are relative or 
local minima. 


The graph of the profit function [/(#) = 20x - x 2 ] indicated a maxi¬ 
mum at x — 10. We are now in a position to verify this. 

We have shown that y' = 20 — 2x. Now we must identify all possible 
maxima or minima by setting y f — 0. Thus: 

20 — 2x = 0 
and 


-2x = -20 
X- 10 


2 The um ending in maximum or minimum or extremum is singular. The a ending 
is plural. 
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Hence, 10 is our only candidate for an extreme point. Investigating the 
value of y' in the neighborhood of 10, we see at x = 9.5 that y' = 1, and 
a t x = 10.5 that y' = —1. We therefore conclude that we have met the 
conditions for a maximum and that f(x) at x = 10 is a maximum because 
the first derivative changed from positive to zero to negative. 

If we have a new function: 

y — x* 4 * 3£ 2 + j x 

and 

/ = 3* 2 + 6x + J 

we can find the candidates for extrema by using the quadratic equation, 
which is: 

—T rfc VT 2 -- 4 ac 


for equations of the general form: 3 

ax 2 + bx 4- c = 0 


Thus: 


20 -6 ±4 

6 


Looking at y f when x moves from —jio t0 ~~Vs t0 ~YiOi y' changes from 
negative to zero to positive, and x = —% is therefore a minimum. Look¬ 
ing at y' when x moves from ■~ 1 % 0 t0 “1% t0 y f changes from 

positive to zero to negative, and x = — 1 % is therefore a maximum. 

In practice, it becomes tedious to check the values of y f when x is less 
than, equal to, and greater than the candidate for extremum. The test 
for maxima and minima is to insert the value of the candidate in the second 
derivative. If the value of the second derivative is negative, the point is a 
maximum. If the value of the second derivative is positive, the point is a 
minimum. It must be remembered that only legitimate candidates can be 

Ht should be remembered that the equation y = ax 2 + bx + c = 0 refers to the 
value of x when y = 0, i.e., the point where it crosses the #-axis. Since an equation of 
the above form may cross the #-axis twice, once, or no times, the quadratic equation 
may produce two, one, or no values of x. The equation y = x 2 — 5x + 6 will produce 
two real values of x; when the 6 becomes 6.25, it will produce one real value of xj 
and when the 6 becomes 7, it will produce no real value of x. 


X — 


6 ± V36 


-10 -2 

— or ~ 

5 1 

— 7 or — y 
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tested in this way. In the example just tested, y " = 6x 4 6. When x = - % 
and y" = — 4, then — % is a maximum, as verified earlier. When x = —% 
and y" — 4, then — % is a minimum, as verified earlier. 

XIII. INFLECTION POINTS 

For functions of one independent variable, one other characteristic 
may be noted; this is the inflection point. The inflection point indicates 
the point where the rate of change of the function changes either from an 
increasing rate of change to a decreasing rate of change or from a decreas¬ 
ing rate of change to an increasing rate of change for successive values of x 
in the function. In Figure 10-11, the slope of tangents 1 and 2 as they 


Figure 10-11 



approach x 2 can be seen to be steeper and steeper; thus the rate of change 
is increasing. Conversely, after the point x 2 , tangents 3 and 4 can be seen 
to be less and less steep within the interval x 2 to £ 3 ; hence the rate of 
change is decreasing. The inflection point is between tangent 2 and 
tangent 3 in the vicinity of x 2 . Mathematically, the inflection point may be 
found by setting y" = 0. Using the function discussed, where the first 
derivative is identified as g(x): 

/ = S( x ) = 3* 2 + 6 x + % 

S( x + Ax) = 3 (x + Ax) 2 + 6(x + Ax) + % 

= 3 (x 2 + 2xAx + Ax 2 ) 4- 6* + 6A* + % 

= 3# 2 + 6xAx + 3 Ax 2 4- 6x 4- 6A* 4- % 
g(x + Ax) — g(x) - 3* 2 4- 6xAx + 3Ax 2 + 6x + 6Ax + % - 3* 2 -6x—% 
** 6xAx + 3 Ax 2 + 6A* 




Dividing by Ax: 
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g(x + Ax) - g(x) 

Ax 


— 6v + 3Ax + 6 


Since Ax-> 0, 3Ax-* 0, and y” = 6x 4- 6 when y" = 6x + 6 = 0, x = — 1, 
which should be the inflection point. As we approach x = — 1 for the 
original function y = x s 4- 3X 2 4- 5/3x 4- 0, the rate of change should 
change at that point. This can be partially verified by specifying values 
as shown in Table 10-4. Thus the rate of change from —0.9 to -1.0 was 


Table 10-4 


X 

f(x) 

Ay over interval 

-1.2 

0.592 

0.1263 

-1.1 

0.4657 

0.1324 

-1.0 

0.3333 

0.1323 

-0.9 

0.201 

0.1263 

-0.8 

0.0747 



faster than from -0.8 to -0.9, and the rate of change from -1.1 to —1.2 
was slower than from —1.0 to —1.1; and we conclude that we have an 
inflection point at x — — 1. 

XIV, A COMPLETE EXAMPLE 

As an example, we shall show how the optimum of the following func¬ 
tion is found. It should be remembered that this requires finding the 
A y 

first derivative — and setting it equal to zero. The value(s) of x at this 

point are candidates for maxima and/or minima. Then we find the second 
derivative. Next, we insert the candidates for maxima in the second de¬ 
rivative. If the value of the second derivative is positive, we have a mini¬ 
mum. If the value of the second derivative is negative, we have a maxi¬ 
mum. 


y = x z + 3x 2 4- %x 4- 0 

f(x 4- A*) - (x 4- Ax)* 4- 3(x + Ax) 2 4- %(x 4- Ax) 

~ (x 4* Ax) (x 2 4- 2xAx 4- Atf 2 ) 4- 3 (x 2 4- 2xAx + Ax 2 ) 

+ %x 4- %Ax 

= (* 3 4- 2x 2 Ax 4* xAx 2 4~ x 2 Ax 4- 2xAx 2 4- Ax 3 ) 4- 3x 2 
4- 6xAx 4~ 3 Ax 2 4- %x 4- %Ax 
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= -|-v 3 + 2x 2 Ax + xAx 2 + # 2 Ax + 2xAx 2 + A# 3 + 3x 2 

+ 6xAx + 3 Ax 2 + Y x + %Ax 

/(x + Ax) — /(x) = +x 3 + 2x 2 Ax + xAx 2 + x 2 Ax + 2xAx 2 + Ax 3 + 3x 2 

+ 6xAx + 3Ax 2 + Y x + Y^Ax — [+^ 3 + 3x 2 + Y x \ 
f(x + Ax) — f(x) = +x 3 + 2x 2 Ax + #Ax 2 + x 2 Ax + 2xAx 2 4" A# 3 + 3x 2 

+ 6xAx + 3 Ax 2 4“ Y x 4~ %Ax ~ x 3 ~ 3x 2 — %x 
— 4~3x 2 Ax 4“ 3xAx 2 4~ Ax 3 4~ 6xAx 4“ 3 Ax 2 4~ Y^ x 

Dividing by Ax: 

f(x _ ±A x ) - f( x ) _ __ 3^2 ixAx 4" Ax 2 4~ 6x 4~ 3 Ax 4* Y 

Ax 

Since Ax-* 0, all terms with Ax may be eliminated: 

y' — + 3x 2 4- 6x 4- Y 

The maximum and minimum are shown on page 139 and the inflection 
point on page 141. 

XV. DIFFERENTIATION FORMULAS 

It is usually possible to differentiate a function by going through the 
procedure outlined earlier, finding: 

nm /(^4- Ax) -/(x) 

Aar-*0 AX 

However, this is a lengthy process to go through every time we wish to 
find the derivative of a function. Since certain types of functions appear 
quite frequently, it is much simpler to memorize the method of finding 
the derivative than to go through the process of finding the derivative 
every time as we have done. In this section, we shall develop formulas for 
the differentiation of some of the common functions. 

No attempt will be made to prove rigorously the differentiation for¬ 
mulas which are given; we shall only indicate the reasonableness. In this 
section, we shall present some of the rules of differentiation and some 
examples of how they operate. The following notation will be used: 

which means that the derivative of f(x) with respect to x is a different 
function, h{x). 

Rule 1: Derivative of a constant 


Thus the derivative of the function y 


= 0 

= 4 is zero. 
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Ryle 2: Derivative of a variable with respect to itself 

dx <*) = 1 

Therefore the derivative of the function y = x is one. 

Rule 3: Derivative of the product of two functions 

j x [/<*) *(*)] = /(*) j x bW] + *<*) i [/(*)] 

Thus the derivative of y = 4x can be found by letting 4 = f(x) and 
x = g(x), and 

5M"5« + *l> 

- 4(1) + *(0) = 4 

The case just shown is frequently referred to as a special case. Accord¬ 
ingly, a rule 3(a) is worthy of note. 

Rule 3(a): Derivative of a constant times a function 

Thus the derivative of y = 4x is: 

4^ W= 4(l)=4 

Rule 4: Derivative of sum or difference of functions 

iim +i(.)]-sWi+sW] 

Consequently, the derivative of y = 4x + 8 can be found by letting 
f( x ) = 4x and g(x) = 8, and [f(x)] is subject to rule 3(a). Thus: 

± [af(x) + *<*)] - * ~ [/(*>] + | [g(*)1 


and 
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Rule 5: Derivative of a power of a function 

S L/C*)]* -n[f(x)]^±[f{x)) 

Hence the derivative of y = (4x 4- 8) 2 is 2(4# 4- 8) ~ [f(x)] 
and 

/ - 2(4*4- 8)(4) 

= 32* 4- 64 

It can also be seen that if y = x 2 and we let f(x) = x , we have: 

/ = 2 *( 1 ) 

y' = 2* 

This yields rule 5(a). 

Rule 5(a): Derivative of independent variable to a power 

d 

~y x n = nx n ~ l 
dx 



Rule 6(a): Derivative of a constant divided by the independent variable 
to a power 

A special case of rule 6 occurs when f(x) = p. This function may be 
rewritten f(x) = ax~ n in which case rules 3 (a) and 5(a) may be applied 
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instead of rule 6. y = \ may be expressed y = 2 x ~ 2 and the derivative of 
x 

y = 2x~ 2 is 2{ — 2)x~ z = -4:r~ 3 , or 

XVI. EQUATION FORMS 

We can tell a great deal about the shape of an equation and its charac¬ 
teristics from its general form. Equations of the following general form 
are known as polynomials: 

y — ci\X n ~f- atfc n ~ l + * * • -T a n x + a n +1 

It should be noted that n is an integer; consequently, all exponents of x 
are integers. For example, the linear equation is a polynomial of n = 1; 
thus, y = axX 1 + a 2 . It is, of course, customary to omit the exponent 1 
from this equation. The linear equation is known as a first-degree equation 
because the highest exponent is one. Since the second- and third-degree 
equations often occur in managerial applications, they and others fre¬ 
quently found will now be discussed. 

Second-degree equations 

The usual form of a second-degree equation is F = AX 2 + BX + C. 
An example is Y = 2X 2 + 3X - 4. Computed values for the example are 
shown in Table 10-5. These values are plotted in Figure 10-12. At some 


Table 10-5 Figure 10-12 
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point the term with the exponent of 2 overpowers all other terms. In the 
above equation for all points > 3 and all points < — 3 the square term con¬ 
trols the shape of the graph. This is further illustrated when it is noted 
that when B is changed from 3 to —3, the first term still overpowers all 
others for all points, > 3 and < —3. The sign of the first term will dictate 
whether the graph opens upward or downward. In this example the values 
of Y are positive when X 2 is large positive or negative. Thus, when the 
coefficient of X 2 is positive, the graph opens upward; and when the coeffi¬ 
cient of X 2 is negative, the graph opens downward. 

Further, it can be remembered that the graph of a second-degree equa¬ 
tion can intersect the X-axis either zero, one, or two times. 

If B and C were zero for the above equation, the graph would take a 
special form which merits separate attention. The resulting equation is 
shown in Figure 10-12 as Y - 2X 2 . This equation is graphed with the 
above equation to show the influence of the remaining terms. 

The reader can verify that the second derivative cannot be set equal to 
zero (since it is a constant) and only one candidate (an extremum) exists, 

_g 

which in general form is 


Third-degree equations 

The usual form of a third-degree equation is 

Y = AX 3 + BX 2 + CX + D 

An example is Y = — X 3 + 2X 2 -f 3X + 0. Computed values for the ex¬ 
ample are shown in Table 10-6. These values are plotted on Figure 10-13. 


Table 10-6 


Figure 10-13 



y=X 3 +2X 2 +3X 
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As with the second-degree equation, at some point the first term overpow¬ 
ers all others. Further, it can be noted that the graph of a third-degree 
equation can intersect the X-axis 1, 2, or 3 times. 

If the value of A is negative, the value of the first term is always posi¬ 
tive when X is negative, and the value of the first term is always negative 
when X is positive. When A is positive, the opposite occurs. When A is 
negative, if the function has a maximum and a minimum it must have a 
minimum, an inflection point, and a maximum, in that order. Conversely, 
when A is positive, the graph must have a maximum, an inflection point, 
and a minimum, in that order. 

It can be shown that the equation y = x 3 — 7.5# 2 + 21# -f 1 gives 
y f — 3# 2 — 15# -F 21, which has no real roots; however, it does have an 
inflection point at x = 2.5. 4 

Other common forms 

a a 

We shall frequently see the equation Y = — or Y = In this equation 

X X 

(assuming a is positive), as X — > 0, Y — > co ; and as X — > co, Y — > 0. This 
equation can be reexpressed as Y = aX -1 or Y = aX~ n . Sometimes, we shall 
see that Y = «X y * or Y = aX 1/n , which is another way of expressing 
Y = ot\/X or Y — otrs/x. This equation form has economic meaning only 
when X > 0, in which case the value under the radical is always less than 
X except when 0 ^ X ^ 1. 


DISCUSSION TOPICS AND PROBLEMS 

1. A company finds that crowding and other limitations cause the cost of 
production to increase as more units are produced. 

a) Which of the following equations represent this situation? 

PC = <xX l/2 


where: 


PC = Production costs 
X = Units produced 

a — An unknown constant greater than zero 
PC - aX 2 


4 The occurrence of a negative value under the radical in x = 
signals a nonreal number 


—B ± VB 2 f 4/KJ 
2 A 
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b) If a is increased, what will happen to PC? 

c) What is the domain and range of the PC equation? 

d) Suppose management observed that the situation had changed so that: 

PC = aXW 

Explain the effect of such a change and probable causes. 

2. a) Find maximum, minimum, and inflection point for the following 
total cost function: 

TC = 50 - X - X 2 + X 3 

b) Draw an approximate freehand graph of this equation. 

c) Draw an approximate freehand graph of the equation if all signs in the 
equation are reversed (except that TC does not become —TC). 

3. Find maximum, minimum, and inflection point for the following total 
cost function: 

TC - 50 + y + 2X 

4. Find the first and second derivatives of: 



5. Find the first and second derivatives of: 


a) Y = (3X 2 - X + l) 8 9 

*> r -i 

6. Find maximum, minimum, and inflection point for the following total 
cost function: 

X s 

TC « 2,000 + 5X - 10X 2 + — 

7. If all signs in the equation for Problem 6 are reversed (except that TC 
does not become -TC), what can you say about this equation? 

8 . A company producing a single product finds that its fixed costs are $50 
per day and that raw material costs are $2 per unit and direct labor costs are 
1.40 per unit. Develop an equation to determine total production costs. 
Identify, if possible, the domain and range for this function. 

9. Find the maximum, minimum, and inflection point, and plot the follow¬ 
ing: 
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a) Y = 3X 2 - 6X + 2 
£) 7 = X 3 - 6X 2 + 3 
c) y = X 4 - X 2 + 1 

10. Suppose that profitability of a store is determined only by the number 
of clerks working in the store and the amount of inventory carried. Suppose 
that profitability may be described as follows: 

P = 3,500 - (8 - X) 2 - (29 - ry 


where: 

P = Net profit per quarter 

X — Number of clerks working 

Y — Amount of inventory carried (in thousands of dollars) 

a) Without calculation, can you identify the optimum level of X and Y? 
Indicate why? 

b) Are X and Y independent? 

SELECTED REFERENCES 

Bowen, Earl K. Mathematics: With Applications in Management and Eco¬ 
nomics. Homewood, Ill.: Richard D. Irwin, Inc., 1963. 

Dean, Burton V.; Sasieni, Maurice W.*, and Gupta, Shiv K. Mathematics for 
Modern Management. New York: John Wiley & Sons, Inc., 1963. 

Grawoig, Dennis E. Decision Mathematics. New York: McGraw-Hill Book 
Co. Inc., 1967. 

Hadley, G. Elementary Calculus. San Francisco: Holden-Day, Inc., 1968. 

Howell, James E., and Teichroew, Daniel. Mathematical Analysis for Business 
Decisions. Homewood, Ill.: Richard D. Irwin, Inc., 1963. 

Johnson, Richard E., and Kiokemeister, Fred L. Calculus with Malytic 
Geometry. Boston: Allyn and Bacon, Inc., 1957. 

Klempner, Daniel, and Ramsey, Norman. Quick Calculus. New York: John 
Wiley & Sons, Inc., 1965. 

Meier, Robert C., and Archer, Stephen H. An Introduction to Mathematics 
for Business Analysis. New York: McGraw-Hill Book Co., Inc., i960. 

Springer, Clifford H.; Herlihy, Robert E.; and Beggs, Robert I. Basic Mathe¬ 
matics. Homewood, Ill.: Richard D. Irwin, Inc., 1965. 

Theodore, Chris A. Applied Mathematics: An Introduction. Homewood, Ill.: 
Richard D. Irwin, Inc., 1965. 

Youse, Bevan K., and Stalnaker, Ashford W. Calculus for Students of Business 
and Management. Scranton: International Textbook Co., 1967. 






11 


Matrix algebra and 

probability 

concepts 


I. MATRIX ALGEBRA* 

A matrix is a rectangular array of numbers with m rows and n columns 
iiach number in the matrix is known as an element. Some examples are: 

5 An #12 

4 ^ ]/ #21 #22 

^3 6 , 



y^Wi #»i2 • • • 

The matrix on the left is a 3 X 2 (read 3 by 2) matrix because it contains 
three rows and two columns. The second isanwx® matrix, in which 
each element is identified by its row and column position. Hence the ele¬ 
ment is the element at the intersection of the ith row and the jth col¬ 
umn Thus, a 2l is the element found at the intersection of the second row 
and first column. In the matrix on the left, the value of a 21 is four. 

A single letter (usually a capital letter) is often used to represent an 
entire matrix. For example: 


A = 


The B matrix shown above is a square matrix because it has the same num- 
ber of c olumns as rows; i.e., m~n. A matrix consisting of only one col- 

* Much of the matrix algebra material of this chapter is adopted by permission 

IS-. f em °R aUth0r j r< T £ Mder and S - H ' Arch " r ’ An Introduction to Uathe - 
mattcs for Business Analysts (New York: McGraw-Hill Book Co., Inc. 1960). 

150 
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umn is known as a column vector. Since it has only one column but m 
rows, any matrix of dimension in X 1 is a column vector. A matrix con¬ 
sisting of only one row is known as a row vector. Since it has one row but 
n columns, any matrix of dimension 1 X n is a row vector. 

Operations on matrices 

Matrix arithmetic is basic to many of the tools of managerial analysis. 
Manipulations using matrices are subject to certain rules. The rules of 
matrix manipulations will now be discussed. 

Addition and subtraction. Matrices having the same number of roves 
and columns may be added or subtracted by adding or subtracting similar 
elements. By way of an illustration, assume the L matrix below represents 
labor costs per unit, with each element representing the labor cost of the 
jxh component of the ith product. Therefore, we have two products and 
three components. The M matrix below represents material costs per unit, 
with each element representing the material cost of the jth component of 
the ith product. 

r Ao 30 15 \ ,, Ao 14 7\ 

L ~ \18 0 1 0 ; M= U 0 20) 

The total labor and material cost of each component may be found by 
adding L and M to give the matrix T: 

r , Ao 30 15\,Ao 14 7\ 

L + M \l8 0 10/ + \30 0 20/ 

/30 + 10 30 + 14 15 + 7\ 

“ \18 + 30 0 + 0 10 + 20/ 

= Ao 44 22\ = ™ 

\48 0 30/ 

If the standard direct cost of each component is given by the matrix S 
below, cost variances may be found by subtracting T from S, as shown. If: 

Al 45 20\ 

\45 0 32/ 


s - 


41 45 

.45 0 


(: 


41 - 40 
45 - 48 

1 1 
3 0 



44 22\ 
0 30/ 

20 - 22 \ 
32 - 30/ 


then: 
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Vectors with the same number of components may be added by adding 
similar components of the vectors. For instance, if we let each column of 
5 — T be a vector, the sum of vectors A y B y and C y which we shall call V, 
is found by: 




1 + 1-2 
3+0 + 2, 

This matrix shows the net variance for each product. It should be noted 
that the matrix resulting from addition is the same regardless of which 
matrix is first or second. Thus: 


Likewise: 


and 


A+B=B+A=C 


A-B~D 


C-B-A = D 


The addition and subtraction of matrices results in a matrix with the same 
number of rows and columns. 

The scalar multiple. A matrix may be multiplied by a constant called 
a scalar multiple by multiplying each element in the matrix by the con¬ 
stant. As an example, assume we produced 12 of each product in the illus¬ 
tration above. Total component costs could be found by multiplying 
matrix T by 12, the scalar multiple. 


12 T 


-( 
-( 


40 

48 


44 

0 


22 

30 


) 


12 X 40 12 X 44 12 X 22 
12 X 48 12 X 0 12 X 30, 

528 264\ 

0 360/ 


480 

576 


Again, since a vector is a special form of matrix, the same rules apply. 
Thus: 


Multiplication. Matrix multiplication can only be carried out if the 
proper conditions are met. Assume that we are to multiply two matrices, 
A and B. We may denote the dimension of + as m a X n ay and the dimen¬ 
sion of B may be denoted as v% X w B . A may be multiplied by B only if 
n a — nib- The reason for this will become apparent from the following 
example of the multiplication of one matrix by another. The dimension of 
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the resulting matrix is m a X n h . As an example, assume that a home builder 
constructs three models of houses, using four basic wood materials. The 
matrix showing the amount of zth wood material for the jth house follows: 


10 

16 

22 

I 18 

12 

21 

l 25 

8 

13 

\17 

10 

20, 

House style 


Wood products 


Thus, a 2 B indicates that 21 units of the second wood product are used in 
the construction of the third type of house. The builder builds in two 
locations. The following matrix shows the number of /th homes built in 
the jth location: 


r 7 \ 

C == l 4 2 I House style 
\5 6/ 

Location 

Consequently, « 32 indicates that six style 3 houses will be built at the sec- 
ond location. 

Suppose the supply clerk wishes to know the number of each wood 
product to send to each location. This is found by multiplying R by C. 
Let us present these in abstract notation, calling the product T and re¬ 
membering that the dimension of R is 4 X 3 and of C, 3x2. The multi¬ 
plication RC is legitimate and results in a 4 X 2 matrix. However, the 
multiplication of CR is not legitimate because a 3 X 2 matrix cannot be 
multiplied by a 4 X 3. These matrices, in abstract notation, are: 


rn Tiz 
rn r 2 3 
r32 r u 

T 42 7*43, 


Cll Ci 2 
C21 C22 
VC 31 £ 32 / 


hi 

hi 

hi 

/41 


The value of t {j is found by multiplying each element in the ith row of the 
first matrix (R) by the corresponding element of the jth column of the 
second matrix (C). Thus: 


?32 = 131^X2 + ¥ 32^22 + ^33^32 

The third row of R is the number of the third wood product used in 
house styles 1, 2, and 3, respectively; and column 2 of C is the number of 
house styles 1, 2, and 3 built at location 2. In fact, these could be reex¬ 
pressed as the following vectors: 

( 7 

V r = (25 8 13 ) v c = y2 
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It can be seen that since 25 units of this product are used in the first house 
style and seven of that style home are being built, the builder needs 175 
units of material 1 for the first-style home. In addition, he needs 8 units 
for each of the two second-style houses plus 13 units for each of the six 
third-style houses. Accordingly, 

h 2 — + c 32 f 22 + ? 33^32 = (25) (7) + (8) (2) + (l 3) (6) = 175 + 16 

+ 78 - 269 

We may now compute RC: 


20 16 22 
18 12 21 
25 8 13 

J7 10 20, 


8 7 
4 2 
3 6 , 


( (20) (8) + (16) (4) + (22) (5) 

(18) (8) + (12) (4) + (21) (5) 

l (25) (8) + ( 8) (4) + (13) (5) 

\ (17) (8) + (10) (4) + (20) (5) 


(20) (7) + (16) (2) + (22) (6)\ 
(18) (7) + (12) (2) + (21) (6) ] 
(25)(7) + ( 8)(2) + (13)(6) 
(17) (7) + (10) (2) + (20) (6)/ 

140 + 32 + 132\ 
126 + 24 + 126 ] 
175 + 16 + 78 j 
119 + 20 + 120/ 


( 160 + 64 + 110 
144 + 48 + 105 
200 + 32 + 65 
136 + 40 + 100 


( 334 304\ 
297 276 \ 

297 269 I 
276 259/ 


Matrix terminology 

The diagonal of a square matrix is all elements, a ib where i = j. For 
example: 



|Cr 

X2 


A = 



/J 


\3 

3 s 


The lines show the diagonal. 




An identity matrix is a square 

matrix 

with l’s on the diagonal and 0' 

elsewhere. It is denoted 1; thus: 




A 

0 

°\ 

/= | 

0 

1 

°) 


\0 

0 

1/ 
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This matrix has the property that when multiplied by any other matrix, 
the other matrix results. Hence: 

/l 2 3\/l 0 0\ /l 2 3\ 

AI~ {2 1 2 ) (0 1 0) = ( 2 1 2j 

\3 3 1/ \0 0 1/ \3 3 1 / 

It can readily be seen that this is so because any element in the resulting 
matrix occurs by multiplying a like element in the first matrix by 1 and all 
other elements by 0. For example, % - 2 X 0 + 1 X 0 -f 2 X 1 = 2. The 
inverse of a matrix is that matrix which, when multiplied by the original 
matrix, forms an identity matrix. The inverse of a matrix A is denoted A " 1 . 
Thus, A~ X A = I . The inverse matrix also has the property that 

AA- 1 = A- 1 A = / 


Systems of linear equations 

The primary use of matrix algebra is to assist in dealing with systems 
of linear equations. In general, a system of linear equations may be writ¬ 
ten: 

Ax = c 


where: 


x — A column vector whose m components are the m unknowns 
A — An m X n matrix where each component is the coefficient of the /th 
unknown in the ith equation 
c — A column vector of m constants 


The fact that these symbols are really a shorthand notation for a system of 
m linear equations in n unknowns may be shown by carrying out the mul¬ 
tiplication of A by x and writing out the components of c. Thus: 


a\\Xi + ^12^2 + * * * H“ ClinX n ~ Ci 

CI 21 X 1 -T #22^2 4" * * * “b #2rt#n ^ C% 


flmlXl + a m 2X2 + 


+ 


CtmnXn 


Cm 


We shall now discuss a method for finding a solution when m ~ n, in 
which case A is a square matrix. 

Suppose that a manufacturer makes two products, #1 and # 2 , each of 
which must be processed in two departments, A and B. Matrix A gives the 
coefficients of processing time necessary to process the jth product 
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through the zth department. The column vector c gives the available proc¬ 
essing time in each department. Where: 

•4 - C 0 . -( 2 ) 

The manufacturer wishes to utilize all available processing time. The num¬ 
ber of units of product and product X 2 which will exactly utilize all 
available processing time may be found by solving the system: 

3*i + 5*2 = 12 (represents department 1 ) 

6*2 + 2x 2 = 10 (represents department 2 ) 
which may be expressed: 

Ax = c 

Multiplying both sides by A we have: 

A~ x Ax = A~ l c 

IX = A~h 

X = A-H 

We would now be able to solve the system if T " 1 were known. Let us 
assume we know that: 


A -1 = (—M2 %A 
\ M -Vs) 

It may be shown that this is the inverse of A by showing that A~ X A — I. 
Thus: 

(-Vl2 %A h A _ ( — %2 + 3 K4 -Vl2 + i yA 

V a -yj \6 2 / \ % - % / 

-C:) 

The system may now be solved by solving * = A~ l c; hence: 



Thus, production of 13/12 units of r, and 14/8 units of x 2 will utilize all 
available capacity. 

This may be checked by substituting these values in the original equa¬ 
tions: 


3(%) +5(1**) = 12 
7 %4 + 21 y 4 —12 



11. Matrix algebra and probability concepts 157 


which checks, and 

6( 1 M2) + 2Q-%) ~ 10 

15 %4 + 84 A4 = 10 

which checks. The reader will note that he could have solved this simple 
system with high school mathematics. However, much larger systems 
must be solved with matrix methods. The reader should also note that 
utilizing all production capacity in no way assures maximum profits. 

Finding the inverse 

We shall now discuss an elementary method of finding an inverse, if 
there is one. If the system does not have a unique solution, the inverse 
cannot be found. This caveat should always be remembered, although this 
text normally proceeds under the assumption that an inverse exists. 

Some of the properties of the inverse of a square matrix have now been 
discussed, along with the solution of a system of linear equations when 
the inverse of the matrix is known. However, the important step which 
has been left out is the method of finding the inverse, if there is one. We 
shall first demonstrate how the inverse of A in the production problem 
may be found. In the production problem, and in general for any square 
matrix, the inverse is defined to be a matrix such that the following is 
true: 

AA ~i = / - A~'A 

The inverse can be found by manipulating the matrix and an identity 
matrix. It is worthwhile to remember: (1) Every element in a row may 
be divided or multiplied by any number, and (2) any row may be added 
to or subtracted from any other row to find a new row. Take the matrix: 

■W;) 

This method proceeds by placing an identity matrix beside the square 
matrix A and manipulating the system so that the first matrix is converted 
to an identity matrix. For example: 

( 2 4 h 

\3 110 1 / 

Since we desire a one in the upper left corner, let us divide row 1 by 2, 
giving: 

(i 2 H o\ 

\3 1 0 1/ 
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We now desire a zero in the lower left-hand corner. Let us form a new 
row 2 by subtracting 3 times new row 1 from the old row 2: 



We now wish a one in the lower element in column 2. Thus, we divide 
row 2 by —5: 


f 1 1 H o\ 

Vo i Ho -yJ 


We now desire a zero in the second element in row 1. Therefore the new 
row 1 is old row 1 minus two times new row 2: 


G 

Consequently, the inverse is: 


-Ho 

Ho 



(-Mo H\ 

V Ho -yJ 

and this may be checked by multiplying it by A to see if A A' 1 = I. Thus: 



which demonstrates that we have found the inverse. 


II. PROBABILITY THEORY 

The probability concepts used throughout this book are elementary and 
deal with discrete rather than continuous probability. The concepts can 
best be introduced by using an example. Assume that you are a TV manu¬ 
facturer selling both a floor model and a portable TV set which may be 
purchased in black and white or in color. The records of the company 
show that 250 of the last 1,000 sets sold were color, and 750 of the last 
1,000 sets were black and white. They further show that 300 of the last 
1,000 sets sold were portable sets, and 700 of the last 1,000 were floor 
models. The probability of the occurrence of an event is the ratio of the 
number of times the event occurs (or can occur) to the number of times 
it and all other events occur (or can occur). In this case the probability of 
the purchase of a color set is: J 


P(C) = cTb “ °- 25 
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where C is the number of times color sets were purchased and B is the 
number of times black-and-white sets were purchased. It can be seen that 
P(C) represents the relative frequency of the occurrence of C to B + C. 
How did we decide that C + B were the relevant events? In this case, 
color is the characteristic of interest, and this characteristic can exist in 
only two forms (color or black and white). The case at hand seems un¬ 
ambiguous. However, such is not always the case. 

The concept of sample space, sample points, and events 

Relevant events can be understood by the concept of a sample space, 
sample points, and events. A sample space refers to the complete set of 
outcomes for the situation as it did or may exist. It is simplest to consider 
each situation an experiment. Then, in the words of Chris A. Theodore: 
“A sample space of a real or conceptual experiment is a set of elements 
such that every possible outcome of the experiment corresponds to one 
and only one element in the set. An element in a set serving as a sample 
space is called a sample point” 1 Add to this the following definition of an 
event: An event is a statement which refers to a particular subset of a 
sample space for an experiment. Consider the experiment of tossing first 
one coin and then another. Every possible outcome gives the following 
sample space: 

5 == [HH, HT , TH, TT] 

Note that S = [ ] is the symbol which represents the sample space. This 

sample space has four outcomes or sample points: HH , HT, TH, TT. 
Consider a number of events which may be represented from these sample 
points. One event may be that both coins fall alike, which may be shown: 

Ei = [HH, TT; alike] 

where the word following the semicolon indicates the characteristic of 
interest. If we let E x be the event of interest and E 2 be the subset of all 
remaining outcomes, then: 

S — Ei -T E 2 

As long as any outcome or sample point in our experiment is not af¬ 
fected by outside influences, each outcome or sample point is equally 
likely to occur. The assumption of each sample point being equally likely 
to occur is known as an a priori assumption. The term a priori refers to 
something which is known by reason alone. Thus, a priori probability is 


1 Chris A. Theodore, Applied Mathematics: An Introduction (Homewood, Ill.: 
Richard D. Irwin, Inc., 1965), p. 509. 
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known by reason alone. In the example being discussed, each sample point 
occurs with equal frequency. For example, E x occurs twice, E 2 occurs 
twice, and 


P(Ed = 


Ei 


V2 


Ei + E 2 

Consider a second experiment where the events of interest are the num¬ 
ber of heads which occur when tossing first one coin and then another. 
Then E x = [HH; 2H] ; E 2 = [HT , TH; 1H]; E 3 = [TT; 0H] ; and 
S — £1 + E 2 + E 3 . In this case, we have listed the characteristic of interest 
(the number of heads) by a number followed by an H for head. Since all 
sample points are listed, no subset of sample points remains, and 

S — Ei + E 2 + E 3 

Since, a priori, the sample points are equally likely to occur, 

P(Ei) = 1/4, P(E 2 ) = 1/2, and P(E 3 ) 1/4 

Another experiment could be that both coins fall heads. Another could 
be at least one falls heads. Even though this example may seem simple, 
the reader should now begin to appreciate the necessity of defining 
unambiguously the sample space, sample points, and events. 


Fundamental concepts 

The use of probability concepts relies on two fundamental relationships 
which stem from the concepts already presented. We have shown that 
the probability of occurrence of an event is the relative frequency of the 
occurrence of that event to all other relevant events. Since the number 
of sample points in the event is less than or equal to the number of sample 
points in the sample space, the probability of any event is between zero 
and one, inclusive. Thus: 

»«=1 

and 

0 < P(A X ) < 1 

where A { is the frequency of occurrence of the ith event. 

The remaining concepts can be understood with the aid of the exam¬ 
ple of the TV manufacturer, mentioned earlier. The information pro¬ 
vided by the TV manufacturer can be summarized as shown in Table 
11-1. P(C) and P(B) are known as marginal probabilities or uncondi- 
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Table 11-1 

Model 



F 

P 

Total 

c 

150 

100 

250 

B 

550 

200 

750 


700 

300 

1,000 


concepts 
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Since: 


m « 
m ~ 


250 


750 + 250 
750 


= 0.25 
- 0.75 


Also: 


750 + 250 
P(C) + P(B) = 1.00 


P(F) - 

m 


700 


700 -f 300 
300 


= 0.7 


= 0.3 


700 + 300 
P(F) + P(P) = 1.0 

tional probabilities. This seems logical because these events are on the 
margin of the table. Marginal probabilities are mutually exclusive and 
collectively exhaustive events for a single basis of classification. In this 
example the color is one basis of classification, and the model type (i.e., 
floor or portable model) is another basis of classification. When the list 
of events includes every possible outcome, it is collectively exhaustive. 
Events are mutually exclusive if one and only one outcome can take 
place at a time. These conditions hold for the marginal probabilities 
shown above. The reader should note that in this context we have 1,000 
sample points but only two events. Since we shall be discussing only situa¬ 
tions where the sample points are clearly understood by the description of 
the events, we shall confine the remaining discussion to events and simple 
spaces. The material which follows will clarify the status of the events 
which tend to be somehow interrelated. The relationship of events is iden¬ 
tified by statistical independence or statistical dependence, which will now 
be presented. 


Statistically independent events 

As indicated earlier, P(At) is the probability of occurrence of the ith 
marginal or unconditional event. When events are statistically inde- 
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pendent, the occurrence of one event has no effect on the probability of 
the occurrence of any other event. The probability of two or more in¬ 
dependent events occurring together or in succession is the product of 
their marginal probabilities. Mathematically, this is defined as 

P(AB)=P(A)XP(B) 

where P(AB) is the probability of events A and B occurring together 
or in succession and P(A) is the marginal probability of event A occur¬ 
ring and P(B) the marginal probability of event B occurring. This is 
known as a joint probability and is a different form of probability than 
marginal (sometimes called unconditional) probability. Thus a single event 
cannot be both a joint probability and a marginal probability. 

Table 11-2 


Model 



F 

P 

Total 

c 

175 

75 

250 

B 

525 

225 

750 


700 

300 

1,000 


In the TV manufacturer example the relative frequency of the oc¬ 
currence of the event “color and portable 5 ’ is: 


P(CP) *= 


100 

1,000 


= 0.1 


If these data exhibit statistical independence, then: 


P(CP) = P(C)P(P) 

Since 0.1 ^ (0.25) (0.3), this event is not statistically independent. 

The TV manufacturer has four joint probabilities which, if statistical 
independence existed, would be: 


P(PC) = (0.3) (0.25) = 0.075 
P(PB) = (0.3) (0.75) = 0.225 
P(FC) = (0.7) (0.25) = 0.175 
P(FB) - (0.7) (0.75) = 0.525 

Table 11-2 would have yielded such a pattern. 

From the initial data, we have demonstrated that the choice of color 
and the choice of model are not made independently. In other words, we 
cannot say that regardless of whether a floor model or portable model 
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was chosen, 25 percent would be color. Nor can we say that regardless 
of whether a color or black-and-white set were chosen, 30 percent would 
be portable models. In this context, neither can we say anything about the 
order in which the choice of color and model was made. However, in 
some situations the order of events may be important. 

For example, in two tosses of a fair coin, the probability of heads on 
two successive tosses is the probability of heads on the first toss (shown 
as Hi) times the probability of heads on the second toss (shown as H 2 ). 
That is: 


F(HiH 2 ) - P(Hi)P(H 2 ) 

These events are statistically independent because the probability of any 
outcome is not affected by any preceding outcome. Therefore the a 
priori probability of heads on two successive tosses is 0.25. 

Likewise the a priori probability of getting three heads on three suc¬ 
cessive tosses is: 

F(H!H 2 H 3 ) = P(Hi) P(H 2 ) P(H 3 ) = (0.5) (0.5) (0.5) = 0.125 

Thus far, we have considered two types of probabilities: marginal (un¬ 
conditional) probability and joint probability. Symbolically, marginal 
probability is P(A ), and joint probability is P(AB ). There is only one 
other type of probability: It is known as conditional probability. Sym¬ 
bolically, conditional probability is written P(A/B) and is read: The 
probability of event A, given that event B has occurred. 

For statistically independent events the conditional probability of 
event A, given that event B has occurred, is simply the probability of 
event A. At first glance, this may seem contradictory. However, by defini¬ 
tion, independent events are those whose probabilities are in no way 
affected by the occurrence of any other events. In fact, statistical inde¬ 
pendence is symbolically defined as the condition in which 

P(A/B) =P(A). 

For example, what is the probability that the second toss of a fair coin 
will result in heads, given that heads resulted on the first toss? Sym¬ 
bolically, this is written as P(H 2 /H 1 ). Remember that for two inde¬ 
pendent events, the results of the first toss have absolutely no effect on 
the results of the second toss. Since the probability of heads on the second 
toss is 0.5, we must say that P(H 2 /H 1 ) = P(H 2 ) — 0.5. 

Referring again to the TV manufacturer in the statistically independent 
case (Table 11-2), a conditional probability is P(C/F). By the above rule, 
P(C/F) =P(C) =0.25. We may check this by logic. Since we have 
shown that the probability of the occurrence of F has no effect on the 
probability of C or B, and that the occurrence of P has no effect on the 
probability of C or B, the ratio of color to black and white should be the 
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Table 11-3 


Formula under 

Type of probability statistical independence 

Marginal (or unconditional). P(A) - P(A) 

Joint. P(AB) = P{A)P{B) 

Conditional. P{A/B) = P(A) 


same whether the purchaser is buying a floor model or a portable model; 
i.e., P(C/F) = 0.25. 

For a summary of the three types of probabilities and their mathemati¬ 
cal formulas under conditions of statistical independence, see Table 11-3. 

Statistically dependent events 

Statistical dependence exists when the probability of some event is 
dependent upon or affected by the occurrence of some other event. Just 
as with independent events, the types of probabilities under statistical de¬ 
pendence are (1) marginal, (2) conditional, and (3) joint. 

The marginal probability of a statistically dependent event is exactly 
the same as that of a statistically independent event. This is not difficult to 
see if we note that a marginal probability is symbolized P(A). One and 
only one probability is involved in the consideration. 

In the TV manufacturer example of Tables 11-1 and 11-2, the marginal 
probabilities have identical meanings; i.e., they are mutually exclusive and 
collectively exhaustive for a single basis of classification. 

Conditional and joint probabilities under statistical dependence are 
somewhat more involved than marginal probabilities. Conditional proba¬ 
bilities will be treated first, because the concept of joint probabilities is 
best illustrated by using conditional probabilities as a basis. 

Assume that the TV manufacturer represents his situation by placing 
1,000 slips of paper in a huge box in the distribution shown in Table 11-4. 
These relationships can be shown diagrammatically, as in Figure 11-1. 

One question which conditional probability asks is: If a buyer purchases 
a portable set, what is the probability that it is colored? In order to 
calculate this, we must completely ignore all the information on floor 

Table 11-4 


Statement on paper Number of pieces 

Portable, color........ 100 

Portable, black and white... 200 

Floor model, color. 150 

Floor model, black and white. 550 
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models. From the data in Figure 11-1, we know that of the 300 portable 
models purchased, 100 were color, and 200 were black and white. Our 
problem is now simply to find the probability of color for this restricted 
problem. Thus: 


Kl) (Cl) + (ft) 100 + 200 




where C x is the number of color TV sets sold under the restricted condi¬ 
tions and ft is the number of black-and-white sets sold under the re¬ 
stricted conditions. 


Figure 11-1 


COLOR 


BLACK 

AND 

WHITE 


FLOOR 



> COLOR 


< 


BLACK 
> AND 
WHITE 


J 


The direct formula for calculating this is: 


In general symbols this is: 


P(C/P) = 


P(CP) 

m 


P(A/B) = 


P(AB ) 
P(B) 


We have not discussed the calculation of joint probabilities for the 
statistically dependent case. We do know, however, the relative frequency 
of CP; therefore: 


p < cf > - OT ' °'■' 
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Inserting this in the direct formula: 


P(C/P) =gl = 0.33 

which supports the finding. 

Since we have data on the joint probabilities, we may calculate all 
conditional probabilities: 


P(C/P) 
P(C/F) 
P(F/B ) 
P(F/C) 
P(B/F) 
P(B/P) 
P(P/C) 
P(P/B) 


P(CP ) 0.1 

P(P) 0.3 

P(CF ) OJJ 

P(F) 0.7 
P(FB) 0.55 
P(S) 0.75 
P(FC) 0.15 
P(C) “0.25 
P(BF ) 0.55 

P(F) 0.7 
P(BP ) _ 0.2 
P(P) 0.3 

P(PC) 0.1 
P(C) 0.25 
P(PB) 0.2 
P(B) 0.75 


= 0.33 
= 0.2143 
= 0.733 
= 0.6 
= 0.7857 
= 0.67 
= 0.4 
= 0.267 


We have shown that the formula for conditional probability under condi¬ 
tions of statistical dependence is: 


P(A/B) - P(AB)/P(B) 

If we solve this formula for P(AB) (and this can be done simply by cross 
multiplication), we find that: 


P(AB) = P(A/B) P(B) 

This is the formula for joint probability under conditions of statistical de¬ 
pendence. It is read: The joint probability of events A and B equals the 
probability of event A, given that event B has occurred, times the proba¬ 
bility of event B. Also, we can note that: 


P(B/A) - 


P(AB) 

P(A) 


Therefore, P(AB) = P(A)P(B/A). 

Thus, working the data back to the joint probabilities: 


P(CP) = P(C/P)P(P) = (M)(0.3) = 0.1 

P(CF) = P(C/F)P(F) = (0.2143) (0.7) = 0.15 
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P(BF) = P(B/F)P(F) m (0.7857)(0.7) = 0.55 
P(BP) = P(B/P)P(P) = (%)(0.3) - 0.2 

which agrees with the earlier data. 

Note that the marginal probability of the event “color” can b<? com¬ 
puted by summing the probabilities of the joint events in which color is 
contained: 

P(C) = P(CP) + P(CF) = 0.1 + 0.15 = 0.25 - 

Similarly, the marginal probability of the event “black and white” can 
be computed by summing the probabilities of the joint events in which 
black and white are contained: 

P(B) = P(BP) + P(BF) = 0.2 + 0.55 - 0.75 

In like manner, the marginal probability of “portable” can be computed 
by summing the probabilities of the joint events in which portable is con¬ 
tained: 


P(P) = P(CP) + P(BP) = 0.1 + 0.2 - 0.3 

And finally, the marginal probability of “floor model” can be computed 
by summing the probabilities of the joint events in which floor model is 
contained: 

P(F) = P(CF) + P(BF ) = 0.15 + 0.55 = 0.7 

These four marginal probabilities can be verified by inspection of Table 
11-1 (page 161). 

We have now considered the three types of probability—marginal, 
conditional, and joint—under conditions of statistical dependence. Table' 
11-5 provides a resume. 


Table 11-5 


Type of probability 

Marginal (or unconditional) 
Joint. 

Conditional. 


Formula under 
statistical dependence 


P(A) = P(A) 

P(AB) = P(A/B)P(B ) 


P(A/B) 


P(AB) 
P(B ) 


Relationship between independence and dependence 

Under conditions of statistical dependence, the formula for conditional 
probability is: 


P(A/B) = P(AB)/P(B) 






168 Managerial analysis 

Under independence, the formula for joint probability is: 


P(AB) = P(A)P(B) 

Substituting P(A)P(B) for P(AB) in the formula for conditional prob¬ 
ability, we get: 


P(A/B) « 


P(A)P(B) 

P(B) 


Since P(B) occurs in both the denominator and the numerator, we can 
cancel the two, as follows: 


P(A/B) = «= P(A) 

The resulting formula, P(A/B) = P(A), was shown on page 163 as the 
formula under statistical independence. An example will show that this is 
true. What is the probability of heads on the second toss of a fair coin, 
given that tails occurred on the first toss? 

Converting the formula 


P(A/B) = 


P(A)P(B) 

m 


to terms of heads and tails, we have: 


P(H 2 )P(T (0.5) (0.5) 
fWT) - --p (T y- - —- 0 - 5 — - 0.5 

The probability of heads on the second toss is not affected by the result 
of the first toss. In other words: 


P(H*/7\) = P(H 2 ) 

Notice that this has the same form as the general formula P(A/B) = P(A). 

This concludes our development of probabilities under both statistical 
independence and statistical dependence. Table 11-6 is given as a quick 
reference. 


Table 11-6 


Formula under statistical Formula under statistical 


Type of probability independence dependence 

Marginal. P(A) — P(A) P(A) = P(A) 

Joint. P(AB) = P{A)P(B) P(AB ) = P(A/B)P(B ) 

Conditional. P(A/B) = P(A) P(A/B) = 
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Additivity 

We have used the symbol P(AB) to represent the joint probability. A 
joint probability is an event where both A and B occur. It carries the 
meaning “and.” We may wish to refer to the probability of event A or 
event B occurring. In this case, either A or B, but not necessarily both, 
must occur. This is written symbolically: P(A + B). The general formula 
to compute P(A + B) is: 

P(A + B) = P(A) + P(B) - P(AB) 

Let us look at the data on the TV manufacturer. If we wish to know the 
probability that either a portable set or a color set was purchased, we may 
refer to Table 11-1 and find: 

P(P + C) - P(P) + P(C) - P(PC) 

= 0.3 +0.25 - 0.1 
= 0.45 

The purpose of subtracting the joint probability is to eliminate double- 
counting. In the example, we can see that we have only one instance in 
which the set was neither portable nor color, which is the black-and- 
white floor model. Since P(BF) = 0.55, the difference between this and 
one is 0.45, which verifies our earlier findings. The problem may not be 
so simple if the number of events becomes larger. 

If the events are mutually exclusive, P(AB) is always zero. This can 
be seen by remembering that the formula for P(AB) is P(A/B)P(B). If 
the events are mutually exclusive, A cannot occur when B occurs. Thus 
P(A/B) is inconsistent and nonexistent. 

DISCUSSION TOPICS AND PROBLEMS 

1. A manufacturer sells red, white, and blue widgets to men and women. 
Men buy the following percentage of all widgets: 


Red.0.1 

White.0.1 

Blue.0.2 

Women buy widgets in the following proportions: 

Red-.0.2 

White.0.3 

Blue.0.5 


a) What are the joint probabilities for each possible event? 

b) What are the conditional probabilities for each possible event? 

c) What are the marginal probabilities for each relevant event? 

d) Are color and sex statistically independent? 
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2. The following information is available about a manufacturer’s last 20 
sales. The manufacturer sells red, white, and blue widgets for men and women. 


Date 

Sex 

Products 

August 27. 

.M 

R 

27. 

.M 

R 

September 1... 

.F 

B 

3. 

.M 

R 

5. 

.F 

W 

7. 

.F 

W 

9. 

.M 

W 

11. 

.M 

B 

13. 

.F 

B 

15. 

.F 

R 

17. 

.F 

B 

19. 

.M 

R 

21. 

.F 

W 

23. 

.F 

B 

25. 

.F 

W 

October 5. 

.M 

B 

7. 

.M 

B 

9. 

.F 

B 

15. 

.M 

R 

17. 

.F 

W 


a) What are the joint probabilities for each possible event? 

b) What are the conditional probabilities for each possible event? 

c) What are the marginal probabilities for each relevant event? 

3. Among a group of 100 college students, 50 had blue eyes, and 50 did not. 
Also, 20 had blond hair, and 80 did not. Five had blond hair and blue eyes. 
How many have either blond hair or blue eyes? Is hair color independent of 
eye color? 

4. An insurance company has analyzed its policies with respect to sex. 
The company has only four basic policies, and the probability of the occur¬ 
rence of each policy type with respect to each sex is as follows: 




Policy type 



A 

B 

C 

D 

Men.. 

.0.2 

0.2 

0.2 

0.4 

Women. 

.0.3 

0.3 

0.2 

0.2 


The company sells 60 percent of its policies to men. 

Find all of the joint, marginal, and conditional probabilities for this situation. 
Are policy type and sex independent? 

5. A bag contains two white and three black marbles. 

a) Describe at least two sample sets. 

b) Assign probabilities to these sets of outcomes. What did you assume? 
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c ) Mr. A and Mr. B each make two draws from the bag (replacing the 
marble each time). They bet 25 cents each. If either draws two white 
marbles, he is declared the winner. In the event of no winner or two, win¬ 
ners, they split. Describe the universe. 

6. Answer the following matrix algebra questions true or false. If false, 
indicate why. 

a) If A + B = C, then B+A = C. 

b) If AB = C, then BA = C. 

c) A _1 A = AA~\ ;; . 

d) The following conditions for the elements must exist in an identity matrix: 
dij = 1 when i = j, and a xi = 0 when i = j . 

e) A matrix of dimension 1 X n is a column vector. 

f ) A matrix of m x X n x may be multiplied by a matrix m % X n 2 when 
m x — n z . 

g) Any square matrix may be multiplied by any other square matrix. 

h) All matrices have an inverse. 

7. We wish to evaluate the values of Xi for the following system: 

Xi + X 2 + X 3 = 1 
—0.2Xi T 0.1X2 0.IX3 — 0 

+O.IX1 — 0.2X2 -j- O.IX3 = 0 

Transcribe this system to matrix notation, and indicate in abstract notation 
how the Xi values are found. Now find the values for all Xi. 

8. Multiply the following matrices in the order shown: 



9. A company purchasing agent wishes to know how many component parts 
to order for the coming month’s production. The company produces three 
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products (called products 1, 2, and 3, respectively) and uses four different 
component parts (called parts A, B, C, and D, respectively). Product 1 takes 
two units of component A, no units of component B, one unit of component 
C, and two units of component D. Product 2 takes three units of component A, 
one unit of component B, two units of component C, and no units of com¬ 
ponent D. Product 3 takes two units of component A, one unit of component B 3 
no units of component C, and one unit of component D. The company plans to 
produce 100 units of product 1, 200 units of product 2, and 500 units of product 
3. Use matrix methods to find the number of components A , B, C, and D the 
purchasing agent must order. 
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Single-variable 
optimization: 
Classical economic 
models 


I. CONDITIONS OF DATA CERTAINTY AND UNCERTAINTY 

Differing degrees of knowledge exist about the relationship between 
actions taken by the decision maker and the outcomes that result from 
those actions. For example, the decision maker considering the purchase 
of a piece of equipment knows the price he must pay for the equipment, 
but he has less knowledge about the benefits of owning any particular 
piece of equipment. The benefits of owning any particular piece of equip¬ 
ment are dependent upon the use of the equipment and the length of time 
the equipment is used. Consequently, in order to conduct this analysis, 
the decision maker must project the amount of time the equipment will 
be used and the particular tasks the equipment will perform. When infor¬ 
mation is known with certainty, this is a condition of data certainty. A 
knowledge of the cost of equipment is a condition of data certainty. When 
the outcome is not known with certainty, this is a condition of data un¬ 
certainty. The decision maker will find that the amount of uncertainty 
varies widely. The demand for a stable product is known with more cer¬ 
tainty than the demand for a completely new product. 

The amount of time the equipment will be used is a condition of data 
uncertainty. However, the decision maker may be willing to make a 
point estimate and proceed on the basis of a point estimate. A point esti¬ 
mate is a projection of a specific value for the outcome of a given action, 
thus transforming a condition of data uncertainty to an apparent condi- 
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tion of data certainty. In other words, the decision maker may be willing 
to identify the most likely length of time the equipment will be used and 
proceed to make his decision assuming that it is a reasonable estimate. 
However, a more thorough and cautious decision maker may wish to ob¬ 
tain information on other variables that would affect the use of the equip¬ 
ment and predict the probability that the various conditions which affect 
the equipment usage will occur. 

Consider the case of Ira Optimist, who has $1,000 to invest. He is con¬ 
cerned only with his return at the end of one year. He is considering 
whether to purchase blue-chip stocks, speculative stocks, or government 

Table 12-1 


Economic conditions 


Action 

Good 

conditions 

Normal 

conditions 

Bad 

conditions 

Buy government bonds: 

Average return. 

.0.04 

0.04 

0.04 

Standard deviation of returns. 


Zero 

Zero 

Buy blue-chip stocks: 

Average return... . . . 

.0.08 

0.04 

Zero 

Standard deviation of returns. 

.0.01 

0.01 

0.01 

Buy speculative stocks: 

Average return. 

.0.15 

0.05 

-0.10 

Standard deviation of returns. 

.0.03 

0.01 

0.02 

Probability of outcome. 

.0.30 

0.50 

0.20 


bonds. If he assumes that the return on these stocks is dependent upon 
general economic conditions, his action is dependent upon his willingness 
to make a point estimate of future economic conditions. If he believes that 
the future outlook is good, thus making speculative stocks attractive, his 
decision is to buy speculative stocks. On the other hand, he might identify 
the following three economic conditions as possible events: (1) good, (2) 
average, or (3) bad. Then, by attaching a probability of occurrence to 
each condition and identifying the likely return on each stock under these 
conditions, he can make a choice even under a condition of data uncer¬ 
tainty. Table 12-1 portrays his dilemma. The cells of the table show the 
average return per dollar and the variance. Since the average is the most 
likely return, the decision maker may use it as a point estimate. The most 
likely economic condition is normal. A point estimate applied to economic 
conditions would consider “normal” as the only outcome. Since devia¬ 
tions from normal have a marked impact, it would be foolish to consider 
“normal” as the only outcome (i.e., make a point estimate). 

The manufacturer replacing equipment must estimate usage of the 
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equipment on the basis of estimated demand for his product. Since demand 
is so complex that from all appearances it is random, a point estimate is 
quite reasonable. The desirability of either a point estimate or an interval 
estimate depends upon the application being analyzed. 

If the environment can be represented by a system of equations or a 
single equation, we have an optimization model with deterministic inputs. 
It should be noted that optimization models with deterministic inputs 
may be solved in differing fashions. 

An optimization model for which there is an analytic solution is one 
form of optimization model with deterministic inputs. The chapter on 
finding maxima, minima, and inflection points (Chapter 10) deals with 
classical optimization theory. Consequently, any model that can be solved 
with classical optimization theory fits in this first category of optimization 
models with deterministic inputs. The classical economic order quantity 
(EOQ) discussed later in Chapter 13 is an example of this type of model. 
It is not necessary that there be only one independent variable; there may 
be many independent variables, as long as they can be dealt with using 
classical optimization techniques. 

The second category of optimization models with,.deterministic,inputs 
includes models that are systems of equations for which there is an 
algorithm to identify the optimum solution. An algorithm is a predefined 
procedure for finding a solution. The linear programming algorithm dis¬ 
cussed in Chapter 15 and 16, particularly the simplex algorithm identified 
in Chapter 16, is an example if the second category of optimization models 
with deterministic inputs. In fact, any model with deterministic inputs 
in which the optimum value can be identified or obtained by a preestab¬ 
lished search procedure other than classical optimization techniques is in¬ 
cluded with the second classification of optimization models with de¬ 
terministic inputs. 

Another category of optimization models deals with probabilistic in¬ 
puts. One possible way of classifying models with probabilistic inputs is 
to look at the characteristics or nature of the probabilities that are used in 
the model. The probabilities may exhibit either statistical independence or 
statistical dependence. This distinction is partially concerned with whether 
the order of events has any impact on the probability of the occurrence 
of the next event. 

II. MARGINAL ANALYSIS 

Marginal analysis is a method of looking at the difference between 
the benefits and the costs of a course of action as one changes the course 
of action. It looks at the benefits minus the costs for the next incremental 
action. In classical economic theory the firm is faced with different 
revenues and costs at different levels of production. Marginal analysis 
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Table 12-2 


Units manufactured 
and sold 


Total costs 

Total revenue 

of operations 

from sale 

. . .ft 25 . 

. . . 50 

$ 47.50 

. . . 75 

90.00 

... 100 

127.50 

... 125 

160.00 

... 150 

187.50 

... 175 

210.00 

... 200 

227.50 

. . . 225 

240.00 

... 250 

247.50 

... 275 

250.00 

... 300 

247.50 


looks at the change in profit (revenue minus cost) for each increment in 
the number of units produced. This is then a process of looking at rates 
of change, i.e., the impact of a change in production from x to x + 1 units. 

If the reader has not completed a course in calculus or read Chapter 10, 
it is advised that he read pages 118-29 of that chapter. The following will 
assume a knowledge of that material. 

Suppose that the following total cost ( TC ) and total revenue ( TR ) 
functions are given: 

TC — 25 + 25q, where q is the quantity sold 
TR — 50q — 2.5q 2 

Table 12-2 shows TC and TR , given q. Investigating at the margin means 
that we decide the desirability of each level of production based upon an 
analysis of the effect on profits as we move from the previous level of 

Table 12-3 


Total 

Marginal 

Total 

Marginal 

costs 

costs 

revenue 

revenue 

$ 25 

N.A. 


N.A. 

50 

$25 

$ 47.50 

$47.50 

75 

25 

90.00 

42.50 

100 

25 

127.50 

37.50 

125 

25 

160.00 

32.50 

150 

25 

187.50 

27.50 

175 

25 

210.00 

22.50 

200 

25 

227.50 

17.50 

225 

25 

240.00 

12.50 

250 

25 

247.50 

7.50 

275 

25 

250.00 

2.50 

300 

25 

, 247.50 

-2.50 
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Table 12-4 


Units 

Total costs 

Total revenue 

(TR - TC ) 
Total profits 

0,. 

.$ 25 


$25 00 

1. 


$ 47.50 

-2.50 

2. 


90.00 

15.00 

3... 


127.50 

27.50 

4.. 


160.00 

35.00 

5. 


187.50 

37.50 

6.. 


210.00 

35.00 

7.. 


227.50 

27.50 

8.. 

. 225 

240.00 

15.00 

9. 


247.50 

-1.50 

10.. 

. 275 

250.00 

-25.00 

11. 


247.50 

-52.50 


production. Movement from no production to production of one unit 
costs $25 and contributes $47.50 to revenue. Clearly, this is desirable. 
Movement from one unit to two units costs $25 but adds $42.50 to profits 
and is thus desirable. Table 12-3 shows marginal revenues and marginal 
costs. We can see that the movement from the fourth to the fifth unit 
costs $25 and yields $27.50 in revenue. Clearly, this is desirable. However, 
movement from the fifth unit to the sixth unit is not desirable, since costs 
exceed revenues. If this conclusion is correct, profits should be maximized 
at production and sale of five units. This can be verified by Table 12-4. 
It can be seen that profits are highest when five units are produced and 
sold. This form of analysis requires explicit calculation of the marginal 
costs and revenues. Figure 12-1 depicts this situation. Thus, it can be 

Figure 12-1 
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seen that at five units, marginal revenue exceeds marginal cost; but at six 
and subsequent units, the reverse is true. 

The rule necessary to decide the desirability of a marginal course of 
action is MR ^ MC; i.e., as long as marginal revenue exceeds or is equal 
to marginal costs, the action should be taken. However, one does not al¬ 
ways deal with revenues. Revenues represent a contribution of value, and 
costs represent a distraction or subtraction from value. The terminology 
benefit instead of revenue is preferable. Hence the rule to decide upon 
the desirability of a course of action is MB ^ MC, where MB is marginal 
benefit. 

The analysis just completed has looked at the change in each function 
over a one-unit interval. For example, in TR = 50q — 2.5 q 2 , the change 
in TR for q = 4 to q = 5 is: 

TR S - TR± = 50(5) - 2.5(5) 2 - [50(4) - 2.5(4) 2 ] 

= 250 - 62.50 - (200 - 40) 

= 187.50 - 160 
= 27.50 

Since this function is nonlinear, it changes throughout. Accordingly, the 
change from 4 to 5 is not uniform throughout, nor is it the same at 4 as at 
5. In TC = 25 + 25# the rate of change is a constant 25 regardless of the 
interval. 

Direct methods 1 

Earlier, we said that a marginal course of action is desirable if 
MR ^ MC . This rule applies only when the courses of action exist on a 
discrete scale. Since a firm can only produce in whole units, this appears 
reasonable. However, the functions referred to here are continuous func¬ 
tions (i.e., every value is possible). 

In Chapter 10, we presented a direct method for finding the rate of 
change in the dependent variable. Thus, we may directly calculate the 
rate of change for the revenue function and the rate of change for the 
cost function. We may then set them equal and find the point where 
MC = MR. We may use the rule MC = MR because these are continuous 
functions. 

Using the technique shown on pages 129-33 of Chapter 10 for finding 
the equation expressing the rate of change for the revenue function, we 
see that: 

f(q) = 50q - 2.5q 2 

f(q + A q) = 50(4 + A q) - 2.5(4 + A 4 )* 

1 This section relies upon pages 118-33 of Chapter 10. 
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Since A R = f(q + A q) — f(q): 


A R = [50 (tf + A q) - 2.5(q + Aq) 2 ] - [50q - 2 .5q 2 ] 

= [50# + SOAq — 2.5(q 2 -j- 2qAq + A# 2 )] — [50# — 2.5# 2 ] 
= 50 q + 50A# - 2.5# 2 - 5qAq - 2.5Aq 2 - 50q + 2 .5q 2 


Dividing by A q to get 


A R 

A t 


AR = 50^ 50A^r __ 2.5q 2 _ 5qAq _ 2.5Aq 2 50q . 2.5q 2 
A^ A q Aq A q A q Aq A q A q 


= 50 - 5q - 2.5 Aq 

As Aq —> 0, the first term approaches zero, and 


AR 

Aq 


50 - 5q 


which is the marginal revenue function. 

Since TC = 25 + 25q, we know that MC = 25. 
Setting MC = MR, we get: 


25 = 50 - 5q 
5q - 25 
q = 5 


which agrees with our previous findings. 


Direct optimization 2 

The ultimate purpose of marginal analysis is to maximize profits (or 
other contributions to value). Profits may be expressed as total revenue 
minus total costs: 


P ~ TR — TC 
P= 50q- 2.5q 2 - 25 - 25q 
= —2.5q 2 + 2 5q - 25 

This function is graphed in Figure 12-2. As demonstrated in Chapter 10, 
the concepts of a limit may be used to find the rate of change of profit 
with respect to q. It was further demonstrated that the rate of change 
calculated at the point was different than that calculated over the interval. 
In this chapter, it is shown in Figure 12-1 that the graph of the marginal 
revenue function crosses the marginal cost function at the point where the 
profit appears to be highest. 

The end purpose of marginal analysis is to maximize the dependent 
variable (profit) for the function combining costs and benefits. This oc- 


2 This section relies upon pages 118-33 of Chapter 10. 
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Figure 12-2 



curs at the point where the rate of change of the profit function is zero. 
The following presentation will demonstrate that the use of marginal 
analysis is a means of maximizing profit (or other contributions to value). 
The profit function is: 


P = —2.5q 2 + 2 5q - 25 

We may find the function identifying the rate of change of profit by find- 
A P 

ing —. When: 

* A q 

AP = f(q + A q) - f(q) 
f(q) = -2 .5q* + 25 q - 25 
f(q + A q) = -2.5(<z + A 4) 2 + 25 (4 + A 4 ) - 25 

A P = [-2.5( 4 2 + 24 A 4 + A 4 2 ) + 25 4 + 25A 4 - 25] 

- [-2.54 2 + 25 4 - 25] 

= —2.5 4 2 - 54 A 4 - 2.5A 4 2 + 2Sq + 25A 4 - 25 + 2 . 54 2 

- 254 + 25 

= — 5qAq — 2.5 Aq 2 + 25A# 

1 AP 

Multiplying by — to get —: 


AP = —5qAq _ 2.5A<?- 25A<? 

A# A# A# A# 

= -5q - 2.5Aq + 25 

As A—> 0, the second term cancels, leaving: 

AP 
Aq 


5q + 25 
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Profit is maximized when the rate of change is zero or: 

— 5q + 25 = 0 
-5q = -25 
Sq = 25 



which further verifies our earlier findings. However, in Table 12-3, we 
said that the marginal revenue was $27.50 and marginal cost was $25 at 
the fifth unit. This discrepancy occurred because we were looking at the 
change in costs from four to five units, but later we were looking at the 
rate of change at exactly five units. Hence, when looking at average 
change over the interval, we use MR — MC; but when looking at the 
rate of change at a point, we use MR = MC. 

III. CLASSICAL ECONOMIC OPTIMIZATION 3 

The classical economic model of profit maximization assumes a condi¬ 
tion of data certainty where there are two decision variables that are 
functionally related. A decision variable is a variable which can be manipu¬ 
lated or controlled by management. In functional notation, then: 

P = f{X u X 2 ) 

where: 

Xi =/(**) 


or: 

X 2 =/(Xi) 

The decision variables are the quantity to be produced (Xi) and the price 
to the charged (X 2 ). In the simplest example, one assumes that a firm is 
producing only one product. It is further assumed that since a firm knows 
with certainty what it can sell, it will both produce and sell that many 
units. Further, it is assumed that no other relevant factors influence the 
firm’s sales except its price. 4 If the information shown in Tables 12-5 and 
12-6 is given, we may develop the equation for total cost as a function 
of units produced, develop the equation for the quantity sold as a function 
of the price, 5 and optimize profits. 

The equation for production costs and demand is found by mathemati- 

3 This section relies on pages 118-42 of Chapter 10. 

4 If the firm is a monopolist, the actions of other firms can be ignored, and this 
assumption becomes more plausible. 

5 Because of conditions of data certainty, it is assumed that the quantity sold is 
equal to the quantity demanded. Thus, this is really a demand equation. 




184 Managerial analysis 

Table 12-5 


Historical production costs 


Production 

Total costs 

{in units ) 

{in dollars ) 

5. 

. 50 

10. 


15. 

.V. 100 

20. 

.125 

25. 

.150 

30. 


35. 

.200 

40. 

.225 

45. 

.250 

50. 

.275 


Table 12-6 

Historical sales 


Price Units sold 

9.50 . 5 

9.00.10 

8.50 .15 

8.00.20 

7.50 .25 

7.00.30 

6.50 .35 

6.00.40 

5.50 .45 

5.00.50 


cal or statistical means. A graph would show that they are linear. Also, 
the fact that the rate of change is constant is proof of linearity. The result¬ 
ing equations are: 6 

(1) TPC — 25 + Sq p 
where: 

TPC — Total production costs 
q p = Quantity produced 

(2) q d = 100 - 10 p 
where: 

q d — Quantity demanded 
p — Price 

Given these equations, we know that tt = R - C where tt is the profit, R 
is the revenue, and C is total costs; further, R = q s p where q s is the 
quantity sold. 

In our analysis, we shall assume that maximizing the contribution to 
overhead and profit will lead to maximization of profit. Thus the only 
costs we shall recognize are TPC. The quantity available ( q a ) is the sum 
of items in inventory at the beginning of the period and produced during 
the period of the analysis. 

The reader will note that we have discussed (1) quantity demanded 
( qa ), (2) quantity produced (q p ), (3) quantity available (q'), (4) quan¬ 
tity sold ( q s ), and (5) quantity in inventory (q t ). However, if we have 
a condition of data certainty and effective decision making, the firm need 
not have an inventory, and q d = q s = q p = q a . The profit equation may be 
expressed: 

6 It would be desirable for the student to verify these equations using the two-point 
equation for a line. 
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(3) 7T = qp — (25 + Sq) 
and since: 

q = 100 - 10p 

7r = [p(!00 - 10^)] - [25 + 5(100 - 10p)] 

= 100 p - top 2 - (25 + 500 - sop) 

= -10p 2 + lOOp - 25 - 500 + 5Op 

(4) - -10 p 2 + 150/7 - 525 

Using one variable optimization: 

t r' = -20 p + 150 

Setting tt' = 0 to find the candidates for an extremum: 

20p = 150 
p = 7.5 

Finding ir" to test for a maximum or a minimum: 

tt" = - 20 

The 7 r" is negative; therefore, 7.5 is a maximum. Let us for the moment as¬ 
sume that this is a global or absolute maximum. The reader may verify 
that q = 25 and tt — 37.5. 

IV. NECESSARY AND SUFFICIENT CONDITIONS 7 

In order that this be a true optimum, certain conditions must prevail. 
Figures 12-3 and 12-4, with profit (tt) as the dependent variable and pro¬ 
duction (q) as the independent variable, demonstrate the pitfalls of as- 


Figure 12-3 Figure 12-4 



7 This and subsequent sections rely upon a knowledge of differential calculus pre¬ 
sented in Chapter 10 (pages 118-47). 
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suming that a maximum is the true optimum. In Figure 12-3, the derived 
maximum is undesirable because zero production (q Q ) results in less loss 
than the derived maximum (qi ). In Figure 12-4 the derived maximum 
(qx) is not so desirable as the maximum at the extreme of the range (q 2 ). 
In fact, extreme values of the independent variable must always be con¬ 
sidered as possible maxima or minima. 

With minor exceptions for functions of one independent variable 
[where Y = f(X)] the following conditions for locating internal extrema 
must occur: 

1. Y' is defined and not zero. 

2. Y" is defined and not zero. 

3. When Y' = 0, X must assume a real value, not an imaginary number. 

4. The function is continuous throughout the range. 

5. When the value ofXatF = 0 is inserted in Y", the result must be a 
positive or negative number. 

V. THE EFFECTS OF A CONSTANT 

The profit equation calculated on page 185 

(tt = -10p 2 + 150p - 525) 

could equally well have been expressed in terms of q as: 

tt - -0.1 q* + 5# — 25 

If fixed product costs increase by $100, this equation becomes: 

tt = —OAq 2 + 5q — 125 

Will this increase have an effect on locating the maximum? 

Since: 

| - - 0 . 2 , + 5 

setting I 


dq~ 

0.2q +5 = 0 
02q = 5 
q = 25 

which is the maximum q found on pages 184-85. Thus, this increase had 
no effect on the maximum. This is because the added $100 merely shifts 
the curve dqwn. The following values for the original equation and one 
with an added $100 of fixed expenses are shown in Table 12-7 and illus¬ 
trated in Figure 12-5. However, let us assume that this fixed cost occurs 
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Table 12-7 


Original 

Modified 

P 

Ap) 

P 

Ap) 

1 

-38? 

1 

-485 

2 

-265 

2 

-365 

3 

-165 

3 

— 265 

4 

-85 

4 

-185 

5 

-25 

5 

-125 

6 

+ 15 

6 

-85 

7 

+ 35 

7 

-65 

8 

+ 35 

8 

-65 

9 

+ 15 

9 

-85 

10 

-25 

10 

-125 


Figure 12-5 
ftp) 



only if we actually enter production and may be more accurately identi¬ 
fied by the following conditional equation: 

If q — 0, then FPC = $25 
If q > 0, then FPC — $ 125 

where FPC is fixed production costs. In this case, we have a discontinuity 
at q — 0. 

At q — 0, the profit equation is: 

tt - -0.1 q 2 + 5q -25 
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and 7 r = — 25, which is the only value tt can assume, and which is the 
extremum at that point. 

At q > 0, the profit equation is: 

7r = -O.ltf + Sq - 12 5 

| = -°- 2 * + 
dir 

Setting = 0 : 

q = 25 

i tt" = -0.2 

Thus, q = 25 is a maximum. Substituting q = 25 in the profit equation 
gives: 

tt = —0.1 (25) 2 + 5(25) - 125 
= -0.1(625) + 125 - 125 
= -62.5 

Both equations produce a loss. However, the best policy is no produc¬ 
tion, since it produces a loss of only $25. 


VI. OPTIMIZATION WHEN THE COST EQUATION IS A 
SECOND-DEGREE EQUATION 


Let us assume that the same conditions prevail as in the preceding exam¬ 
ple except that the production cost equatioh is a second-degree equation. 
The total cost equation and demand equation are: | 

(6) TC = - f + 100 ' 

(7) q = 100 - lOp : 

Thus: - i 

(8) TT = [£(100 - 10p)] - 6 7 8 * 10 ^ )2 + loo] 

= [(loop - 100 ] - [<B02L=^ooo p + 1000 + 10Q J ' 

= [loop - 10p 2 ] - [5,000 - l,000p + 5Op 2 + 100] 

= -60p 2 + l,100p - 5,100 

ir'= -120p + 1,100 

Setting tt = 0: 



9.167 
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Finding ?r" to check for maximum or minimum, tt" = —120, which yields 
a maximum. Since the function is continuous throughout the range and 
this is the only maximum, all conditions for finding internal extrema are 
met at p — 9.167, where tt = —61.34 and q = 8.33. We must now check 
the extremes. At + co, we have a minimum because the first term will 
overpower the others. At q = 0, tt = —100, which is less than —61.34. 
Thus, p = 9.167 (g = 8.33) is a true maximum. 

VII. OPTIMIZATION FOR A MULTIPRODUCT MONOPOLIST 

The same assumptions prevail as earlier, i.e., q d = q s = q a = q p . Fixed 
costs of production are assumed to exist regardless of the amount of either 
good produced. The following equations prevail: 


(12) 

qi — 300 — I0pi 

(H) 

q 2 = 100 - I0pt 

( 14 ) 

TVPCi = 1 5q t 

(15) 

TVPCz = 5q. 2 


where TVPCt is total variable production costs of the ith product. 

(16) t r = - TVCi + R 2 - TVC 2 - FC 

where: 

TVCi = Total variable costs of the ith product 
Ri — Revenue from the ith product 
FC — Fixed costs = 100 

Then: 

tt - piQOO - 10pi) - 15(300 - 10pi) + 0 2 (1OO - 10 p 2 ) 

- 5(100 - 10 p 2 ) - 100 

= 300pi - 10 pi - 4,500 + 150ft + 100p 2 - 10p 2 2 - 500 + 50p 2 - 100 
= -10 pi + 45001 - 1002 + 1^0 2 - 5,100 

One way to investigate this equation is to look at the maximum when one 
value of 0 is given. Assume that p 2 = 7. Then: 

7T = —1001 45001 - 4,540 

t r' = -2001 + 450 

Setting t r' ~ 0, 0! = 22.5: 

tt" = -20 

Thus, 22.5 is a maximum. Note that regardless of the value of p 2 , the price 
to charge for pi is still $22.50. This process of assuming that p 2 is an un¬ 
known constant and then finding the extremes with respect to p x is partial 
differentiation. We shall now find the optimum for p 2 by letting all terms 
without 0o become unknown constants. Let: 
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and 

and 

Then: 

and 


-10 pi = Ci 
+450pi = Cz 
Ci + C 2 - 5,100 = C 3 
7T = -10pl+ 150p 2 + C 3 


^-= — 20p2 + 150 
dp2 

Setting ?r' = 0: 

p 2 = 7.5 
tt" = -20 

Thus, 7.5 is a maximum, and the optimal prices are pi = 22.5 and p 2 = 7.5. 
The reader should note that this is a general method for optimization only 
when good 1 is strictly independent of good 2. 


VIII. TWO INDEPENDENT VARIABLES 

Suppose a monopolist finds that the quantity demanded is a function of 
two variables: price (p) and advertising expenditures (X). Given: 

(12) q = M + (-X 3 + 5V - 3X) 

(13) TC = (25 + 5 q) +X 

Then: 

(14) , = p(M - X 3 + 5X2 _ 3 x) - 25 

- 5 (ly - X* + 5X2 _ 

= 100 - X»p + 5X2 p — 3JXp — 25 — H- 5X 3 - 25X 3 

+ 15X-X 

Again, we can assume that one variable is constant. Let X be constant; 
then: 


dir 

dp 


. IA7T 

Now, setting — = 0: 


-X 3 + 5X 2 - 3X + 500p-2 
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-500p“ 2 = -X 3 + 5X2 - 3 x 

/? 2 (~X 3 + 5X2 _ 3 X) = -500 


^2 = 
P = 


-500 


(-X 3 + 5X2 _ 3 x) 


4 


-500 


■X 3 + 5X 2 _ 3X 


This result does not provide the answer to the decision maker except by 
assuming a value for X or p. However, direct mathematical means do exist 
to solve this equation. 8 Such means are beyond this text. 


IX. THE SEGMENTED OR CONDITIONAL MODEL 

Suppose that a concrete company selling delivered concrete by the yard 
is in competition with a few other concrete companies. As a result of this 
competition, the demand function is discontinuous. The normal price for 
a yard of concrete is $5. The customer is aware of the normal price; but 
because of friendships, better delivery schedules, etc., he will tolerate some 
price differentials. The demand curve facing the company can be repre¬ 
sented in four different sections, as follows: 

(1) I fp> 5.50, q d = 0. 

(2) If 5.00 < p < 5.50, q d = 550 - 100 p. 

(3) If 4 < p < 5, q d = 1,050 - 200/7. 

(4) If p < 4.00, q d = 90 - lOp. 

The cost curve is: 


(5) 


TC = ~m + ^ + 5 ° 


Equation (1) demonstrates that beyond a differential price of 50 cents, 
no customer will remain loyal. Equation (2) reveals that loyalty is a func¬ 
tion of the price differential. Equation (3) demonstrates that the number 
of other customers attracted depends upon the price differential. Equa¬ 
tion (4) shows that the competition will tolerate a price differential of only 
so much before reducing price. 

The analytic method requires that the maximum be calculated for each 
profit equation, ignoring the boundaries. However, in some cases the 
analytic extremum is found outside the boundary. Thus the extremum is 
the boundary. As in the previous cases, inventory is assumed to be zero, 
and q d = q a = q p — q 8 ; thus, we shall use the notation q. However, within 
each case the best possible actions and the computations with results are 
shown below. 

8 See, for example, Daniel Teichroew, Management Science: Deterministic Models 
(New York: John Wiley & Sons, Inc., 1964), pp. 243-321. 
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When p > $5.50: 


q — 0 and tt = pq — TC 


r = P( 0) - ~ 3(0) - 50 - -50 

For 5.00 < p < 5.50: 

tt = p(550 - 100 p) - + 3(550 - loop) + 50 


= 550 p - 100p 2 - 


302,500 - 110,000p + 10,000p 5 


- 1,650 + 300p - 50 

= 550p - 100p 2 - 3,025 + l,100p - 100p 2 - 1,650 + 300p - 50 
= — 200p 2 + l,950p - 4,725 

^ = — 400p + 1950 

ap 

. dir . 

At — = 0: 

dp 


1,950 

p ~~wo- 4 - 875 

which is not in the interval, thus showing that there is no maximum or 
minimum within the interval. We must now test the end points. 

Testing end points, we find at p — 5.00: 


= -5,000 + 9,750 - 4,725 - 25 


and at p = 5.50: 


tt - -6,050 + 10,725 - 4,725 
= 10,725 - 10,775 = -50 

Therefore, as p -» 5.50, ti-^ -50. This means that the optimum in this 
interval is p — 5.00, which yields a profit of $25. 

For 4.00 < p < 5.00: 

* = p(l,050 - 200p) - ^ 0?0 ~ 20 °? - ) - - 3(1,050 - 200p) - 50 


, 1,102,500 - 420,000p + 4 0,000p 2 

l,050p 200p jqq 


3,150 + 600p - 50 


= — 600p 2 + 5,850p - 14,225 
= — l,200p + 5,850 
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Setting 0: 


P = 


5 ,850 

1,200 


Finding the second derivative: 


4.875 


« tt" - 1,200 

Therefore, p is a maximum at 4.875, and tt = $34. 

We must still test the end points to be sure they are not preferable. At 
p = 5.00: 


tt = -15,000 + 29,250 - 14,225 = 25 

At p = 4.00: 


tt = -9,600 + 23,400 - 14,225 = -425 

Thus the maximum for this interval is a profit of $34. 
For p < 4.00, we find: 


7r 


= p( 90 - 10 p) - SOLJgW + 3(90 - 
~ 90 p — 10^2 _ 8,100 — l,800p -f~ lQOp 2 


lOp) + 50 
+ 270 - 3Op + 50 


dir 

dp 


-lip 2 + 138p - 401 
— 22p + 138 


^ • dir 

Setting — = 0: 


P = 


138 

22 


6.27 


which is outside the interval. Now, testing extremes, we find, at p = 4.00: 


tt = -176 + 552 - 401 =* -25 
Therefore, as p 4.00, -25; and at p = 0: 

t r = -401 

Thus the maximum for p < 4.00 occurs as p 4.00. The global or overall 
maximum occurs when p = 4.875 and profit is $34. 



194 Managerial analysis 
In summary, the results are: 

For p > 5.50. 

For 5.00 < p < 5.50, maximum occurs at p = 5.00. 

For 4.00 < p < 5.00 maximum occurs at p — 4.875 
For p < 4.00 maximum occurs as p — > 4.00. 

It should be observed that the term /100 in the total cost equation rep¬ 
resents a number of real-life phenomena. For example, as the quantity pro¬ 
duced increases, crowding and capacity limitations increase costs at an 
increasing rate. It is also likely that as q increases, this concrete company 
is selling to customers more and more distant, and thus incurring higher 
and higher delivery costs. 

DISCUSSION TOPICS AND PROBLEMS 

1. Suppose an English manufacturer of widgets can sell x number of widgets 
p er we ek at a price P = 300 — 0.02# cents and that the total cost to produce 
x number of widgets is TPC = 100* + 30,000 cents. What is the production 
level for maximizing profits? 

2. Suppose that the government imposes an import tax of 10 cents for 
each widget sold in Problem 1, but other features remain unchanged. How 
much of the tax should the manufacturer absorb, and how much should he 
pass on to the customer to maximize his profits? 

3. It costs a manufacturer c dollars to manufacture and distribute a widget. 
If the widgets are sold at * dollars each, it is estimated that he will sell q widg¬ 
ets (where q = [t/(x - c)] + [z(50 - *)]. The 2 and the t are positive 
constants. What selling price will bring him a maximum profit? 

4. The following information has been taken from the records of a single¬ 
product monopolist: 


— — $50 regardless of p 
= 25 

= 34 

-> 25 







Ending 

Total variable 


Price 

Production 

Sales 

Sales 

inventory 

production 

r onth 

charged 

(in units ) 

costs 

(in units) 

(in units) 

costs 

1 

....$24.00 

30 

20.0 

20 

10 

$450.00 

2 . 

.... 15.00 

40 

35.0 

50 

0 

800.00 

3. 

... . 21.00 

40 

25.0 

30 

10 

800.00 

4. 

_ 21.00 

30 

25.0 

30 

10 

450.00 

5. 

... . 22.50 

20 

22.5 

25 

5 

200.00 

6. 

... . 27.00 

10 

15.0 

10 

5 

50.00 

7. 

.... 24.00 

15 

20.0 

20 

0 

112.00 

8 

... . 24.00 

20 

20.0 

20 

0 

200.00 

9 . 

.... 22.50 

35 

22.5 

25 

10 

612.50 

10. 

.... 19.50 

40 

ns 

35 

15 

800.00 

11. 

.... 15.00 

40 

35.0 

50 

5 

800.00 

12. 

.... 16.50 

40 

32.5 

45 

0 

800.00 
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Further, you are told that administrative expenses are a fixed $50 per 
month. Also, you have a warehousing agreement whereby the costs of ware¬ 
housing your inventory are $1 per unit of ending inventory. 

a) Develop the monthly total cost function for the organization. 

b) Develop the total production cost function (inventory costs are assumed 
to be sales costs). 

c) Develop the total sales cost function. 

d) Assume that the company has just developed a procedure that allows it to 
forecast sales exactly. What is the total cost function? 

e) Develop the demand function for this firm. 

f) Indicate the maximum profit point under the conditions of part ( d). 

g ) Attempt to maximize profit under the conditions of part (a). 

5. The following information is given for a monopolist: 


Production 

Total 

(in units ) 

costs 

5. 

.$ 102.50 

10. 

. 150.00 

15. 

. 212.50 

20. 

. 300.00 

25. 

. 412.50 

30. 

. 550.00 

35. 

. 712.50 

40. 

. 900.00 

45. 

. 1,152.50 

50. 

. 1,3 50.00 


Number of 

Price 

units sold 

$9.50. 

. 5 

9.00... 

.10 

8.50. 

.15 

8.00. 

.20 

7.50. 

.25 

7.00. 

.30 

6.50. 

.35 

6.00. 

.40 

5.50. 

.45 

5.00. 

.50 


a) Devise the equations for total cost. 

b) Devise the equation for demand. 

c ) Find the profit-maximizing point. 

d) Discuss the assumptions made. 

6. The Red Shin Peanut company has a capacity of 200 one-pound tins of 
peanuts per day. Costs are of four types, and the following information is 
available on costs: 

TypeT. Fixed costs are $50 per day. 

Type B. Selling costs are 10 percent of the distributor’s selling price (the 
peanuts are sold to a distributor who will take up to 200 one-pound 
tins per day). 
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Type C. Raw material costs are shown by the equation RMC = —• 
TypeD. Labor costs are a constant 25 cents per unit produced. 


The one-pound tin sells for $2 (i.e., the distributor receives $2 per tin, 

of which 20 cents goes to him for performing the selling function). Always 

assume that the quantity sold is equal to the quantity produced. 

a) Determine the total cost function for this product (double-check your 
answer). 

b) At what rate is total cost changing when q = 100? 

c) Determine the total revenue function for this product (double-check your 
answer). 

d) At what rate is total revenue changing when q = 100? 

e) Determine the profit function for this product. 

f) What is the maximum profit output for this firm? 

g) Discuss the above findings from both their mathematical meaning and 
their economic meaning. 

h ) What is the domain and range of the equations for parts (a), (c), and (e)? 


7. The XYZ Products Company produces two products, A and B. A consists 
of two subassemblies and other minor parts. B also consists of two subassemblies 
and other minor parts. Costs of subassemblies are: A 1, $6; A2, $4; B 1, $8; and 
B2, $5. 

The manufacturing operation consists of an assembly department and a 
finishing department. All workers in the assembly and finishing departments 
are paid $4 per hour. Assembly time for product A is two hours; for product 
B four hours. Finishing time for product A is three hours; for product B , one 
hour. Total available time per day is 40 assembly hours and 28 finishing hours. 
The products are sold by a manufacturer’s agent who collects a 10 percent 
commission on the selling price. Fixed expenses are $100 per five-day week. 
Other expenses are dependent upon the total number of direct labor-hours 
employed. Capacity may be increased by the use of overtime, which increases 
direct labor costs by 50 percent. The following data on production, price, sales, 
and other expenses is available from company records: 


Production Price Sales 


- - - Other 

Week A B Total hours A B A B expenses 


1 .40 10 250 $44 $62 34 6 70 

2 .10 30 200 49 50 14 30 50 

3 .20 10 150 50 60 10 10 35 

4 .40 20 300 40 55 50 20 95 


Unless otherwise stated, assume that the XYZ Products Company is a monopo¬ 
list and sales of goods A and B are independent. 

a) Determine the equation for demand for good A . 

b) Determine the equation for demand for good B. 

c ) Determine a linear approximation to the “other expenses” function (use 
only points found in the data provided above). 
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d) Ignoring capacity limitations (including limitations on product mix) and 
inventory-carrying costs, develop a total cost equation for good A (be sure 
to identify all elements in this equation). 

e) Ignoring capacity limitations (including limitations on product mix) and 
inventory-carrying costs, develop a total cost equation for good B (be sure 
to identify all elements in this equation). 

f) Ignoring inventory-carrying costs and capacity limitations, develop a total 
cost equation for both goods (be sure to identify all elements in this equa- 

. tion). 

g) Identify the profit-maximizing point for each good. 

h ) In part (c), two different independent variables could have been used. In¬ 
dicate what they are and why either is acceptable. 

i) In part (c), you were forced to use only two points found in the table. 
Indicate the nature of the error induced because of this requirement. 

8. The XYZ Company is the only company producing widgets and gidgets. 

The company is divided into six departments, as follows: 

a) The sales department has a budget of 10 cents per widget and 20 cents per 
gidget. Since the promotional budget may be over- or underdrawn, you 
may assume that this is a direct and immediate expense. Salesmen are paid a 
commission of 25 cents and 50 cents, respectively, for widgets and gidgets. 

b ) The administrative department is a fixed cost of $1,000 per month (includ¬ 
ing the sales manager’s salary). 

c ) The machining department has 450 hours of machining time available 
monthly. It takes this department 15 minutes to machine a widget and 30 
minutes to machine a gidget. Direct expenses of machining for this depart¬ 
ment are $3 per hour of machining time, and fixed expenses are $900. 

d ) The assembly department has 300 hours of assembly time available. It takes 
this department 12 minutes to assemble a widget and 24 minutes to assemble 
a gidget. Direct expenses of machining are $2 per hour, and fixed expenses 
are $600. 

e) The finishing department has 400 hours of finishing time. It takes this de¬ 
partment 30 minutes to finish a widget and 12 minutes to finish a gidget. 
Direct expenses of finishing are $2 per hour, and fixed expenses are $400. 

f) The production services department provides maintenance and other serv¬ 
ices. It has a fixed budget of $600 per month. 

The following information is given on prices, sales, production, and inven¬ 
tory: 


Price 

{including 

sales expenses) Sales Production Inventory 


Month Widget Gidget Widget Gidget Widget Gidget Widget Gidget 


1 . $6 $10 500 400 600 450 100 50 

2 . 6 9 500 500 420 540 20 40 

3 ....7 8 300 600 300 600 20 40 

4: . . 5 10 650 400 640 400 10 40 

5.. ...:... 7 8 300 600 300 600 10 40 

6 .. '. 5 9 630 480 620 440 0 0 
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You may ignore seasonal, cyclical, and secular factors in demand. Further 
warehousing costs are fixed, regardless of the size of the inventory. They are 
included in administrative expenses. Raw material is $1 and $2, respectively, 
for widgets and gidgets. 

a) Develop the monthly variable cost function for widgets and gidgets. Show 
each element separately. 

b) What are the fixed costs? List and identify each separately. 

c ) What is the total cost function, including selling costs? 

d) Develop the demand function for widgets. Assume that the demands for 
widgets and gidgets are independent of each other. 

e) What is the profit-maximizing behavior for this firm if it produces only 
widgets? 

f) Explain in writing how you would find the profit-maximizing behavior for 
this firm. Assume that the demands for widgets and gidgets are independent. 
Be sure to consider the feasibility of your answer. 

g) How would you verify the answer to part (c)? (The fact that the second 
derivative is a maximum does not do this.) 

h) Assume that fixed costs increase by $50 per month. What effect does this 
have on the profit-maximizing point? 

9. A two-product monopolist gives you the following information: 


Month 

Price 

Sales 

Production 

Inventory 

Production costs 

Good 1 

Good 2 

Good 1 

Good 2 Good 1 

Good 2 Good 1 Good 2 

Goodl 

Good 2 

1 .... 


$10 

120 

50 

150 

50 

30 

0 

$1,680 

$400 

2 ... . 

.. 24 

5 

60 

50 

IS 

100 

45 

50 

975 

650 

3.... 

.. 21 

12 

90 

0 

100 

50 

55 

100 

1,200 

400 

4.... 

.. 15 

11 

150 

0 

100 

0 

5 

100 

1,200 

150 


You may ignore seasonal, cyclical, and secular factors in demand. Further, 

you are told that administrative and selling expenses are a fixed $100 per month. 

You are leasing a warehouse at a cost of $100 per month. Ignore any costs ex¬ 
cept the leased warehouse when figuring inventory costs. Remember that the 

cost figures include allocated factory overhead. 

a) Develop the monthly cost function for good 1 (ignore warehousing costs). 

b) Develop the monthly cost function for good 2. 

c) Develop the monthly total cost function for this firm. 

d ) Develop the demand function for good 1. 

e) Develop the demand function for good 2. 

f) What is the profit-maximizing behavior for this firm, assuming no limit on 
capacity? 

g) Assume that the warehousing costs increase by $25 per month. What effect 
does this have on the profit-maximizing point? 

h) Assume that the firm has a five-year lease, with three years left to run. How¬ 
ever, the warehousing firm offers to provide a different warehouse which 
costs $50 per month and releases the company from the existing lease. 
Should the firm accept? 
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10. Have your answers to Questions 2, 3, and 6 of Chapter 10 satisfied the 

necessary and sufficient conditions discussed on pages 185-86 of this chapter? 

Explain. 

11. Discuss the relevance of necessary and sufficient conditions applied to 

pages 191-94 of this chapter (the segmented or conditional model). 
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Inventory models 


I. THE DECISION ENVIRONMENT FOR INVENTORY MODELS 

This section will discuss the environment for decision making. As indi¬ 
cated earlier, the analyst must attempt to establish, to the best of his ability, 
the environmental factors which relate to the decision. We say “to the 
best of his ability” because we understand that particular conditions such 
as lack of time and lack of sufficient relevant data often prohibit the analyst 
from establishing all relevant factors. 

The Asphalt Paving Company (hereafter referred to as APC) sells 
paving to road-building contractors and to homeowners for driveway 
paving. Asphalt pavement is made from some or all of the following in¬ 
gredients: aggregate (coarse, intermediate, and fine), sand, mineral filler, 
and liquid asphalt. Aggregate refers to the stone or gravel used in the pave¬ 
ments. Obviously, the aggregate may refer to relatively soft stones such as 
sandstone or to hard stone such as granite. Let us assume that only one 
kind of stone is acceptable for paving by APC. Let us further assume that 
the company has purchased each of the three kinds of aggregate from one 
supplier. Further, each of the three remaining items is purchased from a 
different supplier. Consequently, APC has up to six major items in its raw 
material inventory. The company has been maintaining a one-month sup¬ 
ply of inventory based upon the annual demand projections shown in 
Table 13-1. Presently, the company purchases an intermediate processed 
aggregate. The cost of aggregate is dependent upon the amount of 
processing required to provide the size breakdown found in the aggregate. 
One type of coarse aggregate is quick-rinsed to remove finer particles. 
Another type is resieved to remove larger particles. The coarse aggregate 
used by this company costs $4 per ton; the fine, $4.50 per ton; and the 
intermediate, $5 per ton. 

The plant has 50-ton storage bins for all items except asphalt, which 
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Table 13-1 



Amount 

Cost 

Item 

{in tons) 

per ton 

Coarse aggregate. 

.150,000 

$ 3—$ 5 

Intermediate aggregate. 

.150,000 

$3 -$5 

Fine aggregate. 

.150,000 

$3 -$5 

Sand. 

. 25,000 

$2-$3 

Asphalt. 

Mineral additives. 

. 24,000 

$20 


is stored in a special 10-ton container. The plant’s inventory and purchase 
policy has been to reorder 80 percent of the storage capacity when 20 
percent of the capacity remains. Thus, when 10 tons of coarse aggregate 
are in the storage bin, 40 more tons are ordered. Capacity is defined as 
the lower of annual usage or actual storage capacity. Hence the capacities 
shown in Table 13-2 obtain. 

Given this information, we wish to find the best inventory policy for 
this firm. Thus far, the problem and general environment have been dis¬ 
cussed. The next step is to find criteria or measurable objectives. As in¬ 
dicated, these must stem from the identification of organizational objec¬ 
tives. Long-run profit maximization is a reasonable overall organizational 
goal. Therefore, for the inventory policy, long-run minimization of the 
costs of fulfilling the inventory function is the best measurable objective. 
Inventories exist to uncouple purchasing, production, and shipping. In 
other words, inventories allow goods in raw, finished, or partially finished 
state to accumulate. If APC uses a certain type of engine oil for its equip¬ 
ment, it purchases more than its immediate need. The company purchases 
large lots because it is too expensive to deliver in small lots. Hence, in¬ 
ventories have allowed the paving company to take advantage of large- 
lot savings. 


Table 13-2 


Location 

Item 

Actual 
capacity 
(in tons) 

Annual 
demand 
{in tons) 

Opera¬ 
tional 
capacity 
{in tons) 

Reorder 

point 

Reorder 

amount 

Bin 1... 

. Coarse aggregate 

50,000 

150,000 

50,000 

10,000 

40,000 

Bin 2... 

. Intermediate aggregate 

50,000 

150,000 

50,000 

10,000 

40,000 

Bin 3... 

. Fine aggregate 

50,000 

150,000 

50,000 

10,000 

40,000 

Bin 4... 

.Sand 

50,000 

25,000 

25,000 

5,000 

20,000 

Bin 5... 

. Empty 






Bin 6... 

. Empty 






Tank 1. 

.Asphalt 

10,000 

24,000 

10,000 

2,000 

8,000 
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The next step in managerial analysis is to identify all of the factors 
which affect costs. This is usually expressed in functional form as fol¬ 
lows: Inventory costs equal costs associated with ordering inventory, costs 
associated with carrying inventory, and costs of being out of inventory. 
Each of these independent variables may be expressed as a function itself. 
Inventory-carrying costs include: 

1. Cost of the money which is tied up in inventories. 

2. Cost of goods which deteriorate while in inventory. 

3. Cost of providing storage space (including heat, utilities, insurance on 
building and inventory, rent or amortized capital investment, and other 
associated costs). 

4. Cost of obsolescence (i.e., if the good is replaced by another good, all 
the goods replaced are reduced in value). 

Ordering costs include all costs which are the same, regardless of order 
size: 

1. Costs of placing an order 

2. Costs of receiving and unloading an order (when they are the same, re¬ 
gardless of order size) 

3. Costs of processing the order for payment 

For a retailer, costs of inadequate inventory are dependent upon 
whether the sale is lost or postponed, and also upon whether future 
sales are lost. If the shortage does not affect future sales, it probably re¬ 
sults in a one-time decrease in profits. If future sales are lost, this must be 
measured in terms of lost profits in the future. For a manufacturer, in¬ 
adequate raw material inventory may result in idle equipment and ul¬ 
timately in lost sales. A machine operator without materials is expensive. 

Let us proceed on the assumption that the classical economic order 
quantity (EOQ) equation applies here. 

II. THE CLASSICAL ECONOMIC ORDER FORMULA 

This widely reported model assumes that order costs are fixed per 
order of each product. Let us assume that the cost of placing an order for 
liquid asphalt is $80 per order. In as much as we use 24,000 tons and order 
8,000 tons each time, we place 

24,000 , , 

woo = 3 orders per year 

In fact, this equation always expresses the relationship between annual 
demand, order size, and orders per year. Let D be the annual demand; Z 
the order size; and Ci the cost per order. Then: 

Annual ordering costs = ~ Ci 


( 1 ) 
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Note that order costs include all fixed costs associated with placing, receiv¬ 
ing, and paying an order. Those costs, if any, which vary with the size of 
the order either are not relevant or are ignored in this model. If the cost 
of unloading an order is linearly (proportionately) related to its size, it is 
not relevant, because it must be incurred regardless of order size. For ex¬ 
ample, if the costs of unloading an order are: 

VC = 1° + ^ (<?) 

the $10 or fixed costs are included in order costs, and the 10 cents per 
unit must be incurred regardless and may be added to the item’s value. 

Since the company contracts well in advance of delivery, let us assume 
that it can influence its customers to accept delivery on a schedule which 
uses the same amount of liquid asphalt per day. Consequently if the com¬ 
pany works 240 days per year, it uses: 

24,000 inn C L , j 
— 2 "-— =100 tons of asphalt per day 

Since it orders three times per year and uses the asphalt at a constant rate, 
it has on hand an average of 4,000 gallons or one half the order size above 
the 2,000 gallons always kept on hand. 

A simple example will show why the average is one half the order size. 
Assume that a company orders 100 components and uses 20 of them each 
day; at the midpoint of the first day, it has on hand 90. Table 13-3 shows 

Table 13-3 

Number re¬ 
maining 


Day at noon 

1 . 90 

2 . 70 

3 . 50 

4 . 30 

5 . 10 

Total...250 


the number in inventory at the midpoint of the day over a period of five 
days. Thus a total of 250 were on hand (recounting each day) over the 
five days, or an average of 50 per day, which is one half the order quan- 

Z 

tity. Hence, average inventory size is 

The relationship between inventory and time can be shown for liquid 
asphalt as in Figure 13-1. If the company did not maintain the 2,000 
buffer inventory, the sawtooth graph would drop to the X-axis. 

If we can identify the costs of carrying each ton of asphalt in inven- 
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Figure 13-1 



tory for the entire year, we can identify inventory-carrying costs. As¬ 
sume that it costs 20 cents per dollar’s worth of inventory to carry that 
inventory for one year. Also, assume that liquid asphalt costs $20 per ton. 
Let C 2 be the annual cost of carrying a dollar’s worth of inventory and 
p be the price or value of the item carried in inventory. Accordingly, 
carrying costs are: 



and total variable costs of inventory are: 



Graphically, this may be shown as in Figure 13-2. It so happens that this 


Figure 13-2 



ORDER SIZE 
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graph has the mathematical pecularity that the minimum occurs at the 
point where the carrying cost and order cost curve intersect. This con¬ 
dition occurs for any curve of the form: 

Y = a*" 1 + Bx 


This means that the minimum occurs when carrying costs equal order 
costs. Consequently, one may locate the minimum using algebra and let¬ 
ting order costs equal carrying costs, or: 



Z 

2 


C 2 p 


Let DCi = a and 


£*£ = B. Then: 
2 



Multiply both sides by Z. Then: 

a - BZ* 

Multiply both sides by l/B. Then: 


or 


and 


a 

B 


£ 


z 2 


a 

B 


Z = 


lot 

B 


Substituting for a and B: 


DC i 


or 


4qp/2 

(2fig 

~ \ c,p 


Czp 

2 


This can be verified by applying the calculus. Let DCi = a and = B. 
Then: 

TVC = aZ~ l + BZ 



and 
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Setting Y' = 0: 


Multiplying by Z 2 : 


Multiplying by l/B: 


Thus: 


Z 2 


tB = a 


z 2 = 


a 

B 


Testing for a minimum: 


Z = 


<Qi 

B 




Y" is positive, and therefore a minimum. Thus: 


(4) 



4 


2DCi 

Crp 


Substituting in D = 24,000, C x = $80, C 2 = 0 . 2 , P = 20 : 


„ \l (24,000) 80 

Z = \Ta 


. 2 ( 20 ) 


-4 


3,840,000 


= V960,000 
~ 980 


Cap. 

The C 2 represents all of the costs associated with carrying a dollar’s worth 
of inventory per year. Thus, C 2 is the sum of all of the elementary costs 
which contribute to carrying a dollar’s worth of inventory. One of the 
primary ingredients in this cost is cost of capital (i.e., the price we must 
pay for funds to Conduct the business). If this equation were truly repre¬ 
sentative, it might have multiple terms. Thus: 


Let us look closer at the carrying-cost equation, i.e., C c = 


( 5 ) C c = — Qp + — Cip + • • • + y C n p = y p(Q + C 4 + • • • + C n ) 
When C 2 = C 3 + C 4 4 - • * * + C n , we have j C 2 p. 


f 
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Let C 3 equal the cost of capital per dollar of average annual inventory. 
The cost-of-capital term then assumes that each dollar released from in¬ 
ventory can be put to work elsewhere and generate the return indicated. 
For example, assume that C 3 equals 0.12. Since we use 100 tons of liquid 
asphalt per day, we release 100(20) = $2,000 per day. Thus, we are as¬ 
suming that that amount can immediately be released to productive use. 
In most operations, it is quite true that released funds can be used to make 
another investment or to decrease outstanding obligations. A discussion of 
how the 0.12 is identified will be doubly useful here because it will show 
how the money might be alternatively used as well as showing how one 
should calculate the cost of capital. 

Cost of capital may be calculated on many different bases. However, 
this author advocates that it be Calculated on the basis of opportunity 
costs. 1 Opportunity costs are the return on the best alternative use of the 
money. Thus, if the company could use money released from a lower 
investment in inventory to purchase a new laborsaving device which saves 
12 percent of its purchase price annually, the opportunity forgone be¬ 
cause of the inventory investment is a 12 percent return. Therefore the 
cost of capital is 12 cents per dollar of average inventory. 

Earlier, it was indicated that the cost-of-capital term assumes that each 
dollar released from inventory can be put to work elsewhere and generate 
the indicated return. This is quite plausible when a long-term drop in 
inventory investment occurs. For example, the EOQ model applied to 
liquid asphalt resulted in a reduction in maximum investment (excluding 
buffer stock) from $160,000 (i.e., 8,000 gallons at $20, or $160,000) to 
$19,600 (i.e., 980 gallons at $20, or $19,600), thus releasing 
$160,000 - $19,700 = $140,300 

from inventory investment. However, the assumption is less plausible 
for each dollar released over the inventory cycle. For example, when 
the 980 gallons are received, the investment is $19,600; but at the end of 
the cycle, it is zero dollars. Hence, over the length of the cycle, $19,600 
has been released in equal proportions. If the firm handled only one good, 
it would seem doubtful that each dollar could be immediately reused. 
However, a firm with many products in inventory may have each product 
at a different stage in the cycle, thus keeping its total investment relatively 
constant instead of continuously varying. If this is so, the problem of 
immediately using released dollars vanishes. 

By the way of illustration, consider a firm with five items in inventory, 
each of which must be ordered every five days. Also, assume that each 
item costs $10, and 20 of each are used per day. Further, assume that 
delivery takes one-half day. Consequently, no buffer stock is needed. These 

1 It is assumed that a company will not use capital unless it returns more than its 
cost. See, for example, H. Bierman and S. Smidt, The Capital Budget Decision (2d 
ed.; New York: Macmillan Co., 1966). 
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items are identified as items A, B, C, D , and E. On one Monday morning 
the firm finds that it has 20, 40, 60, 80, and 100 items A, B , C, D, and 
E, respectively. The investment over a five-day cycle is shown in Table 
13-4. It should be noted that the above discussion focuses upon a release 
of funds when the EOQ model is applied. It is entirely possible that the 
application of the EOQ will increase inventory investment. 

Another term in the carrying-cost equation deals with warehousing or 


Table 13-4 



Number in 




stock 


Number 

Day /Item 

at noon 

Investment 

ordered 

Monday: 

A . 

. 10 

$ 100 

100 

B . 

. 30 

300 

0 

C . 

. 50 

500 

0 

D . 

. 70 

700 

0 

E . 

. 90 

900 

0 

Total. 

.250 

$2,500 


Tuesday: 

A . 

. 90 

$ 900 

0 

B . 

. 10 

100 

100 

C . 

. 30 

300 

0 

D . 

. 50 

500 

0 

E . 

. 70 

700 

0 

Total. 

.250 

'-r> 

o 

o 


Wednesday: 

A . 

. 70 

$ 700 

0 

B . 

. 90 

900 

0 

C . 

. 10 

100 

100 

D . 

. 30 

300 

0 

E . 

. 50 

500 

0 

Total. 

.250 

$2,500 


Thursday: 

A . 

. 50 

$ 500 

0 

B . 

. 70 

700 

0 

C . 

. 90 

900 

0 

D . 

. 10 

100 

100 

E . 

. 30 

300 

0 

Total- 

.250 

$2,500 


Friday: 

A . 

. 30 

$ 300 

0 

B . 

. 50 

500 

0 

C . 

. 70 

700 

0 

D . 

. 90 

900 

0 

E . 

. 10 

100 

100 

Total.... 

.250 

$2,500 
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storage costs. Let C 4 represent this term. Included in storage costs are 
costs of storage facilities, insurance on items in inventory, and any other 
storage costs, which vary with the size of the inventory. Accordingly, 
insurance costs are relevant only if they are dependent upon the size of 
the inventory. Let us assume that the company estimates that C 4 equals 
0.035, where C 4 is the cost of storage per dollar of average inventory in¬ 
vestment. 

Another term (C 5 ) in the carrying-cost equation is the deterioration 
term. Again, only that deterioration which varies with average inventory 
size is relevant. Assume that the longer the asphalt is kept in storage, the 
less of the original is reclaimable. For example, assume that each day liquid 
asphalt is in storage, one 80th of 1 percent cannot be reclaimed. Thus, 

under present policy, average inventory is or one sixt ^~ t ^ ie 

year (60 days’ worth). Therefore, for the 60 days, average inventory is 
4,000 tons at $20 per ton. Deterioration is 0.0075 (4,000), or 30 tons, which 

is $600 each 60 days, or $3,600 annually; this is 20 ( 4660 ) ’ or 

percent of each dollar of average inventory investment). Thus, C 5 equals 
0.045. In the example being discussed: 

c 2 = c 3 + C 4 + Q = 0.12 + 0.035 + 0.045 = 0.20 

Following the new policy, the costs of maintaining the 2,000 tons in 
the buffer inventory are the same, but the costs of providing the variable 
inventory are: 


TVC = - 9 j~( 80) +^(0.2) (20) 

- 1,959 + 1,960 = 3,919 
Before application of the EOQ model: 

tvc = iS (80)+ ^r 2(0,2)(20) 

= 240 + 16,000 - 16,240 

Thus the EOQ model produces quite a saving in this case. 


HI. THE ROLE OF TIME IN THE EOQ MODEL 

It can be noted that the EOQ formula was developed for an annual 
period of time. It is reasonable to assume that demand for asphalt is par¬ 
tially dependent upon the season of the year. Assume that demand for the 
six months October, November, December, January, February, and March 
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is 9,000 tons; and for April, May, June, July, August, and September, 
15,000 tons. Can we calculate an economic order quantity relevant for 
each separate six-month period? The answer is yes, because the EOQ is 
not tied to an annual time period. The time base must be the same for all 
parameters. Hence, for the first six-month period: 

D = 9,000 

Ci = $80 

C 2 = 0.10 
P = $20 
and 

EOO = . ^OOQXSO) 

^ \ 0 . 10 ( 20 ) 

/l ,440,000 

- V—y— 

= V 7 7 20,000 
^ 848 

For the second six-month period: 

D = 15,000 

Ci = $80 

c 2 = o.io 

p = 20 
EOQ^ 1,095 

On the other hand, if, next year, demand increases so that expected 
sales for the winter months are 12,000, or one half the annual demand for 
this year, EOQ during the winter months would be 980 (the same as 
earlier calculated for the annual time period). Consequently, the formula 
is independent of time, but the parameter values are strongly dependent 
upon time. r 


IV. RELEVANCY OF STORAGE COSTS 

Storage costs for liquid asphalt did not include any amortized cost of 
capital (depreciation) because it was assumed that this cost was incurred 
regardless of the size of inventory. Now assume that the tanks may be 
rented on an annual basis in multiples of 1,000 tons, according to the 
rental schedule shown in Table 13-5. This total container cost (TCC) 
can be graphed as in Figure 13-3. The dotted line shows a linear approxi- 
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Table 13-5 


Size 

(in tons) Annual rental 

1,000.5 1,000 

2,000. 2,000 

3,000. 3,000 

4,000. 4,000 

5,000. 5,000 

6,000. 6,000 

7,000. 7,000 

8,000. 8,000 

9,000. 9,000 

10,000. 10,000 


Figure 13-3 



x*=ORDER QUANTITY PLUS BUFFER STOCK 

mation to total container costs of $1 per ton of order quantity plus buffer 
stock. Thus 

QX = C 6 (Z -b B) = TCC 

where Z is the order quantity, B is the buffer stock and C$ is the container 
cost per ton; in this example, C 6 equals one and was thus not specified in 
the graph in Figure 13-3. Then: 

CqX = C§Z T C&B 
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TCC = CtZ + CS 

Where TCC equals the total container cost, B is the buffer stock, and C 6 
is the total cost per ton for the container, or $1. This equation assumes 
that only one container will be rented and that any size of rental container 
may be rented. Since buffer stock costs are fixed costs, we may ignore 
them here. Adding container costs to the total variable inventory costs, 
the cost equation is: 

(6) TVC = + ZC 6 

= 2 Ci + (yiCip + C 6 ) Z 

Since we have already shown that the minimum of the original cost curve 

occurs at Z =— when a = 1/2 C 2 p and B = DC U we can, for this case, 
B 

let a = l/2C s p + C 6 . Then: 

7 _ / DCi 

^ \ 

I 24,000(80) 

“ \K(0.2)(20) + 1 

= V640,000 
= 800 tons 

The purpose of this section is to show that the model can be modified 
to accommodate different inventory situations. However, this solution ig¬ 
nores the fact that the container cost is a step or segmented function. In 
fact, this approach results in the container cost being understated by zero 
to 1999.99. For example, at 1,001 gallons: 


1,918.24 T 2,002 + 2,000 = 5,920.24 


but at 1,000 tons: 

TVC = 1,920 T 2,000 + 1,000 = 4,920 

The solution is to calculate the minimum in each of the ranges to identify 
the true minima. This approach uses the original equation plus the con¬ 
tainer costs; thus, for 0 ^ Z < 1,000: 

(8) TVC = | G + | Ctp + 1,000 
and for 1,000 < Z < 2,000: 

(9) TVC = % Cl + f ap + 2,000 
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and so on. For example, when Ci equals $150 and the remaining parameters 
stay the same, EOQ (ignoring container costs) is approximately 1,342. 
Accordingly, TVC under equation 9 above is approximately $7,364. How¬ 
ever, if we let Z equal 1,000, TVC is $6,600 because we use equation 8 
above. Thus, we always compare costs for EOQ (ignoring container 
costs) with costs for the next lowest size container when it is used to 
capacity. 


V. THE ECONOMIC LOT SIZE 


So far, we have discussed raw material inventories, but what about 
goods-in-process inventories or finished goods inventories? Many manu¬ 
facturing organizations have the problem of deciding how many goods 
to produce for inventory. In this environment, it costs money to set up 
the production apparatus each time a good or component is produced. 
Consequently, as the size of the production run (lot size) decreases, the 
annual cost of setup increases. Therefore the setup costs are analogous to 
ordering costs, and 


where C 8 is the annual setup costs, D is the annual demand, C 7 is the setup 
costs per run, and Z is the lot size. For example, assume we are producing 
a stable textile product such as a T-shirt, and that carrying costs can be 
expressed as: 



where Z is the lot size, C 2 is the annual carrying cost per dollar, and p is 
the value of the shirt. 

Assume that p = 1 , C 2 = 0.2, C 7 = $250, and D = 100,000. Then: 

TFC = |c 7 +|c 2 p 


Using calculus, we find: 


Z - 


4 

4 


dc 7 

y 2 pc2 


100,000(250) 

0.1 


= V 2 50,000,000 
^ 15,800 

The components of carrying cost are subject to the same criticisms 
discussed earlier. Assume that the components of carrying cost include 
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(1) cost of capital, (2) warehousing costs, and (3) deterioration. The 
above equation assumes that warehousing space released as the size of the 
inventory decreases can be used for another use. Such an assumption does 
not appear reasonable. Let us assume that warehousing costs are dependent 
upon the size of the production run. Hence: 

TVC^Q + Zqp+ZC, 

where C 1 is the setup cost, C 2 is the annual cost of deterioration and 
capital per dollar, and C 3 is the annual cost of warehousing per item 
in inventory. The economic lot size is then: 

DCi 
+ C 3 

Note that C 3 is the cost per item, whereas C 2 is the cost per dollar. 

VI. BUFFER STOCKS (SAFETY STOCKS) 

The 2,000 tons of asphalt in safety stock are maintained to provide a 
buffer against increases in usage, delays in delivery, and waste and spoilage. 
If the firm could be assured that it would have no spoilage or waste, or 
delays in delivery, or changes in usage, it would not need to maintain a 

Figure 13-4 
Z 

980 
700 


* 0 h *2 *3 *4 *5 

TIME 

buffer stock. If the firm does not maintain a buffer stock, and if it takes 
seven working days from the time the order is placed to delivery, the 
company orders at the time it has seven days’ inventory on hand. Thus 
the reorder point occurs when the firm has 700 tons on hand, and the re¬ 
order amount is 980 tons. This is shown in Figure 13-4. At time t 1 the 
firm has 700 units on hand, and an order for 980 tons is placed. At time t 2 
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(seven days later) the firm receives the order for 980 tons, and the cycle 
begins again. The seven-day lead time from placing the order to its receipt 
is called the reorder period. 

Obviously, various factors will intervene so that the firm does not 
receive goods just as it runs out. Consequently, the buffer stock must be 
maintained. The following pages demonstrate a method of finding an 
optimum buffer stock. 

The Asphalt Pavement Company, discussed earlier, has maintained suffi¬ 
cient inventory so that it has never been out of stock. Its experience on 
deliveries is shown in Table 13-6. A distribution of usage for the last 100 
seven-day periods is given in Table 13-7. Assuming that the economic 

Table 13-6 


Time between 
placing order and 
receipt of goods 

6 days. 

7 days. 

8 days. 

Total. 


Frequency 

...20 
. . . 60 

. . . 20 
. . . 100 


Table 13-7 


Usage 


(in tons ) 

Probability 

600. 

.0.1 

650. 

.0.2 

700. 

.0.4 

750. 

.0.2 

800. 

.0.1 


order quantity is 980, as found on page 206, this results in an order being 
placed every 9.8 days. Management would prefer to place an order every 
10 days and has found almost no cost differential; i.e., when order quantity 
is 1,000: 


rFC== TS ( 80 )+i f^°- 2(20) 

= 1,920 + 2,000 
= 3,920 

Earlier (on page 209), we found TVC when order quantity is 980 to be 
approximately $3,919. This $1 cost differential is slight enough to use a 
10-day or 1,000-ton reorder quantity. 
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Buffer stock for variances in demand 

The role of the buffer stock is to provide (1) a cushion for variances 
in demand and (2) a cushion for variances in delivery time. For the 
moment, let us find the optimal safety stock when only variances in 
demand occur. Table 13-7 shows that if the Asphalt Paving Company 
plans no safety stock, it will run out of stock in 30 percent of the reorder 
periods, because 30 percent of the time over 700 tons are used. 

Assume that if APC is out of stock, it must rent tank trucks and pick 
up the liquid asphalt. Cost of the trucks and a higher price per ton on 
the asphalt so purchased result in a differential of $200 over the normal 
delivered price for 50 tons of asphalt. Assume that this is the only relevant 
cost of being out of stock. Assume further that only a fully loaded truck 
can be picked up. Since 700 tons must be on hand at the time this order 
is placed, the only events of interest are the occurrence of demand in 
excess of 700 tons. 

Table 13-8 


Table of total costs, given the safety stock 

POLICY AND SHORTAGE CONDITION 


Safety stock policy 

Shortage condition 

None 

50 tons 

100 tons 

None. 

. . . None 

$200.00 

$400.00 

50 tons. 

...$ 5.82 

5.82 

205.82 

100 tons. 

... 11.64 

11.64 

11.64 


Table 13-8 shows stock shortage situations and policies that could be 
taken to anticipate the situation. Each cell in the table identifies the total 
cost, assuming that the policy indicated and the demand indicated took 
place. Accordingly, if our policy is to keep a safety stock of 50 tons, the 
cost per seven-day period is 7/240 of the cost per year. 2 Carrying cost per 
year is: 


50(0.2)20 = $200 

Thus: 

^(200) - $5.82 

The best safety stock policy is found by calculating the cost over a very 
large number of reorder periods and choosing the lowest cost. Over 100 
periods the total cost of no safety stock would be calculated by recog- 

2 It is assumed that there are 240 working days per year. 
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nizing that in 70 times, no cost would be incurred; in 20 times, $200 
would be incurred; and in 10 times, $400 would be incurred; or: 

70(0) + 20(200) + 10(400) = $8,000 

Dividing this by 100, we find that the average cost per period over the 
long run is $80. We denote this as 

EC^one — $80 

which means that the expected cost (over the long run) of no buffer 
stock is $80. We can immediately observe that stocking 100 tons costs 
only $11.64: 


ECjoo — $11.64 

and is therefore preferable. It now remains to check the 50-ton alternative: 

^ 70(5.82) + 20(5.82) + 10(205.82) 

tL ™ - — - 

407.40 + 116.40 + 2058.20 
100 

^ 2,582 
100 
= 25.82 

which is more than the 100-ton alternative. 

Buffer stock for variances in delivery time 

It should also be observed that this safety stock still ignores the 
variation in delivery time. We shall now proceed to calculate the safety 
stock required to cover the variation in delivery time. However, we 
shall first assume no variation in demand. In that case the delivery ex¬ 
perience on page 215 shows that we shall need either 600, 700, or 800 tons 
during the reorder period. 3 This yields the table of total costs, given the 
safety stock policy and shortage condition (Table 13-9). Since the de- 

Table 13-9 



Shortage condition 

Safety stock policy 

None 

100 tons 

None. 

100 tons. 

.$11.64 

$400.00 

11.64 


3 Since usage is assumed to be always 100 tons per day if delivery time is six days, 
APC will need 600 tons, etc. 
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livery experience on page 000 indicates that late delivery (i.e., eight days) 
takes place 20 percent of the time: 

£C No ne = 0.2(400) = $80 
and 

EC m = $11.64 

Thus, we stock 100 tons for delivery variance. 

Buffer stock when usage and delivery time vary 

Let us now ascertain what total usage will be when both usage and 
delivery time vary. This is accomplished by calculating the joint prob¬ 
ability of each usage rate and each delivery time. Since there are three 
delivery times and five usage rates, we shall find 15 joint probabilities. 
This analysis requires an assumption that delivery time and demand are 
independent. If we further assume that in six days the usage rates are 
proportionate to those used in seven days, the usage conditions and their 
probabilities are as shown in Table 13-10. 4 

By the same method of calculation, the usage rates for eight days are as 
given in Table 13-11. 


Table 13-10 


Probability of Probability of 

Usage six-day delivery usage Joint probability 


513.6.0.2 0.1 0.02 

556.8.0.2 0.2 0.04 

600.0.0.2 0.4 0.08 

643.2.0.2 0.2 0.04 

686.4.0.2 0.1 0.02 


Table 13-11 


Probability of Probability of 

Usage Eight-day delivery usage Joint probability 


684.8.0.2 0.1 0.02 

742.4.0.2 0.2 0.04 

800.0.0.2 0.4 0.08 

857.6.0.2 0.2 0.04 

915.2.0.2 0.1 0.02 


4 In this case, we calculate the actual usage as Z/7 = x/y> where x is the usage rate 
for y days, y is the number of days of concern, 7 is the number of days for normal 
delivery time, and Z is the seven-day usage rate of interest. Thus, to find the six-day 
usage rate for the 600 usage rate in seven days, Z = 600, y — 6, and 600/7 — x/6, or 
# = (6)77 = 513.6. 












IS. Inventory models 219 

The joint probability for seven-day delivery and each usage condition 
are shown in Table 13-12. 

Table 13-13 summarizes the possible usage conditions from reorder 
point of delivery. In this case, we need more information on the costs of 
obtaining additional asphalt. Let us assume that it can be purchased in 
lots of 10 tons and that each lot costs $40 more if purchased on an 
emergency basis than if ordered through regular channels. Therefore the 
safety stock policies and costs are as given in Table 13-14: 5 

Table 13-12 


Probability of Probability of 

Usage Seven-day delivery usage Joint probability 


600.0.6 0.1 0.06 

650.0.6 0.2 0.12 

700.0.6 0.4 0.24 

750.0.6 0.2 0.12 

800.0.6 0.1 0.06 


Table 13-13 


Usage Probability of usage 

513.6. 0.02 

556.8 .0.04 

600.0.0.08 4- 0.06 

643.2 . 0.04 

650.0.. 0.12 

684.8 . 0.02 

686.4. 0.02 

700.0. 0.24 

742.4. 0.04 

750.0. 0.12 

800.0.0.08 4- 0.06 

857.6. 0.04 

915.2 . 0.02 


Table 13-14 


Shortage condition 


Safety stock policy None SO tons 100 tons 160 tons 220 tons 


None None $200.00 $400.00 $640.00 $880.00 

50 tons.$ 5.82 5.82 205.82 445.82 685.82 

100 tons. 11.64 11.64 11.64 251.64 491.64 

160 tons. 18.52 18.52 18.52 18.52 258.52 

220 tons.. 25.61 25.61 25.61 25.61 25.61 

Probability. 0.62 0.16 0.14 0.04 0.02 


5 Note that the company is 50 toas short when usage is either 742.4 toris or 750 
tons. This is so because partial lots cannot be purchased. 



























220 Managerial analysis 

ECw = 0.78(5.82) + 0.14(205.82) + 0.04(445.82) 

+ 0.02(685.82) = $65.02 

EC m = 0.92(11.64) + 0.04(251.64) + 0.02(491.64) = $30.60 

ECno = 0.98(18.52) + 0.02(258.52) = $23.32 

which is less than $25.61 (i.e., EC 2 2 q)- Hence the optimum safety stock 
considering both variances together is less than the sum of each considered 
separately. It should be remembered that the usage condition found here 
assumes independence between delivery time and demand. In fact, the 
distribution of usage during the reorder period and the probability of that 
usage will normally be obtained from records rather than as computed 
here. Note that the average cost per reorder period is also called the 
expected cost. The notation EC* refers to the expected cost of the ith 
alternative. 

It is unlikely that the costs of shortages used here include all shortage 
costs. It would seem that such shortages would cause construction delays 
and idle time, plus potential loss of customers. 

Also, it is unlikely that demand in one week is independent of demand 
in the previous week. We shall deal with problems of this form in later 
chapters. 

VII. REVIEW OF EOQ AND SAFETY STOCK CALCULATIONS 

If TVC = ^ Ci + ZC 2 p when D = 24,000, Q = $80, C 2 = 0.2, p = $20, 
then: _ 

z -n/j15= !,8 “ 

Thus the order quantity is 980. Normal delivery time (lead time) is 
seven days; consequently, the reorder period is seven days’ supply. A 
seven-day supply is 700 tons, and safety stock is 160 tons; hence the re¬ 
order point is 860 tons. 

It should be noted that the inventory system discussed so far is operated 
with a flexible ordering policy; i.e., the order is placed when the inventory 
contains seven days’ supply (the reorder period) plus safety stock. There¬ 
fore the length of time between orders may vary. However, it is possible 
that the amount ordered may vary rather than the time between orders. 
Accordingly, if EOQ is 10 days’ supply, the order is placed every 10 days 
to cover the actual amount used in the previous 10 days. It can readily be 
seen under this arrangement that in periods of greater than normal usage, 
a firm takes a higher risk of being out of inventory unless a larger buffer 
stock is carried. On the other hand, the convenience of ordering at a 
regular time may more than offset the costs of added buffer stock. 
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VIII. THE DEPENDENCE BETWEEN ITEMS IN INVENTORY 

So far, we have assumed that the inventory policy for each item was 
independent of every other item. However, this may not be the case. 

For example, the inventory data are shown for the major items in the 
inventory of APC in Table 13-15. Based upon the EOQ model, the order 
size is: 


Coarse aggregate.5,000 tons 

Intermediate aggregate.4,714 tons 

Fine aggregate.4,472 tons 


This is between 30 and 34 orders per year for each grade of aggregate. It 
is possible that joint preparation of the orders for these goods might reduce 
order costs enough to more than offset the increased carrying costs. If 


Table 13-15 


Annual demand Order Carrying cost 


Item (in tons ) Cost per ton cost per dollar 


Coarse aggregate.150,000 $4.00 $50 $0.15 

Intermediate aggregate.150,000 4.50 50 0.15 

Fine aggregate. 150,000 5.00 50 0.15 

Sand. 25,000 2.50 50 0.15 

Asphalt. 24,000 20.00 80 0.20 


usage of the aggregate is approximately one third for each grade, it might 
be reasonable to consider all aggregate (ie., coarse, intermediate, and fine 
together) as a single item, with an average value per ton of $4.50, and find 
the EOQ. When all three are ordered at the same time, let us assume that 
a joint order costs $120. Then: 


D = 450,000 

Ci = 120 
C 2 = 0.15 
P = $4.50 


_ / 450,000(120) 

\ 1/2(0.15) (4.50) 

= Vl 60,000,000 


= 12,649 


Dividing this by 3 to get the number of tons of each kind of aggregate, 
we find that the joint order is for 4,216 tons of coarse, intermediate, and 
fine. Each type of aggregate must share order costs. Thus, order costs 
are $40. Comparing total costs with and without joint orders, we find: 
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Coarse: lj M 9g( 50 ) + -^y^(0.15)4 ^ J3,000.00 

i^552( 4 °) +^4^( 0 - 1 5) 4 = 12,604.80 

Intermediate: 11*^222(50) 1211(0.15)4.5 ^ $3,182.00 

- ■ f°j°° -(40) + i|^(0.15)4.5 £1 $2,846.10 
4,216 2 

Fine: i|^00( 50 ) + 1^( 0 .15)5 £1 $3,354.00 

l |^- (40) + 1211(0.15)5 = $3,003.80 

Thus the joint order is substantially less. 


IX. OTHER CONSIDERATIONS 

The analysis could have assumed that a year consists of 365 days, and 
that usage occurs on each day and orders can be placed on any day. How¬ 
ever, the analysis could, and most frequently does, ignore the weekend 
from consideration, thus assuming that time stops during the weekend 
and resumes at the beginning of the next week. Such an assumption can¬ 
not affect ordering costs, since ordering costs are strictly dependent upon 
annual usage. Any capital or warehouse space released because of inven¬ 
tory usage over the weekend probably cannot be put to production use; 
hence the weekend need not be considered. It is hard to believe that de- 
terioriation or obsolescence can be important over such a short period of 
time. Consequently, days of nonusage are normally subtracted from 365 
to yield the net working days per year, and all calculations proceed from 
there. 

Most manufacturing companies find that a large percentage of their 
items account for only a small percentage of their inventory investment. 
For example, 70 percent of the items in an inventory may account for only 
10 percent of the value of the total inventory. Thus, the cost of an elabo¬ 
rate inventory control system on these items may well exceed the benefits 
of such a system. 


DISCUSSION TOPICS AND PROBLEMS 

1. Derive the EOQ formula when: 

Z = Number of units ordered 
p = Cost of part 
Ci = Order cost 

C 2 = Carrying cost per dollar of inventory investment per year 
D = Yearly demand 
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2. Derive the optimal number of orders to place per year when: 

Ci = Order cost 

C 2 = Carrying cost per dollar of inventory per year 
D ~ Yearly demand 
p = Cost per part 

0 = Number of orders placed per year 

3. The following questions pertain to the simple EOQ formula. 

a) Derive the EOQ formula when: 

n — Number of units ordered 
p = Cost of part 

Ci = Carrying cost per dollar of inventory investment per year 
C 2 = Order cost 
M — Monthly demand 

b) What is included in the inventory-carrying costs? 

c ) I s th e EOQ model independent of time? Explain why or why not. ' 

4. The XYZ Department store has installed an inventory control system on 
staple merchandise. Staple merchandise must: 

a) Be that merchandise which the average customer expects the store to have 
in stock at all times. 

b) Be that merchandise for which the potential loss due to markdowns is 
nominal. 

c) Be that merchandise which the manufacturer or distributor will deliver on a 
regular basis. 

d ) merchandise on which the lead time from vendor to warehouse is 
reasonably constant. 

c) Be that merchandise which is not perishable. 
f) Be that merchandise which can be stored with ease. 

Those items which come in sizes and/or colors are forecast every two months 
by the departmental buyer. The buyer forecasts only gross sales; i.e., he fore¬ 
casts, for example, the number of T-shirts needed. The size breakdown is made 
by the model, which uses the size experience of the last year. 

Actual sales are charged against the inventory records weekly. The buffer 
stock level is two weeks supply. The economic order quantity is computed 
based upon the latest forecast. (Note: A month is four weeks.) 

At the time of installation the store had 150 size 36 Hanes T-shirts on hand. 
The buyer has forecast sales of 8,000 Hanes T-shirts during the next two 
months, and experience shows that 5 percent of all Hanes T-shirts sold are 
size 36. 

The model used to determine the economic order quantity is the standard 
EOQ model. Cost of the T-shirt is $1, carrying cost per dollar of inventory 
investment per year is 26 cents, and ordering cost is $8 per order. Lead time is 
one week. 

a) What is the initial order for size 36 Hanes T-shirts, and when is it placed? 
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Weekly sales are: 

Week 

1 . 

2 . 

3. 

4. 

5 . 

6 . 

7. 

8 . 


Sales 

. AS 
. .55 
. .60 
. .45 

. .50 
. .55 
. .45 
. .40 


b) When are subsequent orders placed: 

1) If the reorder point is fixed? 

2) If the reorder amount is fixed? 

c) Discuss the possibilities for joint ordering here. 

d) On the basis of the information available here, evaluate this application. 
Make and state any assumptions necessary to complete this evaluation. 


5. A manufacturing company which uses only one item of raw material 
finds that the costs of warehousing are: 


TWC = $20 | + $0.04Z + J0.05D + $150 

Indicate where each term in the equation belongs in the EOQ equation. 

6. How does the first example in this chapter handle the cost of being out 
of inventory? 

7. A manufacturing company produces four products (A, B , C, and D ) 
from raw materials 1, 2, and 3. 

a) Setup cost for product A is $150. Annual demand is 1,600, value per part is 
$40, carrying cost per dollar are 20 cents. What is the economic lot size? 

b) An executive of the company maintains that the value per part should be 
based upon its selling price of $44 rather than its allocated cost value of $40. 
Do you agree? If so, why? If not, why? Indicate the difference in the 
economic lot size between each assumption. 

c ) Order cost for raw material 1 is $50, annual demand is 3,000 units, value per 
part is $6, and carrying cost per dollar is 24 cents. What is the economic 
order quantity? 

d) Product A y discussed in part (a) above, is in greater demand in the second 
half of the year than the first. In fact, 60 percent of its sales are in the 
second half of the year. Compute the economic lot size for the first and 
second halves of the year in part (a) of this question. 

e) In part (c) of this question, delivery time takes five working days, and 
buffer stock is 100 units. The company works 300 days per year. Indicate the 
reorder point and the reorder period. 

8. How does the model take into account differences in the size of the items 
in inventory? 
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Queuing and other 

probabilistic 

models 


I. INTRODUCTION 

The models discussed in this chapter are related because they represent 
conditons of data uncertainty. In each of these models the condition which 
occurs is assumed to occur by chance. Since the events can be character¬ 
ized by a probability, all of the models rely upon probability theory. 

The three models to be discussed are (1) queuing theory, (2) revision 
of prior probabilities, and (3) the brand-share model (Markov chain). 
Each of these models will be presented in its most elementary form and 
will thus rely upon the probability concepts shown in Chapter 11. 

II. INTRODUCTION TO QUEUING MODELS 

Queuing models, also called waiting-line models, are models where a 
facility performs a service. The most common queue is that of a consumer 
service such as a bank teller or grocery check-out counter. In these in¬ 
stances, each customer must receive a service, and the length of that serv¬ 
ice varies from customer to customer. At the same time, the number of 
customers demanding the service varies. The line that forms in front of 
these service facilities is called a queue or channel. Thus a grocery store 
with one check-out counter is a single-channel facility. A grocery store 
with more than one check-out counter is a multichannel facility. If the 
service facility is capable of servicing the customer when he arrives, no 
bottlenecks will occur. If it takes 12 minutes to service a customer and one 
arrives every 10 minutes, a queue will build up and, in fact, build up to 
infinite length. The 10 minutes are known as the arrival rate. In this case, 

226 



14, Queuing and other probabilistic models 227 

only a reduction in arrivals (demand) or an increase in the number of serv¬ 
ice facilities or speedier processing will reduce the queue and eliminate 
the bottleneck. When there are variations in arrival time and/or service 
time, the queue will fluctuate in size. 

Purpose 

There are basically two opposing costs in waiting-line problems: (1) 
the service or facility cost and (2) the waiting-time cost. 1 he general ap¬ 
proach to waiting-line problems is to minimize costs knowing the average 
cost of operating a facility and the cost per unit of waiting time. Total and 
incremental cost analysis is also essential. For example, the cost of addi¬ 
tional facilities, costs of maintaining different queue lengths, and the queue 
discipline chosen must be considered. 

An optimum solution occurs when the sum of the facility and waiting¬ 
line costs are minimum. The service or facility cost can readily be obtained 
from historical accounting data. However, the waiting-time cost can be 
very difficult to ascertain and quantify. It is extremely difficult to predict 
when a prospective service user will become impatient and leave the 
queue. For example, the loss of customer goodwill in a department store 
can only be estimated. When waiting-time costs cannot be readily 
determined the decision maker may utilize some other basis, such as the 
calculated average waiting time in the queue, as a basis for decision making. 

It is important to note that existing waiting-line models are not directly 
applicable to all business situations. The user of waiting-line theory will 
in many cases have to develop a new model that will be descriptive of the 
particular flow system under study. For instance, the flow of customers 
differs between a supermarket and an airline terminal. In a supermarket 
the arrival of customers may be constant during the entire day, whereas 
customers at an airline terminal arrive in bunches just prior to the sched¬ 
uled flight departure. In order effectively to evaluate different levels of 
service, indexes of performance are needed to evaluate system alternatives. 
Some of these indexes are (1) the average arrival rate, (2) the average 
service rate, (3) the average length of the queue, and (4) the average 
time spent in the queue. 

Elements of the system 

The major variables in a waiting-line system may be classified into five 
distinct areas, which will now be discussed. 

Arrivals. Arrivals into the system occur according to a probability dis¬ 
tribution that is independent of the service provided by the system. Arriv¬ 
als may occur at a constant rate or may closely approximate the normal 
distribution, or may approximate the Poisson distribution. Often an arrival 
occurs at random and is independent of what has previously occurred. The 
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arrivals into the system may, however, be dependent upon the service 
facility, as in the case of a flow of automobiles leaving a traffic light. 

Service. The service time can be fixed (as in the case of a vending 
machine), or exponentially distributed (as is frequently true in the service 
provided by people), or normally distributed. In elementary models, serv¬ 
ice time is usually independent of arrivals. 

Facilities. The system may have various configurations of servicing 
facilities, some of which will now be discussed. 

1. Single channel. One queue feeds one service facility (e.g., the box 
office at a movie theater; see Figure 14-1). 


Figure 14-1 


Representation of a single-channel queue 


ARRIVALS 

© 00 ® 


SERVICE 

FACILITY 


OUTPUT 


2. Multichannel. Many queues feed many service facilities (e.g., the 
flow of customers in a supermarket; see Figure 14-2). Some of the facili¬ 
ties in a multichannel system may be segregated for special-purpose 
customers (e.g., in a supermarket, there is usually one counter for “express 
service” for small-purchase customers). 


Figure 14-2 

Representation of a multichannel service facility with overflow 
ARRIVALS 
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3. Multistage. A queue must pass through two service facilities, either 
in a sequence or in tandem (e.g., enter a queue to purchase an item in a 
department store, and then enter a second queue to have the item wrapped; 
see Figure 14-3). 

4. Limited service. The service facilty may have limited availability, 
or there may be queue interference. Queue interference may occur when 
the queues of ships form when opposing traffic can only use one lane of 
traffic. This is typical of some existing canals. 

Figure 14-3 

Representation of a multistage channel 


ARRIVALS 



Queue discipline. Queue discipline refers to the order in which the 
service facility selects the next customer (or unit) to be served. The next 
customer may be selected on a first-come, first-served basis or may be 
selected on a random basis, as when a telephone operator selects a waiting 
call. Some customers may be given a priority basis for service. Preemptive 
priority occurs when the customer being served is immediately replaced 
in the service facility by the high-priority customer. Nonpreemptive pri¬ 
ority occurs when the high-priority customer moves to the head of the 
queue but does not disturb the customer being served. 

Another aspect of queue discipline is whether a customer in a queue can 
move to a shorter queue in the multichannel system. Customer behavior 
is such that a customer may refuse to join a queue because of the size of the 
present queue. Also, consideration must be given to customer collusion and 
jockeying from one queue to another. A customer in a queue may become 
impatient and leave the queue. An impatient customer at a restaurant: may 
leave the queue and the restaurant, resulting in a lost sale. Queue control 
specifies that a limit has been established on the size of the queue. 

Output of the Queue. The output of a queue is important when the 
system is multistaged because the possibility of a service facility break¬ 
down can have repercussions on the queues. The line before the break¬ 
down will lengthen, and the line following the breakdown will diminish, 

III. FIXED ARRIVAL, FIXED SERVICE TIME 

The simplest situation occurs when arrivals occur at regular specified 
intervals (such as every 10 minutes) and service is the same length of time 
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for each arrival (such as 10 minutes). When the arrival time and service 
time are fixed and the same , no backlog occurs. A typical example is a job 
shop fabrication company which maintains a tool crib from which its 
employees obtain tools, etc. Assume that the crib has an attendant who is 
paid $2 per hour. Further, assume that the machine operators obtaining 
tools, etc., from the crib are paid $4 per hour. Hence, if the crib is open 
six hours, both the attendant and the various operators spend six hours at 
the crib, and the cost of the crib attendant and the various machine opera¬ 
tors represents a total cost of 2(6) + 4(6) = $36. 

Assume that an improved crib layout can be found so that service time 
is six minutes. Then the total cost of the service is calculated by figuring 
the cost per machine operator serviced, times the number of operators serv¬ 
iced, plus the cost of the attendant. Cost per operator serviced is the 
fraction of an hour required for service times the hourly rate: 

(6/60)4 = 24/60 = $0.40 

The number serviced is six per hour for six hours, or 36. Thus: 

TC = $2(6) + 36($0.40) 

= $12 + $14.40 
= $26.40 

It is worthwhile noting that the workday value of the improved layout is 
$36.00 - $26.40 = $9.60. Using present-value analysis, shown in Chapter 
19, a decision as to the desirability of the improved layout could be made. 
The purpose of showing the above example is to demonstrate how the total 
costs are calculated for the case when service time is less than the arrival 
rate. 

Assume that an arrival occurs every 9 minutes and service time is 10 
minutes. With one attendant, the line will become progressively larger. A 
machine operator arrives every nine minutes. Let the number arriving per 
hour be X. Calculating 9X = 60, X = 6 2 / 3 . Every hour, therefore, two- 
thirds of a machine operator buildup occurs. At the end of the six-hour 
day, 6(|) =4 machine operators are in the line. The waiting time of the 
machine operators while not being serviced is no minutes for the first man, 
one minute for the second man, two minutes for the third, etc. Conse¬ 
quently, excess time in the queue is given by 

Z = n(n — 1) 

2 

where n is the total number serviced and 


The length of time the last machine operator must wait to begin receiving 
service is n - 1 minutes. Given n = 40, Z = 780. If the machine operators 


14. Queuing and other probabilistic models 231 
wait until serviced and are not paid overtime, they have waited 

= 13 hours at $4 = $52 

60 

Also, the attendant must work 40 extra minutes, at a cost of $1.33. Accord¬ 
ingly, the excess time costs are $53.33. Obviously, the addition of one 
attendant would eliminate all excess time costs. 

Since a six-hour day was used for the crib attendant, we may assume 
that the other two hours a day he works are maintenance in the crib. How¬ 
ever, a second attendant would probably not eliminate any maintenance 
cost; thus, his entire salary should be charged to the cost of reducing 
excess operator time. 


Table 14-1 




Cost of 

Cost of 

Cost of 



Cost of 

excess 

machine 

machine 



attendants' 

attendant 

operators' 

operators' 

Total 

Alternative 

normal time 

time 

normal time 

excess time 

costs 

One attendant. 

.*12 

$1.33 

$24 

$52 

$89.33 

Two attendants.... 

. 28 , 

Zero 

24 

Zero 

52.00 


In truth, management is now faced with a choice among alternatives 
which can be shown as in Table 14-1. Hence, management should have 
two attendants, despite the presence of idle attendant time. 

Queuing models with variable arrival and/or service times are much 
more complex. The dock facilities model of Chapter 19 will demonstrate 
a model with fixed service time and random arrival time. The complexity 
of further queuing models is beyond the scope of this book. 

IV. REVISION OF PRIOR PROBABILITIES 

Often, management is faced with the problem of making a decision on 
the basis of insufficient knowledge, and additional knowledge is costly. 
The following model provides one small approach for dealing with this 
situation. 

Let us assume that we are a ball-bearing manufacturer producing stain¬ 
less steel ball bearings for use in the space program. These ball bearings 
come in numerous different sizes and are made in various lot sizes. Pres¬ 
ently, we are starting to produce a lot of 500 class A ball bearings. A de¬ 
fective bearing requires special handling which costs 50 cents each. Normal 
machine setup yields 2 percent defective items. However, the machine 
must be reset for each production run, and sometimes (20 percent of the 
time) the setting is slightly off, yielding 20 percent defective items. If this 
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conditon is known or suspected, the machine can be reset at a cost of $8. 
When it is reset, we assume that the resulting defects are 2 percent. Again, 
we are faced with a familiar opposing-cost problem—it costs money to 
reset the machine. But if it has a bad setting, that also costs money. The 
manager must make a choice of either accepting the setup or rejecting it 
and ordering a new setup. Table 14-2 summarizes the situation facing the 
manager. The cost of accepting a good setup is 10 defective items specially 
handled at a cost of 50 cents each, or a total of $5. When any setup is re¬ 
jected, 2 percent, or 10, are defective, for a $5 special handling cost plus 

Table 14-2 


Conditional cost 
of alternatives 

Description of Probability Percent Accept Reject 

machine setting of setting defective setup setup 


Good.0.8 0.02 $ 5 $13 

Bad.0.2 0.20 50 13 


the $8 machine adjustment cost, or a total of $13. Accepting a bad setup 
results in 0.2(500) = 100 defective units, each costing 50 cents, for a total 
cost of $50. We may now calculate the expected cost (EC) of either ac¬ 
cepting or rejecting. Thus, 80 percent of the time, we have a good setup 
costing $5, and 20 percent of the time a bad setup costing $50. Therefore: 

TCaecept = 0.8(5) +0.2(50) = $14 

and 

£C rei eot = 0.8 (13) +0.2(13) = $13 

The conclusion based upon existing information is to reject the setup. 
However, if we had some additional knowledge to indicate a stronger 
probability of a good setup, we might change our decision. 

Let us review the events facing this decision maker. Let: 

G s = Good setup 
B s — Bad setup 

G b — A good bearing being produced 
D b = A defective bearing being produced 

Then the joint probabilities are: 

P(G s G b ) = (0.8) (0.98) = 0.784 
P(G s D b ) = (0.8) (0.02) = 0.016 
P(B s G b ) = (0.2) (0.8 ) = 0.160 
P(B s D b ) = (0.2) (0.2 ) = 0.040 


1.000 
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The definition of conditional probability tells us: 

(1) P(G,/Gb) = 

And, assuming statistical independence, we know that: 

(2) P(Gb) — P(G b G s ) + P(G b B s ) 

Substituting equation (2) into equation (1) gives: 1 

(3) 1 '/ P(G b G„) + P(G b B t ) 

Multiplying P(G b /G,) = by P(G ») gives: 

(4) P(G b G „) -- P(G b /G s ) P(G,) 


Also, multiplying P(G b / B,) = ~p^fy' by P(B*) gives: 


(5) P(G b B,) = P(G b /B,)P(B s ) 

Substituting equations (4) and (5) into equation (3) gives: 


( 6 ) 


prr /r \ - P(G s )P(G b /G s ) _ 

ntr s /u b ) - - p(Gb/Gs)P(Gg) + p(G b /B 8 )P(B s ) 


This provides us with a means of evaluating the probability of a good 
setup, given that we have a good ball bearing. 

Let us assume that we take a sample of one and it is good. This may be 
summarized in the table of symbols (Table 14-3). 

Table 14-4 includes values from the previous example. If we knew the 


Table 14-3 


Probability of one Probability of 

defective item , Probability of sample of one 


Machine setting given setting setting good item 

Good . P(D b /G s ) P(G S ) P(G b /G s ) 

Bad. P(D b /B s ) P(B a ) P(G b /B a ) 


Table 14-4 


Probability of one Probability of 

defective item , Probability of sample of one 


Machine setting given setting setting good item 

Good.0.02 0.8 0.98 

Bad.0.20 0.2 0.80 


The reader will recall that P(G b G s ) —P(G s G h ). 
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joint probability of the sample which occurs and the setting, we would 
then be able to compute the ratio of these events. The probability of the 
occurrence of one good item for a good setting and the occurrence of one 
good item for a bad setting yields the overall probability of a good item 
occurring. Thus, 80 percent of the time, we shall have 98 percent good 
items; and 20 percent of the time, we shall have 80 percent good items, or: 

0.8(0.98) + 0.2(0.8) = 0.784 + 0.16 = 0.944 

Thus each element in the above equation yields the probability that the 
event will occur. This may be summarized" in Table 14-5. We may then 


Table 14-5 


Machine 

setting 

Probability of 
one defective , 
given setting 

Probability 
of setting 

Probability 
of sample 
(one good) 

Probability 
of sample 
and setting 

Good. 

.0.02 

0.8 

0.98 

0.784 P(G s C n ) 

Bad. 

.0.20 

0.2 

0.80 

0.16 P(B s G b ) 





0.944 


, , , 0.784 

expect that the good setting occurs =0.83, or 83 percent of the 

time; and the bad setting occurs 0.17, or 17 percent of the time. These are 
revised probabilities, given that we have a sample of one good item. Please 
note that this could have been computed directly from equation (6) 
above. This paragraph provides an alternative approach. 

Continuing along this line, suppose that two good items are found. 
Assuming independence, the probability of two good items for the good 
setup is: 

(0.98) (0.98) = 0.9604 

and the probability of two good items for a bad setup is: 

(0.8) (0.8) =0.64 

Table 14-6 shows the revised probabilities. Does this information modify 

Table 14-6 


0) C) (3) (2) x (3) 

Joint 

Probability Probability Probability 

Machine of one Probability of sample of setting Revised 
setting defective of setting (two good) and sample Probability 

Good .0-02 0.8 0.9604 0.76832 0.8572 

Bad .0.20 0.2 0.64 0.12800 0.1428 


0.89632 


1.0000 
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our original decision to reject the setup? Let us recalculate the expected 
cost of acceptance now: 

^accept - 0.8572(5) + 0.1428(50) 

= 4.286 + 7.14 
= 11.426 

which is less than the expected cost of rejection. This additional informa¬ 
tion allows us to reduce the expected costs of the best action by $ 1.574. 

One could now ascertain all of the costs and benefits of drawing a 
sample of two items. It is only when two good items are found in a sample 
of two that the revised probability of a good setting increases. Thus the 
cost of obtaining the sample of two must be less than the value of informa¬ 
tion on a sample of two good bearings times the frequency that that set¬ 
ting is found. Here the value of information for a sample of two is 
1.574(.89632) = $1.40. The cost of sampling must be less than this. 2 

V. THE BRAND-SHARE MODEL 3 

In Chapter 5, we discussed the concern of management with market 
share and the desire to maintain market share. We have also talked about 
the difficulty of identifying the effects on future sales and profits of ac¬ 
tions taken now. The cost of stock shortages becomes difficult to identify 
because of its effect on future sales. One of the prime ingredients in de¬ 
termination of present and future share is customer loyalty. The brand- 
share model offers a way of looking at market shares over time based upon 
customer propensity to repurchase the company’s product or switch to 
products of competing companies. Repurchase propensities are not loyal¬ 
ties. However, the willingness to change purchase patterns may be close 
to loyalty. 

The brand-share model may be understood via the following example. 
Assume that the United States has three brands of cigarettes: Ace ciga¬ 
rettes (A), Better cigarettes (B), and Continental cigarettes (C). A market 
survey shows that 60 percent of Ace customers repurchase Ace cigarettes, 
20 percent purchase Better cigarettes, and 20 percent purchase Continental 
cigarettes. The matrix in Table 14-7 of purchase probabilities will sum¬ 
marize the data. This is also called a matrix of transition probabilities or 
switching matrix. Thus, 70 percent of B’s customers repurchased B’s ciga¬ 
rettes, 20 percent purchased C’s cigarettes, and 10 percent purchased A’s 
cigarettes. Further, of the 1 million packs purchased last week, 300,000 
were Ace, 400,000 were Better, and 300,000 were Continental. Hence, last 

2 For further information, see R. Schlaifer, Probability and Statistics for Business 
Decisions (New York: McGraw-Hill Book Co., Inc., 1959). 

3 The generalized title for the material in this section is Markov processes. In 
searching mathematical or other quantitative literature, one should look under the 
title Markov processes or Markov chains. 
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* 


Previous 

purchase 

(from) 


Table 14-7 

Most recent purchase 
(to) 



A 

B 

c 

A 

0.60 

0.20 

0.20 

B 

0.10 

0.70 

0.20 

C 

0.10 

0.10 

0.80 


week’s market shares were 0.3, 0.4, and 0.3 for A, B , and C, respectively. 

Since our average cigarette smoker smokes a package a week, this week 
we expect all smokers to purchase cigarettes in the fashion shown in Table 
14-7. Therefore, of the 300,000 Ace customers, 0.6(300,000), or 180,000, 
will purchase Ace; 60,000 will purchase Better; and 60,000 will purchase 
Continental. These purchases for all customers and companies are shown 
in Table 14-8. 


Table 14-8 


Purchase of: 


Purchase by: ABC 


A .180,000 60,000 60,000 

B . 40,000 280,000 80,000 

C . 30,000 30,000 240,000 

Total.250,000 370,000 380,000 


The market share is now 25 percent, 37 percent, and 38 percent, respec¬ 
tively, for A, B, and C. Since this information has predicted sales for the 
coming week, we may now go on and make a prediction for the week 
following. Our analysis assumes that the switching behavior shown in 
Table 14-7 does not change. Now, A has only 250,000 customers, 60 per¬ 
cent of whom will repurchase A. This is summarized in Table 14-9. It 


Table 14-9 


Purchase of: 


Purchase by: ABC 


A .150,000 50,000 50,000 

B . 37,000 259,000 74,000 

C. 38,000 38,000 304,000 

Total.225,000 347,000 428,000 
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should be noted that the brand share of any brand can be calculated by 
looking at the percentage of the total market each company possesses. Let 
Si represent the last brand share of firm i, and let represent the repur¬ 
chase probability of the jth brand by customers of the ith brand. Thus, 
a 2 1 is the probability of brand B customers purchasing brand A cigarettes. 
Let SI represent; the new brand share. Then: 

S i — ctnSi + <%S 2 -j- a^iSs 

Checking against the 22.5 percent brand share for A shown in Table 14 - 7 : 

s ] = 0.6(0.25) + 0.1 (0.37) + 0.1 (0.38) 

= 0.15 + 0.037 + 0.038 
= 0.225 

which checks. 

The end may seem near for Ace cigarettes. However, one can observe 
that the drop in market share was not so great in Table 14-9 as in Table 
14-8. Also, as long as B and C have customers, Ace will sell to those dis¬ 
satisfied customers of B and C. Consequently, one might intuitively feel 
that at some point the market share will remain the same because fosses 
will be exactly offset by gains. This is just what happens. Let Si represent 
the brand share of brand i in period j, and let S\ represent the brand share 
of brand i in period j + 1 . The condition that losses will exactly offset 
gains is called an equilibrium. When this condition occurs, S { = S\. Thus, 
at equilibrium: 

5 1 = tfllSi + tf 2 lS 2 T tf31+>3 — Si 

5 2 = # 12^1 + #2252 T ttzzSz = S 2 

S - 6 == #13Sl + #2 3 S 2 + # 33^3 — S 3 

Since is by definition between zero and one (including zero and one), 
we may subtract S t from each side to get the following actual system: 

(1) 0.4S+ T 0.1 S 2 + 0.1 S 3 = 0 

(2) 0.2Si - 0.3S 2 + O.IS3 = 0 

(3) 0.2Sx + O.2S2 - O.2S3 = 0 

We know further that: 

(4) Si + S 2 + S3 — 1.0 

From our knowledge of matrix algebra, we know that we can evaluate 
the column vector S when we have the following system As = b, by: 

A - 1 As = A-'b 
s = A~ l b 
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Thus, if we can find the inverse of A , we can evaluate S. Let A include 
equations 1, 2, and 4 giving: 4 

/—0.4 0.1 0.l\ /S\ /(A 

( 0.2 -0.3 0.1 ) (S 2 J = (ol 

\ 1.0 1.0 1.0/ Yv \l/ 

Using the matrix methods discussed above, we find that at: 

Si = 0.20, S 2 = 0.3, and S 3 = 0.5 
s[ = Si, s\ = &, and S3 = S 3 

which is demonstrated below: 

0.2 (0.6) + 0.3 (0.1) + 0.5 (0.1) = 0.2 
0.2(0.2) + 0.3(07) + 0.5 (0.1) = 0.3 
0.2(0.2) + 0.3 (0.2) + 0.5 (0.8) = 0.5 

This is the long-run outlook for brand shares under present circumstances. 

In view of the expected drop in the market share of Ace brand, the 
company may wish to take action to rectify the situation. Suppose the 
company has test-marketed a modified product in a local market and the 
modified matrix of switching probabilities is as shown in Table 14-10. As 


Table 14-10 

To: 



one might have guessed, the equilibrium or long-run market share is one 
third for all firms. Note that this conclusion is independent of the starting 
market shares. However, the length of time to attain the equilibrium 
(long-run) shares does depend upon the starting shares. 

This model makes a number of assumptions which delimit its use. It 
assumes that the switching behavior is permanent. The product change 
made by Ace may have appeared so successful because the product was 
new, and the high repurchase probability may be only temporary. The 
model further assumes that the customers repurchase once and once only 
during the time period represented. Multiple purchases in a short time 
period are not likely to distort the results. However, the existence of a 
different group of customers in each period may so weaken the model as 
to render it useless. For example, the purchase of automobiles is so infre- 

4 Note that the b vector must contain at least one nonzero number in order to 
derive a solution. Thus, equation 4 and any two others must be included. 
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quent that market share in the sense meant here is meaningless. In order 
to get the true market share, the automobile company would have to iden¬ 
tify the present car ownership of those customers who plan to purchase in 
the current period (say a year). Next the automobile company would 
need to know not only present ownership, but also previous ownership. 
Since average car life is seven years or so, the switching behavior is almost 
ancient history and hardly seems useful as a reasonable prediction of pres¬ 
ent behavior. Thus, this model is most useful for products of high pur¬ 
chase frequency. 

The model also assumes either that there is a fixed market potential or 
that new entrants are distributed according to the then prevailing market 
share and have the same switching patterns as existing customers. 

The switching matrix is an example of a Markov chain, which is a way 
of representing the probability of any outcome as being dependent upon 
its position now and the distribution of its possible movements. 

VI. TREE DIAGRAMS 

Consider the smoker in the brand-share model a piece of protoplasm 
which chooses a cigarette based upon where it is, and which switches 
readily. Thus a smoker now smoking A may either stay with A or go to 
B or go to C. Once at B, he may stay with B or go to C or go to A. In 
effect, he should eventually bounce completely around the system. (Not 
very loyal, is he?) The tree diagram (Figure 14-4) will show whatTap- 

Figure 14-4 



PROBABILITY OF BEING 
AT END POSITION 

\ 0.36 

B 0.12 

: 0.12 

A 0.02 

B 0.14 

C 0.04 


0.02 

0.02 

0.16 
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pens. Thus, at the end of two weeks, he has a 0.36 chance that he is still 
purchasing A , having purchased A the first week. Of course, the same 
kind of diagram may be constructed for someone starting at B or C. 

DISCUSSION TOPICS AND PROBLEMS 

1. Describe a specific example of each of the following queuing situations: 

a) Fixed arrival, random service time 

b) Random arrival, fixed service time 

c) Random arrival, random service time 

d) Random arrival, neither fixed nor random service time 

2. Many queuing models assume that arrivals and service time are inde¬ 
pendent. Discuss a case in which this is not true. In this case, what is the direc¬ 
tion of dependence? Can you cite another case with the direction reversed? 

3. In the queuing example(s) cited in this chapter, waiting time could be 
readily computed. Frequently, it is a customer who is waiting. Discuss the 
problems of establishing waiting-time costs for customers. Suggest a method 
for dealing with this problem. 

4 . A new supermarket is trying to decide how many check-out registers to 
install. However, none of the people connected with planning the store has had 
any more training in queuing theory than shown in this chapter. They know 
that each day has two different customer arrival patterns. During the first five 
hours of the day, customers arrive randomly. However, a customer arrives 
every five minutes on the average. During the second five hours of the day, 
customers arrive randomly. However, one arrives every three minutes on the 
average. Service time is random but takes 10 minutes on the average, regardless 
of the time of day. Assume that the daily fixed cost of each check-out counter 
is $8. This fixed cost includes cost of capital and allocated operating expenses. 
Further, assume that each check-out operator costs S3 per hour. The company 
has decided to value customer waiting time at $4 per hour. Assume that check¬ 
out operators may be hired for five hours at a time and are readily available. 
Since the planners do not know how to deal with random arrivals and service 
time, assume that the average time represents a fixed arrival and service time 
(ignore any error this assumption causes). 

a) How many check-out counters are necessary during the peak period? (Use 
the $8 fixed cost.) What kind of error is caused by assuming that average 
arrival and service time is a fixed time? 

b) Compare the cost of three and four registers during the peak period. 

c) The manager shows you the following table from the Supermarket Journal: 

Survey of cash registers and average daily 

SALES VOLUME 

Average number of 
Sales volume operating cash registers 

$ 500-$ 1,499.2.0 

1.500- 2,499.3.2 

2.500- 3,499.4.4 

3.500- 4,499.5.6 

4,500 or more.7.2 
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The manager informs you that the average customer spends fit, and 
store services 150 customers daily* sales volume is $2,550. Further, he has 
used the two-point formula for a line and found the following equation: 
R = 1.2 V -f- 0.8, where R is the number of operating cash registers and V is 
sales volume (in thousands of dollars). He thus concludes that his store 
requires 3.86 registers and that four is enough. 

Evaluate his methodology, logic, and conclusion. 
d) Assume that all of the information provided thus far is correct. How many 
registers would you recommend? 

5 . You are a manufacturer who has an automatic machine which produces 
ball bearings. If the machine is set up correctly, it will produce 90 percent 
acceptable parts. If it is set up partially correct, it will produce 80 percent 
acceptable parts. If it is set up incorrectly, it will produce 50 percent acceptable 
parts. Past experience indicates that a correct setup is attained 60 percent of the 
time; a partially correct setup, 20 percent of the time; and an incorrect setup, 
20 percent of the time. The setup event occurs randomly. 

a) Compute the revised probability of each setup event if one acceptable part 
is produced in a sample of one part (show your work in table form, as in 
the text). 

b) Compute the revised probability of each setup event if one acceptable part 
and one unacceptable part are produced in a sample of two parts (show a 
table). 

6. The Nil Company produces 10 types of widgets on a widget-producing 
machine. This machine produces some defective items, depending upon the 
effectiveness of the setup for the production run. For class A widgets, ex¬ 
perience has shown that the percent defective is either 0.2 or 0.4. The prob¬ 
ability of a good setup is 0.7, and the probability of a bad setup is 0.3. 

When the machine was first set up, a sample of three items was taken, 
and no defectives were found in the sample. 

a) What are the revised probabilities of a good and a bad setup for class A 
widgets? 

b) Assume that the probability of a good setup is 0.5 and the probability of a 
bad setup is 0.5. Further, assume that when the machine was set up, a sample 
of one item was taken, and it was defective. The percent defective remains 
the same as indicated above. What are the revised probabilities of a good 
and a bad setup for class A widgets? 

7 . The C and B toothpaste companies are faced with the following matrix 
of transition probabilities: 


To: 



B 

C 

B 

0.7 

0.3 

C 

0.4 

0.6 


From: 
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Assume that company B now holds 60 percent of the market. What do you 
predict its market share will be at the end of this period? At the end of 
two periods? 

Set up the equation system to find the equilibrium for this situation. 

If the matrix of transition probability looks as follows, what is the equilib¬ 
rium condition? 


To: 



B 

c 

B 

0.7 

0.3 

C 

0.0 | 

1.0 


d) If the matrix of transition probabilities looks as follows, what is the equilib¬ 
rium condition? 


*) 

b) 

c) 


To: 



B 

C 

B 

0.6 

0.4 

C 

0.4 i 

i 

0.6 


8. The Astor Candy Company of Falls Church, Virginia, is in competition 
with two firms (Basto and Chocko) for the market located in the northeastern 
part of the United States. A recent independent market survey has shown the 
following switching behavior for the customers of these candy producers: 


Previous 

purchase 


Last purchase 



A 

B 

C 

A (Astor) 

0.7 

0.1 

0.2 

B (Basto) 

0.2 

0.5 

0.3 

C (Chocko) 

0.1 

0.3 

0.6 


Your own marketing research department has done a fairly extensive survey 
of the market, and it has arrived at a total market figure of 1.5 million boxes of 
candy. It has also been pointed out to you that the market shares for each 
company during the last week were as follows: 0.30 for A, 0.28 for B , and 0.42 
for C. 

Given these data, you are asked to find the long-run outlook for the brand 
shares (assuming that none of the companies modify their behavior in any way). 

9. Assume that the only makes of American cars are Fords and General 
Motors and that the following matrix of transition probabilities holds: 
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To: 



GM 

Ford 

GM 

0.8 

0.2 

Ford 

6 

0.6 


Assume that the relevant period of time for the transition probabilities is 

one year. Further, assume that GM sold 6 million cars last year and Ford sold 

4 million, 

a) What do you predict will be each company’s sales this year? Next year? 

b) If the market is expanding so that 100,000 new customers are purchasing cars 
each year, what is your prediction of sales for each company this year. 

Next year? . 

c) If the market is expanding but new customers are purchasing 50 percent 
GM and 50 percent Ford, what is your prediction of sales for each com¬ 
pany this year? Next year? 
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Models of linear 
systems, I 1 


I. INTRODUCTION 

In previous chapters, most of the models have been reducible to one 
equation. The classical economic model and the economic order quantity 
model begin with separate equations for the various elements. In many in¬ 
stances the final model cannot be reduced to one equation. A common 
type of situation which cannot be reduced to a single equation is when 
the measurable objective is to be maximized or minimized subject to cer¬ 
tain conditions which impede or constrain that objective. When the con¬ 
straining conditions are linear and the function describing the objective is 
linear, the solution may be found using linear programming, which is the 
subject of this and the next chapter. 

The linear programming model is often called an allocation model be¬ 
cause it allocates resources to alternative uses. The linear programming 
model is best discussed after looking at an example. We shall begin by 
using the graphical method for optimizing the objective and then look at 
the algebraic process implied by the graphical method. In Chapter 16, we 
shall look at an analytic method called the simplex algorithm. 

The graphical method is not generally used to solve real-world prob¬ 
lems but is very effective in providing a conceptual understanding of the 
solution method. Familiarity with the problems involving only a few vari¬ 
ables provides a great deal of insight into what can happen in a more real¬ 
istic case. 


1 This entire chapter is adapted by permission from chapter 2 of Richard I. Levin 
and Rudolph P. Lamone, Linear Programming for Management Decisions (Home- 
wood;. Hk; Richard D. Irwin, Inc., 1969). 
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II. THE SAMPLE PROBLEM 

The graphical method is best demonstrated when applied to a manu¬ 
facturer who wants to determine the most profitable combination of 
products to make and sell. 

Assume that our manufacturer produces chairs and tables. Production 
of each product requires processing in two departments, the machinery 
department (1), and the finishing department (2). Department 1 has up 
to 32 hours available. Department 2 can handle up to 36 hours of work. 
Manufacturing one chair requires four hours in department 1 and three 
hours in department 2. Each table requires two hours in department 1 
and six hours in department 2. 


Table 15-1 


Time to complete each unit 

Product 

Department 1 

Department 2 

Chair. 

Table. 

Total time available.. 

. 2 hours 

3 hours 

6 hours 

36 hours 


The profit contribution is $4 per chair and $5 per table. The company 
has no difficulty selling all the chairs and tables it can produce. The manu¬ 
facturer’s problem is to determine the best possible combination of chairs 
and tables to produce in order to maximize profits. The possible profit, 
however, is limited by the time constraints in each department, since there 
are only 32 hours available in department 1 and 36 hours available in de¬ 
partment 2. Thus, in choosing the best combination of products, the 
manufacturer must allocate the limited resources of each department in a 
way which will yield the highest possible profit. 

Let us use Xi to represent the number of chairs to be produced and X 2 
to represent the number of tables to be made. The information used to 
solve the problem is summarized in Table 15-1. 

Formulating the problem 

To begin solving the problem, we must restate the information in math¬ 
ematical form. Our manufacturer realizes a profit contribution of $4 per 
chair and $5 per table. His objective is to make as much profit as possible 
on all the tables and chairs produced. The manufacturer can express his 
objective as an equation: 


P = + 5X 2 
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where: 


P = Profit 

4A 7 ! = Total profit from sale of chairs 
5X 2 = Total profit from sale of tables 

This equation is referred to as the objective function, which shows the 
relationship of output to profit. 

The manufacturer has two conditions which will limit the extent to 
which profit can be maximized: ( 1 ) the time available in department 1 
and ( 2 ) the time available in department 2 . The time used in producing 
chairs and tables must not exceed the total time available in the respective 
departments. In other words, the hours required to make one chair times 
the number of chairs produced, plus the hours necessary to make one table 
times the number of tables produced, must be equal to or less than the 
time available in each department. From the data given in Table 15-1, we 
can express these constraints as inequalities: 

4Ah + 2 X 2 <32 (department 1) 

3Xi + 6 A ^ 2 <36 (department 2) 

The first inequality above states that the hours required to produce one 
chair (four hours) times the number of chairs produced (Xi), plus the 
hours necessary to make one table (two hours) times the number of tables 
made (X 2 ), must be equal to or less than the 32 hours available in depart¬ 
ment 1 . A similar explanation applies to the second inequality. 

Since negative production has no meaning, all values of the variables in 
the solution of any linear programming problem must be positive. This 
will be true for all linear programming problems. In our problem, this 
means that the variables must be greater than or equal to zero (X 1 > 0 
X 2 > 0 ). 

The mathematical formulation of the problem can now be summarized: 

Maximize: P = 4Xi + SX 2 

subject to these limiting conditions (hereafter referred to as constraints): 

4Xi T - 2 X 2 <32 
3Xi T 6 X 2 <36 
Xx > 0 
X 2 > 0 


Graphing the constraints 

Our next step is to plot the constraints in the problem on a graph, with 
Xi shown on the X-axis and X 2 shown on the 7-axis. 

Before graphing the first inequality, 4 Xx + 2 X 2 < 32, let us note that 
it consists of two parts: an equality part and an inequality part. Thus the 
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possible combinations of chairs and tables that can be processed in depart¬ 
ment 1 will be all points which satisfy either 

4 Ah + 2 X 2 = 32 
or 

4Ah + 2 X 2 <32 

Now the equality 4Xi + 2X 2 = 32 may be plotted on the graph by first 
locating its two terminal points and joining these points by a straight line. 
To locate these points, we proceed as follows: 

1. If we assume that all the time available in department 1 is used in 
processing tables—that production of chairs is zero—16 tables could be 
made. Accordingly, if we let X x = 0, then X 2 = 16. Proof: 

4Xi + 2 X 2 =32 
4(0) + 2X 2 = 32 

X 2 = 16 tables 

Our first point, then, is (0, 16), meaning the production of no chairs and 
16 tables. 

2. To find the second point, we now assume that all the time available 
in department 1 is used in making chairs. Under this assumption, we could 
produce eight chairs. Hence, if we let X 2 = 0, then = 8. 

Our second point, therefore, is (8, 0), meaning the production of eight 
chairs and no tables. Locating these two points, (0, 16) and (8, 0), and 
joining them, gives us the straight line shown in Figure 15-1. 




2 
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The inequality part of our first constraint, 4X t + 2X 2 < 32, is the en¬ 
tire shaded area to the left of the line BC. Consequently, the graph of the 
inequality 4Xi + 2X 2 < 32, including both parts, is the entire area ABC , 
which lies on or to the left of the line BC. Note that the condition Xi, 
X 2 >0 is also assumed. To graph the inequality, therefore, we simply 
graph the equality. The resulting line forms the upper boundary of the 
area represented by the inequality. 

Figure 15-2 


x 2 



Let us now examine several combinations of chairs and tables shown as 
points in Figure 15-2. Any combination of chairs and tables on line BC 
will use up all the 32 hours available in department 1. For example, pro¬ 
ducing six chairs and four tables [point (6, 4) on the graph] will require 
all of the available 32 hours: 

6(4 hours) + 4(2 hours) = 32 hours 

Any point to the left of the line will result in unused capacity; i.e., all the 
hours will not be used. If, for example, we produced two chairs and six 
tables [point (2, 6)], the total required time would be 20 hours, which is 
less than the total available time of 32 hours. Likewise, any point to the 
right of the line, such as producing 10 chairs and 10 tables, would require 
60 hours, which is 28 hours in excess of the total available hours. 
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Indeed, any combination of chairs and tables which lies to the right of 
the line BC cannot be produced without violating the constraint, i.e., ex¬ 
ceeding the 32 hours available. We can produce only those combinations 
of chairs and tables which lie within the area ABC or on the boundaries 
of the area ABC. 

A similar explanation applies to the graph of the second constraint for 
department 2, represented by the inequality 3Xi + 6X 2 — 36. Using the 
same procedure explained above, the terminal points are located as fol¬ 
lows: 

1. Let X! = 0. Then: 

X 2 = 36/6 = 6 
First point: (0, 6) 

2. Let X 2 = 0. Then: 

Xi = 36/3 = 12 
Second point: (12,0) 

Joining these two points gives the line EF in Figure 15-3, representing all 
combinations of chairs and tables which use up exactly 36 hours, i.e., 

3Xi + 6X 2 — 36 

The area AEF contains all possible combinations which use less than or 
including the 36 hours available (3Xi + 6X 2 < 36). Thus, any point—any 

Table 15-3 


*2 
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combination of chairs and tables falling within the area AEF —will satisfy 
the time restriction in department 2. Conversely, any point outside the 
shaded area will violate the time restriction in department 2. 

In graphing the two constraints, we have found the combinations of 
chairs and tables which may be processed in each department without 
violating the time restrictions. However, in order to complete a chair or 
table, both departments must be used. The next step, then, is to find an 
area which is common to both areas described by the separate graphs for 


Figure 15-4 



each department so that the best combination of completed chairs and 
tables will not exceed the available time in either department. To find this 
common area, we simply plot the two original inequalities (see Figures 
15-1 and 15-3) on the same X x - and X 2 -axes. This we have done in Fig¬ 
ure 15-4. The area that does not exceed the time constraints in either de¬ 
partment—the shaded area AEDC in Figure 15-4—contains all possible 
combinations of chairs and tables satisfying both inequalities together. This 
area is referred to as the area of feasible solutions because it never violates 
the inequalities when taken together. 

To illustrate, three combinations have been located as points in Figure 
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Figure 15-5 


X 2 



Example 1. Four chairs and three tables: 

Department 1: 4Xi + 2 X 2 <32 hours available 
4(4) +2(3) = 22 hours required 
Department 2: 3 Xl + 6 X 2 <36 hours available 

3(4) + 6(3) = 30 hours required 

The time required to make four chairs and three tables falls within the 
time available in both departments. The reader may verify that any point 
within the common area AEDC, referred to as the area of feasible solu¬ 
tions, will use less than or up to the time available in both departments. 

Example 2. Two chairs and 10 tables: 

Department 1: 4 X\ + 1 X 2 <32 hours available 

4(2) +2(10) = 28 hours required 
Department 2: 3X x + 6 X 2 <36 hours available 

3(2) +6(10) = 66 hours required 

In the above example, we find that the time required to make 2 chairs 
and 10 tables falls within the time available in department 1 but exceeds 
the time available in department 2. Thus, this combination is not possible, 
since it falls outside the area of feasible solutions. 

Example 3. Eight chairs and one table: 
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Department 1: 4Ah + 2 Ah <32 hours available 
4(8) +2(1) = 34 hours required 
Department 2: 3 Ah + 6X 2 <36 hours available 

3(8) + 6(1) = 30 hours required 

In this example the time required to make eight chairs and one table 
falls within the time available in department 2 but exceeds the time avail¬ 
able in department 1. Accordingly, it would be impossible to produce this 
combination, given the present time constraints. 

Testing the corner points of the feasible solutions area 

Our goal is to choose that combination of chairs and tables which will 
maximize profit, given the time restrictions in each department. For rea¬ 
sons to be explained later, the optimum combination in the graphical solu¬ 
tion to any linear programming problem will be found at one of the cor¬ 
ner points of the area of feasible solutions; in our problem, this is the area 
AEDC. We already have found three of the four corner points (see Figure 
15-4); they are: 


A .( 0 , 0 ) 

E .( 0 , 6 ) 

C .( 8 , 0 ) 


How can we locate point D? Reading its location from a precisely 
drawn graph is one possibility. Another method is to solve simultaneously 
the equations of the two lines which intersect at point D , the only point 
common to both equations. To solve these two equations: 

4 Ah + 2 Ah = 32 
3 Xi + 6X 2 = 36 

we proceed as follows: 

1. Multiply the first equation by —3 and add the second equation to it: 

~3(4X 1 + 2X 2 = 32) = — 12Xi - 6X2 = -96 

3Xi + 6 A 2 = 36 

—9 Ah = -60 

Ah = 60/9 = 6% 

2. Now, substitute 6% for Xi in the second equation: 

3 Ah + 6 A 2 =36 
20 + 6X 2 = 36 
6 Z 2 = 16 
Ah = 2 % 

Point D thus is (6%, 2 2 / 3 ). 

We can now test the four corner points of the area of feasible solu¬ 
tions by substituting the values of each point in the objective function 
(P = 4 X ± + 5X2): 
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Point A (0, 0): 4(0) + 5(0) = $ 0 

Point E (0, 6): 4(0) + 5(6) - 30 

Point C (8,0): 4(8) + 5(0) - 32 

Point D (6%, 2%): 4(6%) + 5(2%) - 40 

The optimum combination, 6 34 chairs and 2 % tables, located at point D y 
yields a maximum profit of $40. Substituting 634 for Xi and 2 34 for X 2 in 
the constraints, we find that the optimum solution uses up the time avail¬ 
able in each department: 

Department 1: 4-Xi + 2X 2 <32 hours available 

4(6%) + 2(2%) = 32 hours required 
Department 2: 3Xi + 6X 2 <36 hours available 

3(6%) + 6(2%) = 36 hours required 

As will be shown in another section, there may be cases in which the opti¬ 
mum solution will result in unused capacity. 

Exchange rates 

The fact that the candidates for the maximum profit condition are 
found at the corner points can be understood with the concept of ex¬ 
change rates. Let us arbitrarily offer the point X 1 = 4, X 2 = 2 as a candi¬ 
date for the maximum profit condition. Since we earlier showed that the 
point Xi = 4, X 2 = 3 did not violate the constraints, we know this point 
is an acceptable candidate. It is shown in Figure 15-6 as point G. 

Figure 15-6 


*2 
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At point G, profit is 4(4) 4-5(2) = $26. However, the reader can eas¬ 
ily see that more tables could be produced up to point H. Since each table 
produced in addition to the present two yields $5 to profit and overhead, 
it is desirable to increase the production of tables to the maximum. The 
factor which limits the production of tables is the 36 hours of available 
capacity in department 2; i.e., 3Xi 4- 6X 2 < 36. In this case, we shall use 
all of the available capacity, thus transforming the inequality to an equal¬ 
ity: 3Xi 4- 6X 2 = 36. Since we are producing four chairs, the maximum 
number of tables is 3(4) + 6X 2 = 36 and X 2 = 4. The resulting profit is 
4(4) 4- 5(4) = $36, or an increase of $10 over point G. 

Since it is desirable to increase the production of tables while holding 
the production of chairs constant, a like analysis will conclude that it is 
also desirable to increase the production of chairs while holding the pro¬ 
duction of tables constant. This is shown by point 7 in Figure 15-6. The 
resulting production of chairs is 7 ! / 2 chairs, and profit is then $38. In this 
instance the latter move yields a higher profit. However, the analysis 
clearly demonstrates that regardless of the choice of points in the area of 
feasible solutions, it is always desirable to move to the outer boundaries of 
the feasible solutions area. In other words, we have narrowed the candi¬ 
dates for the optimum solution to the lines ED and DC in Figure 15-6. 

We shall now demonstrate that the point H (or 7) is not the optimum 
profit point, because a movement either to the right or to the left will 
increase profits. 2 If we are at point H in Figure 15-6, what happens to 
profits if we reduce the production of chairs by one unit? Such a reduc¬ 
tion represents a shift of point H upward and to the left. The original and 
modified point H can be expressed: 

Original: 3 (Ah) + 6(X 2 ) = 36, where X\ — 4, Ah = 4 

Modified: 3 (X x ) + 6(Ah) = 36, where X x — 3, X 2 is unknown 
Solving for X 2 , we find: 

3(3) + 6Ah = 36 
X 2 = 4M 

Thus, when we reduce the production of Xi by one unit, we can increase 
the production of X 2 by one-half unit. This is to be expected because the 
three hours required to process one unit of X x is one half of the six hours 
required to process one unit of X 2 . 

We can now investigate the effect of this change in production mix on 
profits by remembering that the profit contribution is $4 for X x and $5 
for X 2 . The net effect of giving up one chair to make one-half table is: 


Profit gained by making onc-half table: lh($5). $2.50 

Profit lost by giving up one chair: 1 ($4). $4.00 

Net change in profit (gain minus loss). —$1.50 


2 In rare instances, profits will neither increase or decrease. This condition will be 
discussed later. 
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If the exchange rate is the same for all of line EF , it is desirable to ex¬ 
change tables for chairs (i.e., the opposite direction). Since we know that 
the line EF is linear and that it has a constant slope, we know the exchange 
is proportional throughout the line. However, if we make the exchange so 
that the point is found on line EF but to the right of point D, we shall be 
violating the constraints of department 1. Accordingly, we can only ex¬ 
change to point D , which we earlier said was the maximum. A similar 
analysis at point 7 would force us to move to point D. 

The purpose of this discussion is to prove that because of the existence 
of desirable or undesirable exchange rates, the optimum solution cannot 
exist on the line segment but must exist at a corner point. However, all 
three corner points E , D, and C are valid candidates for the optimum. 


Isoprofit lines 

Let us now examine another method of demonstrating why the most 
profitable combination of chairs and tables occurs at comer point D. To 
do this, we must plot the objective function (P = 4X t + 5X 2 ) directly on 
the graph of the feasible solutions area. 

In order to graph the objective function, we first let profit equal some 
dollar figure that we can attain without violating a restriction. We have 
arbitrarily chosen to let profit equal $20, a profit easily attainable. Then 
the objective function is 20 = 4X t + 5X 2 . We now locate the two ter¬ 
minal points. When = 0: 

20 = 4(0) + 5X 2 
X 2 = 4 

and when X 2 ~ 0: 

20 = 4^ +5(0) 

*i = 5 

Joining these two points gives the line shown in Figure 15-7. 

The objective function (20 = 4Xi + 5X 2 ) graphed in Figure 15-7 rep¬ 
resents all the possible combinations of chairs and tables which would 
yield a total profit of $20 and is called an isoprofit. For example, the 
point (2*4, 2) is located on this line: 

4(2L0 + 5(2) = 20 

Suppose we graph another isoprofit line representing all combinations 
of chairs and tables which would result in a profit of $35. In other words, 
we shall graph a line represented by the profit equation, 35 = 4X x + 5X 2 . 
This line is illustrated in Figure 15-8, together with the line of the pre¬ 
vious profit equation, 20 = 4X x + 5X 2 . 

Let us examine the significance of these parallel profit lines. The second 
profit line (35 = 4X t + 5X 2 ) represents all combinations which would 
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yield a $35 profit. The second profit line, then, generates more profit than 
the first line ($35 versus $20). However, if we produce all X 2 : 

35 = 4(0) + 5X 2 
X 2 = 7 

But as shown in Figure 15-4, this violates the department 2 constraint. If 
we produce 5X 2 , then X t = 2.5, and no constraints are violated. The sec¬ 
ond line is parallel to the first line, but farther from the origin, point A 
(0, 0). Thus, as long as no constraints are violated, it is preferable to the 

Figure 15-9 


X 2 



first line. In order to maximize profit, we need to find a profit line which 
is as far as possible from the original but has at least one point in common 
with the area of feasible solutions, This line, represented by the profit 
equation 40 = 4X* + 5X 2 , is shown in Figure 15-9, together with the first 
two profit lines. 

IN. SOME ADDITIONAL CONSIDERATIONS 

Do not be misled into believing that the intersection of department 1 
and department 2 (point D) is always the optimum. The optimum is de¬ 
pendent upon the nature of the objective function. 
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Alternate optima 

By delineating the feasible solutions area, we have solved the manufac¬ 
turer’s problem. What effect would a change in the profit contribution of 
each product have on the feasible solutions area? Since the objective func¬ 
tion played no part in defining the area of feasible solutions, the answer is 
that a change in the objective function will have no effect on the feasible 
solutions area. It may, however, result in a new optimum combination of 
chairs and tables. 

For example, suppose the profit contribution is $10 per chair and $5 per 
table. In this case the profit at each corner point may be calculated as 
follows: 

Point A (0, 0): 10(0) + 5(0) = $ 0 

Point E (0, 6) : 10(0) +5(6) = 30 

Point C (8, 0): 10(8) +5(0) = 80 

Point D (6%, 2%) : 10(6%) + 5(2%) - 80 

We now have two different combinations of chairs and tables that yield 
a maximum profit of $80, points D and C. In fact, if we plot the new ob¬ 
jective function on the graph of the original feasible solutions area, we 
shall find that there are not two but many different combinations of chairs 
and tables which yield the same maximum profit; hence the term alternate 
optima. Using the same procedure previously explained, we have plotted 
two profit lines in Figure 15-10. 

Figure 15-10 


X 2 
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Note that the profit lines are parallel to the line DC, which forms part 
of the boundary of the feasible solutions area. Hence, as we shift the profit 
line away from the origin, it will coincide with the line segment DC. Each 
point on this line DC, including the corner points D and C, represents a 
different combination of chairs and tables which can be produced giving 
the same profit of $80. If we were to shift the second profit line further 
from the origin, there would be no point in common with the atea of 
feasible solutions. 

Previously, we stated that the optimum solution to any linear program¬ 
ming problem would be found at one of the corner points of the feasible 
solutions area. In some cases, as the example above shows, the solution may 
consist of a whole line segment; but even then, there is at least one corner 
point solution, i.e., points D and C. 

Optimum solution with unused capacity 

In the solution to the sample problem, we used all of the hours avail¬ 
able in each department. However, the desirability of point D (produc¬ 
tion of 6 2 / 3 chairs and 2 2 / 3 tables) results because of the nature of the ob¬ 
jective function and not because this is the only combination which uses 
all available capacity. If the objective function is: 

P = 12 Ah + 5 X 2 


96 
30 

93.33 

Thus the optimum occurs when eight chairs and no tables are produced. 
In department 2, only 24 of the 36 hours are used because it takes 3 hours 
to process each of the eight units, for a total of 24 hours. This means that 
department 2 is idle 12 hours. However, full utilization of department 2 
will result in lower profits. 


then, testing each corner point: 

At Xi — 8, Ah — 0 P= 12(8) + 5(0) = 

At Ah = 0, Ah = 6 P = 12(0) + 5(6) = 

At Ah = 6%, X 2 = 2% P = 12(6%) + 5(2%) = 


IV. ASSUMPTIONS OF THE LINEAR PROGRAM MODEL 
Linearity in the objective function 

As indicated earlier, this model is a linear representation of the environ¬ 
ment. Linearity in the objective function means that each chair or table 
sold contributes $4 and $5, respectively, to overhead and profit. This 
means that all units offered for sale are sold; and within the relevant range 
the demand curve is horizontal, as shown in Figure 15-11. The relevant 
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Figure 15-11 



QUANTITY OF CHAIRS QUANTITY OF TABLES 


range is from zero to eight chairs and zero to six tables. This relevant 
range results from the values assigned the constraints rather than being a 
preestablished figure. The demand restriction can be relaxed by segment¬ 
ing the demand curves in the fashion illustrated in the last section of 
Chapter 12. Once segmented, a number of alternative situations can be 
compared. For example, assume that when more than four chairs are pro¬ 
duced, the profit contribution on all chairs (including the first four) 
drops to $3. Then we have two problems: 

1. Maximize: P = 4Xi + 5X 2 

Subject to: X x < 4 

4Xi T 2X2 < 32 

3Xi T 6 X 2 < 36 

2. Maximize: P = 3 X 1 + 5X 2 

Subject to: X x > 4 

4 Xx + 2 X 2 < 32 

3Xi + 6X 2 < 36 

Given these two problems, we maximize P for each and choose the high¬ 
est value of P. Problem 2 can be simplified by recognizing that at least 
four chairs must be made before any decision problem exists. Hence the 
profitability on those four chairs may be added to the objective function 
as a constant and the capacity in each department reduced by the time 
required to produce those four chairs, thus reducing the available capacity. 
The system for problem 2 is then: 

Maximize: P — 3X 3 + 5X 2 + 12 

Subject to: 4X Z + 2X 2 <16 
3 X 3 T 6X 2 < 24 

It should be remembered that X t = X 3 + 4 and X 3 > 0. The reader is now 
in a position to solve this problem. 

The linearity of the objective function also implies that production 
costs are linear. For example, assume that a chair sells for $24 and that 
costs attributable to the chair include labor of $10 per chair and materials 
of $10 per chair—thus the conclusion that the contribution is $4. Like¬ 
wise, the table might sell for $30, with material costing $15 per table and 
labor $10 per table. If the material is subject to a quantity discount, we 
may need to segment the problem as suggested above. 
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Products are identified by processing and raw material requirements 

The model shown assumes that all products must be processed in all 
departments. Although this is not an assumption of the linear pro¬ 
gramming model, we must recognize that the mathematical setup must 
be different when processing is not required in all departments. For 
example, assume that tables may be made by processing in department 1 
and department 2, as shown, or they may be processed in department 2 
only. If processed in department 2, they require nine hours and contribute 
$3 to profit and overhead. This can be considered a different product, re¬ 
sulting in the following system: 

Maximize: P = 4X x + 5X 2 + 3X S 

Subject to: 4Xi + 2X 2 + 0X 3 <32 
3Ah -j- 6X 2 + 9Ah <36 

The graphical method just shown is not powerful enough to yield an 
answer, but the simplex method shown in the next chapter will give a 
solution to this problem. 

This discussion demonstrates that it is not the characteristics of the final 
product but the inputs which distinguish one product from another. 

Linearity in the constraints 

Linearity in the constraints implies that the amount of time required to 
process each product is the same regardless of the number processed. 
Thus, it takes four hours to process a chair in department 1, regardless 
of whether it is the first or the sixth chair, or regardless of whether the 
department processes only chairs or both chairs and tables. It is possible 
that fatigue or boredom may result in a longer processing time for later 
chairs. Conversely, a learning curve may exist, so that later chairs are 
processed faster. In the sample problem the assumption of linearity seems 
reasonable. However, the segmentation process may be used if non- 
linearities exist. When more than three chairs are processed in depart¬ 
ment 1, efficiency increases so that it takes only 3 1 / 2 hours to produce all 
chairs over three. This saves $1 on labor costs. Hence, up to three, the 
chairs’ contribution is $4; but over three, it is $5. The following two 
systems result: 


1 . Maximize: 

P = 4W + 5AT 2 

Subject to: 

ATi < 3 


4Ah 4 * 2 Ah <32 


3Ah + 6 Ah <36 

2 . Maximize: 

P = 5 X 3 -f- 5X 2 -{- 

Subject to: 

3 . 5 X 3 T 2 X 2 < 20 


3 X 3 T 6 X 2 < 27 
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It should be remembered that Xi = X 3 + 3. Accordingly, system 2 merely 
recognizes the conditions which exist when more than three chairs are 
produced. Therefore, when Xi — 3, Xg ~ 0, and the conditions in system 
2 are violated and system 1 is in operation. When Xi 3, the conditions 
of system 2 are recognized, because the three units already produced 
generate $12 profit but use: 

3X4=12 hours of capacity in department 1 

and 

3X3=9 hours of capacity in department 2 

Assumption of static time period 

The linear programming model operates within a specified length of 
time. This may ignore the impact of past and future decisions except as 
the constraints may be capable of reflecting these considerations. For 
example, the availability of raw materials may be included as a constraint. 
Consequently, if only raw materials for six chairs are on hand, a third 
constraint, Xi ^ 6, may be added. The time limitation places a more severe 
restriction on future decisions because it tells us nothing about what to do 
to prepare for the future. 

Assumptions of certainty 

The linear programming model also assumes that the relationships occur 
with certainty. Thus, it assumes that it takes four hours to process each 
chair in department 1, not an average of four hours. Such an assumption 
is reasonable if the variance in processing times is slight. Finally, some 
obvious assumptions are: (1) The system includes all constraints and 
relevant resources, (2) the measurable objective contributes to the overall 
objective, and (3) the decision can be implemented. 

Requirements of the linear programming model 

Conditions or requirements which must exist for the linear program¬ 
ming model to be applicable are: . . . 

1. There must be a measurable objective to be maximized or minimized 
which relates the decision variable to the objective and constraints. Hence, 
in the sample problem, we are maximizing contribution to overhead and 
profit as a function of the units produced and the contribution of each 
unit produced. Implied as a part of this requirement is the presence of 
alternative courses of action, one of which will achieve the objective. 

2. Resources must be limited. 

3. The variables in the problem must be interrelated. Accordingly, in 
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the example, both departments process both goods. At the least, it must be 
possible to use one department to process two goods. 

4. It must be possible to express the objective, limitations, and condi¬ 
tions as a system of linear equations (including inequalities). 

V. THE VALUE OF ADDED CAPACITY 

Since the available capacity in each department is under the control 
of management, it is useful to know the value of added capacity. Suppose 

Figure 15-12 


*2 



that management adds one hour of capacity to department 1. The result¬ 
ing area of feasible solutions is increased to the line which represents: 

4Ah -f- 2X% =33 

as shown m Figure 15-12. There are now two new corner points. One is 
production of all X u or 814 chairs, at a profit of 4(8%) = {33, which is 
less than {40 and thus not the optimum production. The other new 
corner point is production of both X x and X 2 , which is the intersection of: 

(0 4X! 4- 2X 2 = 33 

3Xx 6X 2 = 36 
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Multiplying equation ( 1 ) by 3 and subtracting equation ( 2 ) from that 
figure gives: 

nx x + 6 X 2 = 99 

— 3 X 1 — 6 X 2 = —36 


9Xi = 63 
Xi = 7 

Substituting in equation ( 1 ): 

4(7) + 2 X 2 = 33 

2 X 2 =33—28 
2X2 = 5 
X 2 = 2^ 

Therefore, at the intersecting point, X x = 7 and X 2 = 2 1 / 2 . At this point, 
profit is: 

4(7) + 5(2.5) = 28 + 12.50 = 40.50 

We see that the addition of one unit of capacity increases profit from 
$40 to $40.50, or by 50 cents. This is the “shadow price” for capacity in 
department 1. It places a value on the capacity. If the overhead cost per 
period of the next unit of capacity is less than 50 cents, it pays to add that 
unit of capacity. Obviously, the decision with respect to added capacity 
must hinge upon conditions in the future as well as conditions now. The 
50-cent value is applicable only to present conditions. Also, note that 50 
cents is not the value of all subsequent added hours of capacity. If 28 units 
were added to department 1, the line representing the department 1 re¬ 
striction w r ould be to the right of the line representing the department 2 
restriction, as shown in Figure 15-13. In this case, department 2 is the only 
limiting factor; consequently, additional capacity in department 1 con¬ 
tributes nothing and has no shadow price. Thus the shadow price is ap¬ 
plicable only over a range. 

It is left as an exercise for the reader to verify that the shadow price in 
department 2 is approximately 67 cents. 

VI. THE CASE WITH MORE THAN TWO CONSTRAINTS 

In the problem thus far, we have had two products and two restrictions. 
Suppose that we have three restrictions and that the problem can be stated 
as follows: 

Maximize: P = 4X x + 5X 2 

Subject to: 4X x + 2 X 2 <32 
3Xi T 6 X 2 <36 

Xi + x 2 < sy 2 

This is graphed in Figure 15-14. The third restriction is shown by the 
line GHj which eliminates the point D from the area of feasible solutions 
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because it violates the constraint represented by this restriction. The re¬ 
sult is that we have four candidates for an optimal solution, rather than 
three. 

Assume that the third restriction is X ± + X 2 ^ 10, as shown in Figure 
15-15. In this case the restriction falls outside the area of feasible solutions. 
Hence the original set of feasible solutions is not changed, and the op¬ 
timum solution is the same as before—point D. If the third restriction 
were a production department like the other restrictions, the manufacturer 
would have more than enough time in department 3 to make any of the 

Figure 15-15 
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possible combinations in the previously identified area of feasible solutions. 
In this case, departments 1 and 2 are the limiting departments. Accordingly, 
the third restraint is redundant (i.e., not functioning as a true constraint) 
and can be completely ignored. 

It is possible that this constraint represents a limitation completely dif¬ 
ferent from the previous ones. If the products being manufactured each 
required one unit of a key component, the maximum number which could 
be produced would be limited by the inventory of components. The third 
restriction might then represent an inventory restriction rather than a 
capacity restriction. 
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VII. A MINIMIZATION PROBLEM 

We turn now to a different type of problem where the objective is to 
minimize costs subject to certain restraints. Suppose an agricultural feed 
company has developed a new chicken feed consisting of two ingredients, 
A and B, which cost 32 cents and 36 cents per pound, respectively. Each 
pound of ingredient A contains four units of protein and two units of 
vitamins. Each pound of ingredient B contains three units of protein and 
six units of vitamins. Each bag of the chicken feed should contain at least 
four units of protein and five units of vitamins. The company’s problem is 
to find the best combination of ingredients A and B which will meet the 
minimum requirements of protein and vitamins at the least cost. The 
problem information is summarized in Table 15-2. 

Table 15-2 


Nutrients Ingredients Minimum 

(units) A (32 cents per pound) B (3 6 cents per pound) requirements 


Protein.4 3 4 units 

Vitamins.2 6 5 units 


To solve this minimization problem, we follow the same procedure 
used in solving the maximization problem: First, we express the problem 
in mathematical form. Suppose we let Y 1 equal the number of pounds of 
ingredient A, and F 2 the number of pounds of ingredient B. Given the 
cost per pound for each ingredient, the objective function is: 

Minimize cost: C = 0.32Fi + 0.36F 2 

There are two contraints representing the minimum requirements for each 
nutrient: 


4Fi + 3F 2 > 4 (protein) 

2Fi + 6F 2 > 5 (vitamins) 

Note that these constraints represent a different type of inequality (—). 
This type of inequality is used to represent minimum requirements; for 
example, in this problem, each nutrient must be at least a certain value. 

The first constraint states that the number of units of protein (four) 
per pound in ingredient A times the number of pounds (F x ) of ingredient 
A, plus the units of protein per pound (three) in ingredient B times the 
number of pounds (F 2 ) of ingredient B, must be greater than or equal to 
four units of protein. A similar explanation applies to the second constraint. 

The next step is to graph the two constraints, using the procedure 
previously explained. In Figure 15-16, we have graphed the first constraint. 
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Note that all combinations of Xi and X 2 which satisfy this type of in¬ 
equality (^) fall on or to the right of the line in Figure 15-16. This type 
of inequality represents a lower boundary for the feasible solutions. Com¬ 
pare this to the “less than or equal to” type which provides the upper 
boundary for the feasible solutions in a given constraint. 

Both constraints are shown in Figure 15-17. 

Figure 15-16 



The area of feasible solutions consists of all points falling on and to the 
right of the line segments AB and BC. 

Finally, to find the least-cost combination, we test each corner point 
of the feasible solutions area. The points for B and C given in Figure 15-17 
were obtained by solving simultaneously the equations of the lines which 
intersect at those points. Given the objective function: 

C = .32Ti + .36F 2 

we can find the least-cost combination: 

Point A (0, %): 0.32(0) + 036(H) = 0.48 

Point B (%, H) • 0.32(H) + H( 36) = 0.40 

Point C (2)4, 0) : 0.32(2%) + 0.36(0) = 0.80 

The optimum solution is at point ( l / 2 , 2 A). This means that the specified 
requirement of protein and vitamins will be met at a minimum cost of 
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Figure 15-17 
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40 cents if we mix one-half pound of ingredient A (Fi) and two thirds of 
a pound of ingredient B (F 2 ). Thus, each bag of chicken feed will weigh 
a total of 1 % pounds. The cost per pound will be 34.5 cents, i.e., 
%x = 0.40, where x is the cost per pound. 

Checking, we find that the minimum requirements have been met: 

4Fi + 3F 2 > 4 
4(^) + 3(K) =4 
2 Y 1 + 6F 2 > 5 

2(H) + 6(H) = 5 

Note that this combination provides exactly the minimum requirements. 
However, if the cost of ingredient B had been 18 cents, four thirds of 
ingredient B would have minimized the cost. In this case, we would just 
fill the requirements for proteins (but would exceed the requirements for 
vitamins): 


4Fi 4- 3F 2 > 4 
4(0) 4- HVs) = 4 
2Fi 4" 6F 2 ^ 5 
2(0) 4- 6 (H) = 8 
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VIII. OTHER GRAPHICAL INTERPRETATIONS 

Let us now examine a problem which has both types of inequalities 
(— and ^). The problem is: 

Maximize: P=4X 1 + 3 X 2 

Subject to: (1) 2Xi + 4X 2 <30 

(2) 4Xi + 2 X 2 <30 

(3) 2X 1 + 3X 2 > 18 

The three constraints are graphed in Figure 15-18. 

The shaded area in Figure 15-18 represents the area of feasible solu¬ 
tions, with the optimum solution at point D ( 5 , 5 ). Note that the lower 
boundary of the feasible solutions area is represented by the “greater than 
or equal to” type of inequality. Any point below line segment BA is not a 
feasible solution. Similarly, the upper boundary of the area of feasible solu¬ 
tions is represented by the “less than or equal to” type. Any point above 
line segments CD and DA is not a feasible solution. Thus the two types of 
inequalities are often referred to as lower bound (^) and upper bound 
(—) constraints. 

If one of the constraints in a problem is represented by an equality, the 
optimum solution must lie on it rather than on or to one side of it. For 
example, if we add to the above problem the constraint Xi + X 2 = 8 , we 

Figure 15-18 


X Z 
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get the new feasible solution area, shown in Figure 15-19. In this case the 
area of feasible solutions has been reduced to the heavy portion KE on the 
line for the new constraint, the optimum solution being at point ( 6 , 2 ). 

In some cases, there is no feasible solutions area. That is, there are no 
points that satisfy all of the constraints; hence, no feasible solutions are 
possible. For example, if we graph the following constraints: 

-f- 4 X 2 <12 
6 X 1 -f - 5 X 2 > 30 

we get the configuration of Figure 15-20, where there is no area common 
to both constraints and therefore no area of feasible solutions. 


DISCUSSION TOPICS AND PROBLEMS 

1. The XYX Company produces 2 products, both of which are record 
players. Each record player contains the same turntable and speaker which are 
both purchased as components (i.e., the company does not make them). The 
firm must assemble the products and then prepare them for shipping. Assembly 
of record player 1 takes 20 minutes, and assembly of record player 2 takes 12 
minutes. Shipping preparation of record player 1 takes four minutes, and 
shipping preparation of record player 2 takes five minutes. Record player 1 
sells for $50, and record player 2 sells for $55. The turntable costs $ 12 ; the 
speaker, $18. Assembly and shipping preparation time costs $12 per hour for 
direct labor. The company has 40 hours of assembly time and 10 hours of 
shipping time available. There are 150 turntables and 130 speakers in stock, and 
the firm will not receive any more until after this production period. 

a) Set up all of the equations to represent the linear programming problem. 

b) Can you identify a nonrelevant condition? If so, what would you do about 
it in finding a solution to this problem? 

c) Find out how many units of good 1 and good 2 should be produced. 

d) This company has conducted additional demand studies and has found that 
the return per unit of good 1 drops 80 cents when more than 20 units are 
placed on the market. How would you proceed to handle this problem? 

2. A plant produces two goods. Good 1 uses one unit of process A, three 
units of process £, and one unit of process C. Good 2 uses four units of process 
A , one unit of process B, and one unit of process C. Available units for each 
process are as follows: A, 240; B, 210 ; and C, 90. 

Good 1 contributes $2 to overhead and profits, and good 2 contributes $5 
to overhead and profits. 

a) Find out how many units of good 1 and good 2 should be produced. 

b) This company has conducted additional demand studies and has found that 
the return per unit of good 1 drops 50 cents when more than 20 units are 
placed on the market. How would you proceed to handle this problem? 

3. The driver of a bakery goods delivery truck can determine the type and 
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quantity of the bakery products he carries on his truck, within certain limits. 
The products are divided into two categories, bread and pastry. For each loaf 
of bread the driver sells, he receives 3 cents; and for each package of pastry, he 
receives 5 cents. He is always able to sell all of the products he carries; but his 
route is so long that he can make only one trip per day. Certain customers 
prefer specified minimum quantities of bread and pastry each day. Because of 
this, the driver must carry at least 150 loaves of bread and 80 packages of pastry. 
The delivery truck has 200 square feet of shelf space. Each loaf of bread takes 
up 0.5 square foot; and each package of pastry, 1 square foot. 

Find the load mix which yields the maximum revenue to the driver. 

4. A whoesaler distributes two similar products. One is a nationally known 
brand, and the other carries the distributor’s own brand. The branded product 
costs him $10, including processing and overhead costs; and the other costs $6. 
The branded product sells for $18; the other, for $16. Each must be processed 
in the packaging and shipping departments. In addition, the product carrying 
the distributor’s brand must be processed in the labeling department. The 
branded product requires two man-hours in the packaging department and one 
man-hour in the shipping department. The other requires three man-hours in 
the packaging department, one man-hour in the shipping department, and two 
man-hours in the labeling department. The daily capacity for each depart¬ 
ment is: 


Capacity 

Department {in man-hours) 

Packaging.210 

Labeling. .. 45 

Shipping. 88 

Completed products are loaded directly onto waiting trucks, so there is no 
storage problem. 

Determine the optimum daily product mix. 

5. An airline plans to purchase a new airliner, which can be fitted out to 
carry either first- or second-class passengers, or a combination of both. Each 
first-class ticket costs $90, and each second-class ticket costs $50, on the route 
for which the airliner was purchased. However, each first-class seat takes up 
as much space as 1.2 second-class seats, and the seating capacity of the airliner is 
100 second-class seats. In addition, 10 cubic feet of luggage capacity must be 
allocated to each first-class passenger, and 6 cubic feet to each second-class 
passenger. The luggage capacity of the airliner is 960 cubic feet. Finally, the 
maximum passenger and luggage weight is 20,000 pounds. For planning pur¬ 
poses, it is estimated that the average first-class passenger with luggage will 
weigh 250 pounds; the average second-class passenger with luggage, 200 pounds. 

Determine the optimum passenger seating mix for the airliner. 

6. Discuss the assumptions and conditions necessary for a linear program¬ 
ming problem. 

7. Use Problem 1 and explain the complete logic which supports your con¬ 
tention that your solution in fact maximizes contribution to overhead and profit. 
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8. The profit figure generated by linear programming is contribution to 
overhead and profit. 

a) Assume that overhead costs in the example used in this chapter (see page 
246) are OC z = 0 ,SC 2 + 20, where C 2 is the hours of department 2 capacity 
used. If the objective function does not include this cost, modify it so that 
it does include this cost. 

b) Assume that the capacity in department 2 of the example used in this 
chapter is not readily modified but that it is readily modified in department 
1. The overhead cost is OC x = 0.02 C x +10 where C x is the hours used in 
department 1. Considering only the four corner points, does this modify the 
optimum found in the text? 

9. The Taff Manufacturing Company has three departments and makes two 
products. The maximum capacity of each department for each product, assum¬ 
ing that the firm makes nothing else, and the profit for each unit of each product 
are as follows (each product must be processed by each department): 


Department „ „ 

- Profit 

Product 12 3 per unit 

A .333 200 500 $2.00 

B . 400 666 333 1.25 


a) Determine the maximum profit and amounts of each product which must 
be produced to obtain it. (Hint: The challenge of this problem is to re¬ 
structure the data so that the problem is amenable to solution). 

b) The firm is offered an additional machine on two of the departments, which 
will allow additional production. The monthly costs for each machine and 
added production are: 


Product 

Department 2 

Department 3 

A . 

.... 40 

30 

B . 

.... 80 

20 

Monthly cost of machine. 

....$100 

$100 


Should the firm purchase either or both of these machines? 

10. The following processing times are given for the departments of the firm 
shown in Problem 10 of Chapter 12: 


Available units of 
Department processing time 


Good A B Department Time 

1 .4 3 A 600 

2 .2 1 B 450 
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Can you determine the optimal mix, assuming the profit-maximizing price de¬ 
termined for Chapter 12? 

11. Refer to Problem 8 of Chapter 12. 

a) Determine the optimal mix of good A and B, assuming that all units can be 
sold at the profit-maximizing price determined in Chapter 12. Be sure to 
use the graphical method and indicate the complete rationale as to why you 
have an optimal solution. If you cannot compute the coefficients in objec¬ 
tive function, set them arbitrarily. 

b) Why is the solution found above not a true optimal solution? 

12. Refer to Problem 9 in Chapter 12. What is the system of linear equations 
(including objective function) which reflects this situation as a linear pro¬ 
gramming problem? 
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Models of linear 
systems, II: The 
simplex algorithm 


I. INTRODUCTION 1 

In order to solve the linear programming problem by other than graphic 
means, we must convert the problem to a system of linear equations. The 
reader will recall the following problem from the previous chapter: 

Maximize: P — 4Xi + 5X 2 

Subject to: 4Xi + 2 X 2 < 32 
3Xi T 6 X 2 < 36 

X x >0 

x 2 > 0 


Slack variables 

If we let X 3 represent unused hours of capacity in department 1 and X 4 
represent unused capacity in department 2, we may restructure this system 
as follows: 


Maximize: P = 4Xi + 5X 2 

Subject to: 4Xi -f~ 2 X 2 ~f~ X 3 -|- 0 X 4 = 32 
3Xi -f- 6 X 2 -f- 0 X 3 -f- X 4 = 36 
Xi, X 2 , X3, X4 ^ 0 

You will note that X 4 with a coefficient of zero was included in the equa¬ 
tion for department 1. With the coefficient of zero, this term is always 

1 This chapter relies upon Chapter 15 and a knowledge of matrix algebra such 
as that given in Chapter 11. 


27 6 
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zero and thus does not affect the equation. It does, however, serve a 
purpose which will be demonstrated later. 

The introduction of X 3 serves to absorb any difference between 4 X x + 
2 X 2 and 32. We may restate this equation: 

X 3 =32 — 4Xl — 2 X 2 

Consequently, X 3 represents the difference or slack between available 
capacity and utilized capacity. Thus the terms added to transform the 
system from a system of linear inequalities to a system of linear equations 
are called slack varaibles. An understanding of slack variables is essential 
to the linear programming model. 

Terminology 

The linear programming model is applicable only when the system of 
linear equations has more unknowns than equations. Since each inequality 
is transformed to an equality via the use of (at least) a slack variable, this 
condition is always met if the initial problem has only inequality con¬ 
straints. The linear programming model provides a solution only when a 
solution exists which contains m or less positive variables and when satisfy¬ 
ing the constraints either maximizes or minimizes the objective function . 2 
There are two kinds of constraints. The constraint represented by an 
equation (or inequality) is known as a linear structural constraint . The 
condition which requires each variable be greater than or equal to zero 
is a nonnegativity constraint. 

Generally, the solution will contain m positive variables. However, it is 
worthwhile understanding that less than m positive variables may result in 
a solution. If we add the following constraint: 

8 X 1 -f- 4 X 2 ^ 64 

to the example in the previous chapter, the system of linear inequalities 
is as shown below: 

( 1 ) 8 X 1 -f- 4 X 2 64 

(2) 4Xi + 2 X 2 <32 

(3) 3Xi T 6 X 2 < 36 

A casual glance at inequalities 1 and 2 indicates that they reduce to one 

inequality. In this case the optimal solution may contain only two positive 
variables. Such a condition appears obvious in a system of three equations 
and five unknowns. However, in a set of 50 equations and 75 unknowns, 
it may not be immediately obvious. 

Any solution containing exactly m positive variables and satisfying the 

2 The m refers to the number of equations, and the n refers to the number of un¬ 
knowns. 
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linear structural constraints and the nonnegativity constraints is a basic 
feasible solution. Any solution containing less than m positive variables 
and satisfying the linear structural constraints and the nonnegativity con¬ 
straints is a degenerate basic feasible solution. Any basic feasible or de¬ 
generate basic feasible solution that either maximizes or minimizes the 
objective function is an optimal solution. 

The previous chapter demonstrates that only a finite number of corner 
points need be considered as candidates for the optimal solution. The 
simplex algorithm is a systematic search process which assures an optimal 
solution in an orderly progression of steps in which each step improves the 
value of the objective function. Thus, in the maximization case, each step 
increases the value of the objective function. 

II. THE VECTOR METHOD 

The vector method is a pedagogical device which explains the rationale 
for all of the manipulations of the complex algorithm. The simplex algo¬ 
rithm merely provides an organized framework for conducting these 
manipulations. & 

A set of linear equations can be represented as a set of vectors. Hence 
the system discussed so far can be represented as follows: 



Multiplying by the scalar multiples gives: 



Adding the first four vectors gives: 

/ 4 X 1 -f 2 X 2 + X 3 + 0 X 4 \ = /32\ 
\3Xi -f- 6 X 2 -f- 0 X 3 + X 4 / = \36/ 
or: 

4Xi -f- 2 X 2 + X 3 -f- 0 X 4 = 32 
3Xi + 6 A 2 T 0 X 3 -j- X 4 = 36 

If we let: 



then: 

X 1 P 1 + X 2 i°2 + X 3 P 3 -f- X 4 P 4 = P 0 

I 11 this case, P 1 and P 2 are known a? the structural vectors , P 8 and P 4 are 
known as the unit vectors , and Po is known as the requirements vector. 
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The unit vectors combine to represent the identity matrix formed by the 
slack variables. The structural vectors are all other vectors except the re¬ 
quirements vector, which represents the constraints. P 0 is a two-component 
vector which must be found when the values of the scalar multiples 
(Xi, X 2 , X 3 , and X 4 ) are identified. Consequently, at the optimum, we 

said that Xi = ^, X*> = X 3 = 0, and X 4 = 0. The consistency is proved 
as follows: 

/240\ / 48 \ 

yj + + (o) + (o) 

( 4 * ?+»+a 

w+ L r-+"+»/ 

© 

Conditions for a basic feasible solution 

Note also that m — 2 and that we have exactly two positive variables, 
which is one of the conditions for a basic feasible solution. In fact, a basic 
feasible solution is attained only when m scalar multiples are positive and 
the rest are zero. This means that we only need to investigate a limited 
number of candidates for the optimum. 

For the example being discussed, then, six possible combinations of two 
positive and two zero variables may be identified, as shown in Table 16-1. 

Table 16-1 

Zero variables 

...x 8 , Xa 

...x 2 ,x s 
...x u x, 

...x u x 3 
...x u x 2 

However, a further condition for a basic feasible solution is that the linear 
structural constraints must be satisfied. It can be seen that if we let each 
of the slack variables be positive and the other variables be zero, wc shall 
have a basic feasible solution. For the current example, we produce 
no units of X 4 and X 2 , and all of the hours of capacity are unused; i.e., 


Positive variables 

X u X 2 . 

X U X S . 

X u Xi . 

XuX 9 . 

Xu X A . 

Xu X 4 . 
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Figure 16-1 


*2 



Xi = 0, X 2 = 0, X 3 = 32, and X 4 = 36. In vector form, this is shown 
below: 



or: 

(o+0+ 32 + o\ /32\ 

\0 + 0 + 0 + 36/ \36/ 

Let us graphically represent our problem in Figure 16-1. Each point 
represents one of the six combinations. A is the combination 

X 4 = 0 
X 2 = 0 
X 3 = 32 
X 4 = 36 

just discussed. C is the optimal point X 4 = ■“•, X 2 X 3 = 0, X 4 = 0, 

discussed earlier. The points B and D are basic feasible solutions. At point 
B, we can see from Figure 16-1 that Xi = 8 and X 2 = 0. Further, X 3 and 
X 4 can be found by substituting in the equation system. Thus in: 

4Xi + 2 X 2 + X 3 = 32 

if Xi = 8 and X 2 = 0, then X 3 = 0. In: 
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3Xi + 6 X 2 -f- X4 = 36 

if Xi = 8, X 2 = 0 , then X 4 = 12 . This is verified in the vector form 
shown in Figure 16-2. Similarly, at point D, or X 4 = 0 and X 2 = 6 , then 
X 3 = 20 and X 4 — 0. However, we are presented with dilemma at point F 
because at that point, if we let X 1 = 12 and X 4 = 0 , equation 2 

3Xi + 6 X 2 + X 4 — 36 

is satisfied only if X 2 = 0 . 


Figure 16-2 



(32 +0 + 0 + o\ /32\ 
\24 + 0 + 0 + 12/ \36/ 


© - © 


Substituting this in equation 1, we have: 

4(12) +2(0) + X 3 = 32 

X 3 = 32 - 48 

X 8 =-16 

Thus, we cannot find a combination of positive values for X 4 and X 8 and 
zero values for X 2 and X 4 . Likewise, for point E , we cannot find a combi¬ 
nation of positive values for X 2 and X 4 and zero values for X 4 and X 3 . 
Consequently the second and fifth combination in Table 16-1 are non¬ 
existent. 

Positive scalar multiples must accompany the unit vectors 

In review, we have said that if the vector system is structured so that 
the positive scalar multiples accompany the unit vectors (i.e., those vec¬ 
tors which form the identity matrix), finding the value of the positive 
variables is a simple matter. Use as an example the following system: 

Xi (?) + Xt © + ( 0 ) + (?) = G 5) 

where X 4 and X 2 are zero. It can readily be seen that the system is solved 
only when X 3 = 32 and X 4 = 36. 

Changing a structural vector to a unit vector 

Let us now take the basic system and remember that we may perform 
row and column manipulations. Suppose we wish to transform the P 2 
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vector to the unit vector 
16-3. 


in the equation system shown in Figure 


Figure 16-3 

(1) 4 Xi -f- 2X2 -f- X 3 -{- 0X4 = 32 

(2) 3 Xi -j- 6X2 -f- 0X3 -f- X4 =36 


If we divided each element in equation (2) by 6, the equation would not 
be changed, and we would have a 1 in the lower element of the desired 
unit vector. The new equation (2) is: 

%Xi -j- x 2 -f- 0X3 -f- y 6 x 4 — 6 

We may also express equation (1) by subtracting two times the new 
equation (2) from it. Thus: 

[4Xi - 2(%)XJ + [ 2 X 2 - 2(1)X 2 ] + [X 3 - 2(0)X 3 ] + [ 0 X 4 - 2(M)XJ 

= [32 - 2 ( 6 )] 

or: 

( 1 ) 3X1 + 0X 2 + X 3 — (K)X 4 = 20 

and 

(2) %Xi + X 2 + OX3 + 3^X4 = 6 

Letting the scalar multiples for the nonunit vectors be zero, the resulting 
system is shown in Figure 16-4, and X 3 = 20 and X 2 = 6, which is con¬ 
sistent with the findings in Figure 16-2. 

Figure 16-4 



The purpose of this discussion has been to point out that we may 
identify the values of the scalar multiples for the unit vectors by letting 
all other vectors be zero. Further, by manipulation, we may identify the 
values of the scalar multiples for all possible combinations of m positive 
and n zero scalar multiples. 

For example, suppose that for the original problem (found in Figure 
16-3) we wish to make P 2 the unit vector Then we proceed to 
divide equation (1) by 2, yielding: 

3 Note that we previously changed P 2 to the unit vector , which is different 
from the unit vector f 1Y 
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( 1 ) 2X\ + X 2 + y^X'i + 0 X 4 — 16 

New equation (2) may be expressed as old equation (2) less six times 
new equation (1). That is: 

[3Xi - 6(2Ah)] + [ 6 X 2 - 6 (X 2 )] + [ 0 X 3 - 6 (^X 3 )] + [X 4 - 6(0X4)] 

- [36-6(16)] 

which is —9Xi 4- 0 — 3X 3 + X 4 = —60. The system is then: 

2Xi + X 2 -f- -f- 0X4 =16 

— 9X1 + 0 — 3X3 T X 4 = —60 

Letting X 4 = 0 and X 3 = 0, we have the result shown in Figure 16-5, and 
X 2 = 16 and X 4 = —60. 


Figure 16-5 



Assuring that nonnegativity constraint is not violated 


However, the above solution violates the nonnegativity constraint. It 
can be seen that whenever a value in the P 0 vector (requirements vector) 
becomes negative, the nonnegativity constraint is violated, and we do not 
have a basic feasible solution. 

When we made P 2 the unit vector in Figure 16-4, P 4 was trans¬ 
formed from a unit vector (as in Figure 16-3) to a nonunit vector, and P 3 
remained a unit vector. This can be understood if we see that it is the P 4 
vector we are trying to replace. In equation 2, division of 0X 3 by a num¬ 
ber will result in a zero; and the X 3 in equation 1 is never disturbed by 
adding or subtracting another row, since the value at that row is zero. 
Thus the only unit vector disturbed is the one which is being changed to 
a nonunit vector. We can also see that when we made P 2 the unit vector 


in Figure 16-5 P 3 was transformed from a unit vector to a nonunit 


vector. Which vector we replaced made quite a difference with respect 
to the presence of a basic feasible solution. Replacing P 4 resulted in a 
basic feasible solution, whereas replacing P 3 did not. 

We can avoid the replacement which results in a violation of the non¬ 
negativity constraint by dividing the value in the requirements (P 0 ) vector 
by the coefficient of the ith row. Any value except the smallest value (for 
the maximization case) will cause a violation of the nonnegativity con¬ 
straint. This can be explained in a physical sense by recognizing that the 
"maximum number of units of X 2 that can be processed in department 1 
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is 32/2, or 16. Further, the maximum number of units of X 2 that can be 
processed in department 2 is 36/6, or 6. This means that department 2 
limits the production of good 2. Hence, if X 2 is greater than six, depart¬ 
ment 2 must obtain additional hours to accomodate that production, and 
this violates our constraints. Consequently, one rule to be used in order to 
assure a valid solution is that the unit vector which is to be replaced must 
have the 1 in the position where the ratio of the requirements vector to 
the coefficient in the new unit vector is the smallest. 


A solution containing both real variables 

The student may now ask how one progresses from Xi = 0, X 2 = 0, 
X 3 = 32, and X 4 = 36 to positive values for X x and X 2 and zero values for 
X 3 and X 4 . This requires a double replacement of unit vectors P 3 and P 4 to 
Pi and P 2 . Although double replacement is possible, an orderly progression 
in two steps is the most logical. Since we earlier transformed P 2 to the unit 

vector let us proceed, using the system from Figure 16-4: 


(1) (3)Xi + 0X 2 + X 3 - (V s )X i = 20 

(2) (%)Xi + X 2 + 0X 3 -j- Q4) X4 = 6 

We now wish to exchange P 3 for P x . First, we should check to see that 
no constraints will be violated by dividing the requirement vector (P 0 ) by 
the vector we wish to make the unit vector (Pi). 


20 . 2 
T = 6 T 


Thus, since 6 % is the smallest value, the one in the unit vector must be at 
the top. Thus, exchanging X 3 for X x will not violate the nonnegativity 
constraints. Dividing equation (1) by 3 gives: 

(1) Xi + 0X 2 -f 04) — 04)X 4 — 6% 

New equation (2) is old equation (2) less 3/6 of new equation (1): 

G - © *■]+h -1 <■*>]+[<* -1 (l ©] 

+G*-©(-!©]-H(!)] 
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or: 

OXi + X 2 — yx 8 + %Xi — 2% 

The system is shown below: 

* + 0X 1 + (l)x,-(i)x 4 -6f-f 
0X I + X-(i)^ + (|)x 4 = 2| = f 

When X 3 and X 4 equal zero, then X 1 = 60/9 and X 2 = 24/9, which (as 
we know from the previous chapter) is the profit-maximizing solution. 
The vector method merely gives us an orderly method for identifying all 
basic feasible solutions. The findings are summarized in Table 16-2. Ac- 

Table 16-2 


Positive values Zero values 

X x = 60/9, X 2 = 24/9.X S ,X 4 

Xi — 8, .X/ — 12.... . X 2 , X 3 

X 2 = 6, Xz — 20. X u Xi 

Xx = 12, X s = —16. Xu Xi Violates nonnegativity constraint 

X 3 = 32, Xi = 36. XuX 2 

X% — 16, X 4 = —60.Xi, X 3 Violates nonnegativity constraint 


cordingly, we have six candidates for the optimal solution, two of which 
must be eliminated because they violate the nonnegativity constraint. 


Using the objective function to minimize the number of points considered 

In any problem, we have -— r possible candidates. It can readily 

J r (n — m)\m\ r 

be seen that as the number of equations increases, the number of candidates 
increases very rapidly. Therefore, we must find some solution method 
other than complete enumeration of all basic feasible solutions. The sim¬ 
plex algorithm provides a method for searching the basic feasible solutions 
by investigating only feasible solutions which offer a better fulfillment of 
the objective function than the present or starting solution. However, be¬ 
fore formally structuring the simplex algorithm, let us look at the proce¬ 
dure in vector form. 

In the first vector system shown (page 280), Xi and X 2 were zero, and 
the scalar multiples for the initial unit vectors were equal to the corre¬ 
sponding value in the requirements vector. This must always be the start¬ 
ing structure because it assures a basic feasible solution. The next system 
should attempt to give us as large an improvement in the objective func¬ 
tion as possible. In the case at hand, one can readily observe from the ob- 
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jective function that the next unit of X 2 contributes $5, whereas the next 
unit of Xi contributes only $4. Let us then use as a criterion to decide 
which vector to bring into the solution (i.e., convert to a unit vector) the 
maximum n,et contribution of the next unit brought into the solution. Note 
that we are using the net contribution, which in this case is $5 because we 
are producing nothing. If we were already producing good 1, we might 
have to reduce the production of good 1 to produce good 2. Consequently, 
the net contribution depends upon the trade-off of good 1 for good 2. This 
concept is clearly brought out in the previous chapter under the section on 
exchange rates (pages 253-55). 

A complete example 


Thus, we have decided that we shall begin by bringing in good 2. The 
steps are reviewed below. For convenience, the variable is identified above 
the numbers found in the vector. The original system is shown in Table 
16-3. 


Table 16-3 


Xx 

X 

x 3 

x 4 

Requirements 

4 

2 

1 

0 

32 

3 

6 

0 

1 

36 


Step 1. Decide which vector will be a new unit vector, i.e., the vector 
brought into the solution. Since each unit of X 2 contributes $5 to the 
objective function and each unit of X x contributes $4, we shall bring 
X 2 into the solution. 


Step 2. 


Step 3. 


Decide which unit vector is to be replaced by dividing the require¬ 
ments vector by the coefficient in the vector being introduced. Since 
32/2 > 36/6, we replace X 4 . 

Manipulate the system so that X 2 becomes the unit vector 
specified by steps 2 and 3, and shown in Table 16-4. 


as 




Table 

16-4 



X 

X X 


Requirements 

(0 

3 

0 1 

-H 

20 

(2) 

V 2 

1 0 

H 

6 
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Step 4. If this solution is not optimal, decide which variable will be brought 
into the solution by finding the net contribution of those vectors not 
in the solution. Thus, assuming that we do not have an optimal solu¬ 
tion, we must now discuss a method of expressing the net contribu¬ 
tion of each variable not in the solution. n 

Identifying the net contribution 

If we look at equation (2) (line 2 of Table 16-4), we can see that in 
order to attain one unit of Xi, we must give up one-half unit of X 2 . This 
can be ascertained by recognizing that X 3 must remain 20 (having no 
impact on the outcome, since it has a coefficient of zero), and X 4 is 0; 
therefore, we let X 4 equal 1 and find X 2 : 

y 2 ( 1) +X 2 + 0(20) +H( 0) = 6 
X 2 = 6 - K = 5K 

which is one-half unit less than it was when we had no X 4 in the solution. 
This can be seen in a physical sense if we recognize that because it takes 
6 hours per unit or 36 hours of productive capacity in department 2 to 
produce six units of good 2, all of the capacity of department 2 is used. 
Hence, good 1 can only be made in department 2 by displacing good 2. 
Since good 1 requires three hours of productive capacity and good 2 re¬ 
quires six hours of productive capacity in department 2, one-half unit of 
good 2 must be given up to produce one unit of good 1. Since each unit 
of Xi contributes $4 and each unit of X 2 contributes $5, the net contribu¬ 
tion (considering only department 2) is: 

$4 — 04) ®5) = $1.50 

If we look in the same fashion at equation 1 (line 1 of Table 16-4), we 
see that no units of X 2 must be given up to attain one unit of X x . This can 
be seen in a physical sense by recognizing that because we have 20 hours 
of unused capacity and it takes 4 hours of capacity to produce one unit of 
good 1, unused capacity is reduced, but production of good 2 is not af¬ 
fected. It should be remembered that since department 2’s capacity is 
exhausted, one unit of X 1 is attained by giving up one-half unit of X 2 . 
Consequently, in department 1, one unit of capacity is generated by the 
half unit of X 2 given up. Since 4 hours of capacity are needed to produce 
one unit of X 4 , 3 hours must come from the 20 hours of capacity not al¬ 
ready used. Since utilizing the unused capacity in department 1 is costless, 
the next unit of X 3 brought into the solution makes a net contribution of 
$1.50. 

We may also evaluate the net contribution of bringing in one unit of X 4 . 
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Looking at equation (2), where X x = 0 , X 3 = 20 , and X 2 = 6 , then: 

14 ( 0 ) + x 2 + ox 3 + 3^(1) = 6 

X% = 6 — )/Q 
*2=5% 

In a physical sense, one unit of X 4 (unused capacity in department 2 ) can 
be attained only by reducing production of good 1 by one sixth of a unit. 

Now, looking at equation 1 , where X x = 0 and X 2 = 6 , because they 
cannot be affected by bringing in X 4 , then: 

3(0) + 0 ( 6 ) + 1 (X 3 ) - %( 1 ) = 20 

X 3 = 4- 20 

x 3 = 20 % 

The physical interpretation is that the increase in X 4 reduced X 2 to 5 %, 
thus releasing one-third unit of productive capacity in department 1 . Since 
this additional unused capacity has no accompanying profit, it does not 
affect contribution. Since an increase in X 3 contributes nothing, the effect 
of bringing in X 4 in equation 1 is not felt. 

Since one unit of X 4 contributes nothing and the loss of one-sixth unit 
of X 2 costs 83 cents (i.e., $5(1/6) = $0.83), the net contribution of bring¬ 
ing X 4 into the solution is a loss of 83 cents. 

Conclusion 

These steps parallel the steps in the simplex algorithm, which are re¬ 
peated until the objective function is maximized. The final step occurs 
when all net contributions are zero or negative. 

III. THE SIMPLEX ALGORITHM 

# This is nothing more than an organized way of accomplishing the pre¬ 
viously discussed steps. We shall now show the method of setting this up, 
using the previous example; that is: 

Maximize: P = 4Xi + 5X 2 + 0 X 3 + 0 X 4 

Subject to: 4X x + 2 X 2 + X 3 + 0 X 4 = 32 
3Xi + 6 X 2 + OX 3 + X 4 = 36 

The structure shown in Figure 16-6 is known as the simplex tableau. 
It should be noted that the initial simplex tableau incorporates all slack 
variables in the solution so as to assure a basic feasible solution at the outset. 
Given the initial simplex tableau, step 1 identifies the variable to be brought 
into the solution and the variable to be removed. The initial tableau with 
abbreviated titles is reproduced without accompanying comments (see 
Table 16-5). 
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Figure 16-6 4 

The objective row lists above each variable the respective objective coefficient. 
The variable row lists all the variables in the problem. 

Objective row -----——--------—■— -—— 

Variable row -—----—--, 


Variables 
in the 

Coefficients 
of the objec¬ 

Magnitude 
of the 

4 5 


0 0- 

solution 

tive junction 

requirement 

X l X 2 


x 3 x 4 

x z 

0 

32 

4 2 


1 0 

x 4 

0 

36 

. 

3 6 


0 1 

This column 

This column 

. 1 

This column Main body 

A 

Identity ma- 

shows the 

shows the 

shows the 

consists of 

trix (i.e., 

variables 

unit value 

magnitude 

the struc¬ 


unit vec¬ 

with unit 

vectors. 

of the solu¬ 
tion vari¬ 
able. 

of the linear 

structural 

constraint 

tural co¬ 
efficients 
or trade¬ 
off ratios. 


tors) . 


Net evaluation row*.4 5 0 0 

The numbers in the net evaluation row, under each col¬ 
umn of the main body and the identity matrix, represent the 
opportunity cost of not having one unit of the respective col¬ 
umn variables in the solution; in other words, the numbers 
represent the potential improvement in the objective function 
which will result by introducing one unit of the respective 
column variables. 

* This re f ers to tbe net contribution discussed earlier. The terminology net contribution is applicable only to the 
maximizing case. Thus, net evaluation is used because it covers all cases. 


As indicated in step 1 (page 286), the highest net value in the net eval¬ 
uation row indicates the variable that should be brought into the solution. 
Thus, X 2 should be brought into the solution. Since we may bring in either 
Xi or X 2 without giving up any variable which contributes to the objective 
function, the net evaluation of bringing in X x is its full contribution of $ 4 , 
and the net evaluation of bringing in X 2 is its full contribution of $5. Ac¬ 
cordingly, X 2 will be brought into the solution. For identification pur¬ 
poses, we shall call this the key column. The variable to be taken out, as 
indicated in step 2 (page 286), must be that one which assures no violation 
of the nonnegativity constraint. This is found by dividing the value in the 

4 Adapted by permission from N. P. Loomba, Linear Programming: An Introduc¬ 
tory Analysis (New York: McGraw-Hill Book Co., Inc., 1964), p. 112. 
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Table 16-5 


First simplex tableau 


Solution 

Value 
per unit 

Require¬ 

ments 

$4 

Xi 

V 

x 2 

$0 

x s 

$0 

X * 

Xz 

0 

32 

4 

2 

1 

0 

X ., , 

0 

36 

3 

6 

0 

1 

Net evaluation. 

..$4 

$5 

0 

0 


requirements vector by the corresponding value in the key column, and it 
is called the critical ratio . The reader will recall that the lowest critical 
ratio assures that the nonnegativity constraint is not violated. The solution 
variable with a 1 in that row is the one to be replaced. Since the critical 


Table 16-6 

Simplex tableau prior to manipulation 


Solution 

Value Require- 
per unit ments 

$4 

X ! 

1 5 

X-, 

$0 

x 3 

$0 

X, 

X; , 

0 





x 2 

$5 





Net evaluation. 






ratios are 32/2 = 16 and 36/6 = 6, X 4 will be removed. This row is known 
as the key row. So far, we have said that we wish to transform column 5 
(X 2 ) to the unit vector shown in column 7 (X 4 ). This is the manipulation 
shown in step 3 on page 286. The setup of the simplex tableau prior to 
manipulation is shown in Table 16-6. Since we wish to have a 1 in the 



Table 

16-7 





Value Require- 

$4 

$5 

$0 

$ 0 

Solution per unit ments 

Xi 

x 2 

Xz 

X * 

x 3 

0 






$5 6 

y 2 

1 

0 

% 


Net evaluation. 






second element of X 2 , we divide each element in old row 2 by 6 to get a 
new row 2 (see the simplex tableau in Table 16-7). Since we now wish a 
0 in the first element of X 2 , we subtract two times the new row 2 from 
the old row 1. We know that we subtract 2 because we have just placed a 
1 in element 2 of column 2; thus a 0 is attained by subtracting the value in 
element 1 of old column 2. This gives the simplex tableau shown in Table 
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16-8. See Table 16-4 and the discussion surrounding it for the relation¬ 
ship to the vector approach. 

Finally, we must calculate the net evaluation row. As we have pointed 
out in the discussion on identifying the net contribution, the values in the 
body (outlined in the tableau in Table 16-8) represent exchange rates. We 


Table 16-8 


Solution 

Value 
per unit 

Require¬ 

ments 

$4 

Xi 

$5 

X , 

$0 

Xz 

$0 

X 4 

X, 

0 

20 

3 

0 

1 

-H 

x 2 

5 

6 


1 

0 

H 

Net evaluation. 






obtain one unit of the variable for the indicated number of units of the 
solution variable. Thus, to bring in one unit of Xi in department 1, we ex¬ 
change three units of X 3 for each unit of X x brought in. Since X 3 contrib¬ 
utes nothing, the reduction in profit is zero. In department 2, we exchange 
one half of a unit of X 2 for each unit of Xi brought in. This reduces profit 
by $5(VI) = $2.50. Since each unit contributes $4, the net contribution is 
$4 — $2.50 — $1.50. An alternate way of setting up the simplex tableau is 


Table 16-9 



Value 

Require- 

$4 

$1 

$0 

$ 0 

Solution 

per unit 

ments 

Xi 

x 2 

Xz 

X 4 

Xz 

0 

20 

3 

0 

1 

-M 

x % 

5 

6 


1 

6 

H 

Unit reduction in 

objective function. 

$2.50 

$5.00 

0 

$0.83 

Unit increase (in 

objective function) . . . . 

. 4.00 

5.00 

0 

Zero 

Net evaluation (increase minus reduction) 

. 1.50 

Zero 

0 

-$0.83 


to recognize each stage in the calculation of the net evaluation (see Table 
16-9). Hence the reduction row shows the reduction in the objective 
function for each unit of the respective column brought into the solution. 
This occurs because of the displacement of units presently in the solution. 
The increase row shows the increase in the objective function when one 
unit of the respective column is brought into the solution. It is simply a 
restatement of the objective row. 

It should be noted that reduction is calculated by multiplying the ith 
element in the X; column by the ith element in the “value per unit” col¬ 
umn and summing these values for each column. Many texts include the 
reduction row (sometimes called the Z row) in all tableaux because it 
changes from tableau to tableau. Some also include calculations of total 
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profit and place that figure under the requirements column. This is cal¬ 
culated recognizing that the requirement vector specifies the number of 
units in the solution and the value vector specifies their value. Thus, 20 
units of X 3 contribute nothing and 6 units of X 2 each contribute $5, for 
a total of 6($5) = $30. 

Since the second tableau shows that each unit of brought in con¬ 
tributes $1.50, we should continue to search for an optimal solution which 
includes X T . 

Before moving on to the next tableau, let us review the meaning of each 
value in the simplex tableau. The requirements vector represents the value 
of the variables in the solution. In this case, we have 20 hours of unused 
capacity in department 1 (X 3 ) and six units of good 2. The 3 under col¬ 
umn Xi reflects the fact that three units of X 3 must be given up for the 
next unit of Xi brought into the solution. Similarly, the 1/2 under X x 
reflects the fact that one-half unit of X 2 must be given up to bring 
one unit of Xi into the solution. The 0 under column X 2 reflects the fact 
that zero units of X 3 must be given up for the next unit of X 2 introduced. 
The 1 under column X 2 reflects the fact that one unit of X 2 must be given 
up for each unit of X 2 brought into the solution. This is, of course, a tau¬ 
tology, but it does reflect the fact that this figure represents a trade be¬ 
tween like items. The remaining values are similarly identified. 

It is the intent of the material covered in the previous chapter and thus 
far in this chapter that the reader have a clear understanding of each of the 
steps in the iteration process that makes up the simplex algorithm. This 
requires also a complete understanding of each value in the simplex tableau. 
Assuming this understanding now exists (at least for the maximization 
case discussed thus far), let us list all manipulation steps (for the maximiza¬ 
tion case) and then apply them to construct the third simplex tableau. 

Step 1. Identify the key column as that with the highest positive value in 
the net evaluation row. (This is step 1 on page 286.) 

Step 2. Identify the key row as that where the ratio of the /th element in 
the requirements vector to the /th value in the key column vector 
is the smallest, i.e., smallest critical ratio (s^ep 2, page 286). 

Step 3. Divide each value in the key row by the value found in the inter¬ 
section of the key row and the key column (part of step 3, page 
286). 

Step 4. For each remaining row, the new row is the old row minus the zth 
value in the key column times the /th value in the new key row 
(part of step 3, page 286). 

Step 5. The unit reduction is the sum of the /'th value in the value vector 
times the /th value in the appropriate column (part of step 4, page 
287). 

Step 6. The net evaluation is the value in the objective coefficient (found 
at the very top of the tableau) less the gross reduction (part of 
step 4, page 287). 
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Step?. The value of the objective function is the sum of the ith value in 
the requirements vector times the ith value in the value vector. 

The values for each step are then: 

Step 1. The X x column is the key column because the net evaluation of 
$1.50 is the largest. 

Step 2. In row 1, the critical ratio is y = 6 2 / 3 . In row 2, the critical ratio is 

iL— 12. Thus the lowest critical ratio is 6 2 A , and row 1 is thy key 

V2 

row. 

Step 3. See Table 16-10(a) for the row 1 calculations. Hence the partial 
tableau is as shown in Table 16-10(77). 


Table 16-10(a) 


Requirements 

X, 

".X.. 

X 


X 

20 - 6- 
3 3 

3 _ 

3 

^ 1 0 

It 

0 

1 _ 1 

3 ~ 3 

- H 
3 

1 

9 



Table 16-10(b) 




Solu ion 

Value 
per unit 

Require- fo¬ 
ments X\ 

$5 $0 

X X 


$0 

X 

Xi 

x 2 

$4 

$5 

6% 1 

0 H 


— H 

Step 4. Calculation of remaining rows is illustrated in the tableau in Table 
16-11 (a). The partial tableau is as given in Table 16-11(b). 



Table 16-11(a) 




Requirements 

Xi 

’ X 

X 


xi f 

6-04)(6H> A- 
- 2 % 

(H)0) 

l _ y 2 ( 0 ) = 1 

0 

0 - H(M) 

-V& 

H - (H) 

(-H) - H 


Table 16-11(b) 



Value 

Require¬ 

$4 

$5 

$0 

$0 

Solution 

per unit 

ments 

X 

X 

X 

X 

X 

$4 

6% 

1 

0 

H 

-H 

x 2 

$5 

1% 

0 

1 

-K 

% 
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Step 5. The calculation of the reduction is shown in Table 16-12 (a). Thus 
the tableau is as presented in Table 16-12 (b). 

Table 16-12 (a) 


Xi 

x 2 


X 3 


X 4 

4(1) +5(0) =4 

4(0) +5(1) 

= 5 4(M)+5(-K) 

= H 4( — 

■H) +s(K) = % 



Table 

16-12(b) 




Value 

Require- 

$4 $5 

$0 

$0 

Solution per unit 

ments 

X, X 2 

x z 

X, * 

X x 

4 

6 H 

1 0 

Vs 

-H 

x 2 

5 

2Vs 

0 1 

-H 

H 


Reduction. . . 


.4 5 

A 

H 


Step 6. For the calculation of net evaluation, see Table 16-13(a). The 
tableau is as given in Table 16-13 (b). 


Table 16-13(a) 


X ! X 2 

x 3 


*4 


4-4=0 5-5=0 0 


-A 

0 - % = 

-H 

Table 

16-13(b) 




Value Require- 

$4 

$5 

$ o 

$0 

Solution per unit ments 

Xi 

x 2 

Xz 

X, 

X , 4 6% 

1 

0 

A 

-K 

X, 5 2% 

0 

1 

-K 

H 

Reduction. 

.4 

5 

A 

H 

Net evaluation. 

.0 

0 

~A 

-H 


Step 7. Calculation of objective function: 

4 (6 %) + 5 (2 %) = 40 

Thus the final tableau is given in Table 16-14. 


Table 16-14 


Solution 

Value 
per unit 

Require¬ 

ments 

$4 

Xx 

$5 

X, 

$0 

Xz 

$0 

X, 

X, 

4 

(>% 

1 

0 

A 

-A 

x 2 

5 

m 

0 

1 

-A 

% 

Reduction. .. 


,. .4 

5 

A 

% 

. Net evaluation. 40 

0 

0 

-V2 

-A 
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Since no improvement can be made by introducing another variable, 
this is the optimal solution. In fact, the reader should be able to verify the 
fact that the - 1 / 2 under X 3 means that introduction of one unit of slack 
in department 1 would result in a decline in profit of 50 cents. This is true 
because we trade off one third of a unit of X x but gain one sixth of a unit 
of X 2 . The former is worth $1.33 and the latter 83 cents, for a net re¬ 
duction of 50 cents. An algebraic representation of this was shown in the 
previous chapter under the section on the value of added capacity (pages 
253-55). However, it is worth repeating here. If we take out one unit of 
X 3 , this is the same as reducing the available hours by one, yielding 31 
hours of available capacity instead of 32. Since the solution will then in¬ 
volve only Xi and X 2 , the equation system can be represented as follows: 

(1) 4Xj + 2 X 2 = 31 

(2) 3Xx + 6 X 2 = 36 

The solution of this equation system is X t ;= 6%, X 2 = 2%, which shows 
a decline of one third in Xi and an increase of one sixth in X 2 . This dem¬ 
onstrates the trade-off represented in the tableau as well as the net loss for 
each unit of X 3 brought into the solution. 

These values are sometimes called shadow prices because they show the 
value of the next unit of reduced capacity. 

It is well to remember that the trade-offs refer only to the next unit. 
One cannot trade off indefinitely, as illustrated by Figure 15-13 in Chap¬ 
ter 15. 

IV. A FURTHER EXAMPLE 

Let us add a third department to the example being used, as follows: 

2 X 1 + 3X 2 < 63 
The linear system translates to: 

Maximize: P = 4Xi + 5X 2 + 0 X 3 + 0 X 4 + 0 X 6 

Subject to: 4Xi -f- 2 X 2 + X 3 -f- 0 X 4 -f- 0 X 5 = 32 
3Xi -f- 6 X 2 + OX, -f- X 4 -f- 0 X 5 = 36 
2Xi + 3X 2 + 0 X 3 + 0 X 4 + Xg = 63 

The initial tableau is shown in Table 16-15. 

Table 16-15 

Value Require- $4 $S $ 0 $0 $0 

Solution per unit merits X\ X 2 X? X± X 5 


X z 0 32 4 2 1 0 0 

X 4 0 36 3 6 0 1 0 

X 6 0 63 2 3 0 0 1 

Reduction.0 0 0 0 0 

Net evaluation.4 5 0 0 0 
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Column X 2 is the key column and row X 4 is the key row. Table 16-16 
shows a convenient way of calculating the values of the non-key rows 
for the second tableau (shown in Table 16-17). 

Table 16-16 


Row 1 (X 3 ) 


Column identification 

Values 
from 
old row 

Minus 

Value 

from 

key 

column 

Times 

Value 
from 
new key 
row 

Equals 

New row 
value 

Requirements. 

. . .32 

— 

2 

X 

6 

= 

20 

Xx . 

. . . 4 

— 

2 

X 

34 

— 

3 

. 

... 2 

— 

2 

X 

i 

= 

0 

x 3 . 

X 4 . 

. . . 1 
. . . 0 

— 

2 

2 

X 

X 

0 

H 


1 

— H 

Xo. 

. . . 0 

- 

2 

X 

0 


0 

Row 3 (X s ) 




Value 


Value 




Values 


from 


from 


New row 


from 


key 


new key 

Equals 

Column identification 

old row 

Minus 

column 

Times 

row 

value 

Requirements. 

. . .63 

— 

3 

X 

6 

= 

45 

Xx . 

... 2 

— 

3 

X 

A 

= 

72 

Xs . 

... 3 

— 

3 

X 

l 

= 

0 

x 3 . 

. . . 0 

— 

3 

X 

0 

= 

0 

X 4 . 

... 0 

— 

3 

X 

H 

= 

- l A 

x 5 . 

... 1 

— 

3 

X 

0 


l 


In the second tableau, column 1 is the key column because of the 
$1.50 net evaluation, and row 1 (X 3 ) is the key row because the critical 

ratios are: — = 6%, -X = 12, = 90. Sometimes, it aids computa- 

3 (Yz) \ h) 

tion to block out the key row and column, as shown in Table 16-17. 


Table 16-17 


Value 

Solution per unit Require?nents 

$4 

Xx 

$S $0 $0 $0 

x 2 x 3 x 4 x 6 

X 3 o 20 

3 

o i -H 0 

.V:.5 6 

Xi .o 45 

Reduction. 

A 

V2 

$2.50 

1.50 

io Ho 

oo -14 i 

5 0 $0.83 0 

0 0 -0.83 0 

Net evaluation .. . . 
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The third tableau is shown in Table 16-18. Row 2 (X 2 ) calculations in 
the form shown in Table 16-16 without column headings are given in 
Table 16-19. Row 3 (X 6 ) calculations are shown in Table 16-20. Thus the 

Table 16-18 


Value $4 $S $0 $0 $0 

Solution per unit Requirements Xi X>> Xz X* Xu 


Xi.4 6% 10 % -% o 

*2 .5 2 % o i -% Ho 

Xs. 0 41% 0 0-% -% 1 

Reduction.4 5 % % 0 

Net evaluation. .0 o -% -% 0 


addition of the third constraint (department 3) does not affect the solu¬ 
tion. However, we see that we have 41 % units of unused capacity in de- 


Table 16-19 


Requirements. 

. 6 - 

%(6 %) 

2 % 

Xi . 

- 

H( i) 

0 

X%,. . 

_ 1 - 

y 2 ( 0 ) 

1 

Xz . 

. .. . 0 - 

J 4(H) 

-H 

Xa . 

• • • • be - 

H(-H) = 

% 

x 6 . 

. ... 0 - 

H(0) 

0 


Table 16-20 


Requirements.. . . 

.. 45 

%(6%) 

41% 

X. 

• • H 

y 2 (i) 

0 

X 2 .... 

0 

y 2 < 0 ) 

0 

X 3 . 

.. 0 



Xi... . 


- y 2 (~H) = 

-H 

Xz . 

1 

y 2 ( 0 ) 

1 


partment 3. In fact, since we must have three variables in the basic feasible 
solution, we must have one of the slack variables in the solution. 

V. MINIMIZATION 

In the last chapter, we examined a minimization case which is repro¬ 
duced here: 

Minimize: C - 32Xi + 36X 2 

Subject to: (1) 4Xi + 3X 2 > 4 

(2) 2Xi T 6X 2 > 5 
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It can be seen that the slack variable must assure that the sum on the left 
side of the inequality exceeds the sum on the right side. Consequently, it 
must be subtracted from the left side. For example, assume that X x = 2 
and X 2 = 4 in equation 1 . Then: 

4(2) + 3(4) > 4 
20 > 4 

and the constraint is satisfied. In order to convert this to an equality, either 
X 8 (the slack variable) must be negative, or it must be positive and be sub¬ 
tracted from the left side of the equation. Since all X, must be positive, the 
slack variable must be subtracted. Therefore, equation 1 is: 

4Xi + 3 X 2 — X 3 + 0 X 4 = 4 
The system may then be expressed: 

Minimize: C = 32Xi + 36X 2 

Subject to: 4Xi + 3X 2 — X 3 + 0 X 4 = 4 
2 Xi -f - 6 X 2 4“ 0 X 3 — X 4 = 5 

This presents a dilemma in using the simplex algorithm because we do not 
have the m unit vectors which make up the needed identity matrix. This 
is resolved by adding artificial variables. Artificial variables are added 
solely to provide an initial basic feasible solution. By assigning an infinitely 
high cost to each of these variables, we assure that they are not included 
in the optimal solution. The system then looks as follows: 

Minimize: C = 32 Xi + 36 X 2 + 0X 3 + 0X 4 + mX 5 + mX & 

Subject to: 4 Xi + 3 X 2 — X 3 + 0X 4 -f- X 5 -f- OXe = 4 
2X1 + 6X2 + 0X3 — X 4 + 0X5 + Xe = 5 

It is not our intent to make the student proficient in the use of the 
simplex algorithm. Accordingly, this book will not discuss the use of the 
simplex in the minimization case. 

VI. PROBLEMS WITH MIXED CONSTRAINTS 

The mixed constraint case occurs when the nature of the original con¬ 
straints includes inequalities which are both “less than” and “greater than.” 
In the maximization example used thus far, assume that the company has a 
contract with a purchaser which says that he will purchase a total of four 
units of either good. This yields the following additional equation: 

X : + X 2 > 4 

and the system becomes: 

Maximize: P = 4Xi + 5X 2 

Subject to: 4Xi + 2 X 2 <32 
3 Xi -f- 6 X 2 < 36 
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The third inequality is transformed into an equation by the addition of a 
slack variable and an artificial variable with an infinite negative contribu¬ 
tion to overhead and profit, thus yielding: 

Maximize: P — 4 Xi T 5X2 -f- 0X3 T 0X4 -f- OXg — ttiXq 

Subject to: 4Xj T 2 X 2 ~b X 3 -f- 0 A 4 -f- 0 X 5 -f- OXg = 32 

3Xi + 6 X 2 + 0 X 3 + X 4 + 0 X 5 + 0 X 6 = 36 

Xi + X 2 + 0 X 3 + 0 X 4 — X 5 + X 6 = 4 

On some occasions, an equality will be included in the original constraint. 
In this case, only an artificial variable need be added. 

VII. DEGENERACY AND OTHER BREAKDOWNS IN THE SIMPLEX 
ALGORITHM 

Thus far, we have assumed that the system could be solved (i.e., the 
optimum found) with m positive variables and by satisfaction of the con¬ 
straints (i.e., an optimum solution which is a basic feasible solution). Such 
may not always be the case. One of the following three cases may occur. 

Case 1 

The constraints may be inconsistent, in which case a feasible solution 
is not possible. As long as the constraints are not mixed, this condition will 
not exist. However, assume that the company in the example used thus far 
has a contract to deliver 20 units of some combination of good 1 and 
good 2 , thus yielding the following system of inequalities: 

Maximize: P = 4Xi + 5X 2 

Subject to: 4Xi + 2 X 2 < 32 
3Xi -f- 6 X 2 < 36 
Xi -f- X 2 > 20 

The graph in Figure 16-7 shows that the constraints can never be met. 

Case 2 

The structure of the system is such that in the calculation of the critical 
ratios a tie is produced. In this case, some way must be found to resolve 
the tie and assure a solution. This is true degeneracy. General methods of 
resolving degeneracy have been devised. One such method was developed 
by A. Charnes and W. Cooper . 5 This procedure is: 

5 A. Charnes and W. Cooper, An Introduction to Linear Programming (New 
York: John Wiley & Sons, Inc., 1953), pp. 20-24 and 62-69. 



300 Managerial analysis 


Figure 16-7 


*2 



1. Identify the tied variables or rows. 

2. For each of the columns in the identity (starting with the extreme left- 
hand column of the identity and proceeding one at a time to the right), 
compute a ratio by dividing the entry in each tied row by the key col¬ 
umn number in that row. 

3. Compare these ratios column by column, proceeding to the right. The 
first time the ratios are unequal, the tie is broken. 

4. Of the tied rows, the one in which the smaller algebraic ratio falls is the 
key row. 

5. If the ratios in the identity do not break the tie, form similar ratios for 
the columns of the main body, and select the key row as described in 
steps 3 and 4. 

A.n example of this condition is: 

Maximize: P = 12Xi + 15X 2 + 13X 3 

Subject to: 2Xi + 2X% + 0X 3 < 100 

2 Xi -f- X 2 T X% < 100 

Xx + 2 X 2 + 2X, > 100 
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It is left as an exercise for the reader to verify that the method of resolving 
this tie works. 

Case 3 

We can also have a tie in the net evaluation row. Normally, this does 
not cause a real problem if we make an arbitrary choice, although there 
are more efficient methods. 

DISCUSSION TOPICS AND PROBLEMS 

1. Products A and B are made in departments 1 and 2. To make 4..requires 
two hours in department 1 and four hours in department 2. To make B re¬ 
quires three hours in department 1 and five hours in department 2. There are 
64 hours available in department 1 and 75 hours in department 2. Use the vec¬ 
tor method to solve when profit on product A is $4 and $6 on product B . 

2. A diet is to contain at least 10 ounces of nutrient P, 12 ounces of nutrient 
R, and 20 ounces of nutrient S. These nutrients are acquired from foods A 
and B. Each pound of A costs 4 cents and has 4 ounces of P, 3 ounces of R> 
and no S. Each pound of B costs 7 cents and has 1 ounce of P, 2 ounces of R , 
and 4 ounces of S. Desiring minimum cost, how many pounds of each food 
should be purchased if the stated dietary requirements are to be met? 

3. To sell a unit of A requires one hour; B, two hours; and C, three hours. 
For delivery, A takes two hours; B, three hours; and C, two hours. For installa¬ 
tion, A requires two hours; B, three hours; and C, five hours. There are 220 
man-hours available, of which 50 are available for selling, 60 for delivery, and 
110 for installation. With profit on A of $20, B of $40, and C of $60, find the 
maximum profit combination of A, B, and C. 

4. Explain the theory behind the simplex by explaining the reasoning be¬ 
hind the following (if necessary, use Problem 1 from Chapter 15 for a specific 
reference): 

a) Choice of key column 

b) Choice of key row 

c) Transformation of the body of a tableau from one iteration to th$ next 

d) Meaning of the net evaluation row 

5. Discuss conditions necessary for a linear programming problem. 

6. The following linear programming case and simplex solution are: 

Maximize: n = 6X\ + 8X 2 + 6A 3 

Subject to: (1) 3Xi 4 * 4X 2 4 * 2X 3 <36 

(2) 4Xl T 3X 2 4 - 2Xz < 36 

(3) 2Xi 4" 2A 2 T 4X 3 <36 

where equations 1, 2, and 3 represent time in departments 1, 2, and 3, respec¬ 
tively (i.e., the standard case). 
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Then the first simplex tableau gives: 


First tableau 


. Require- 6 8 6 0 0 0 

Solution jj n it x ments x x X 2 X z X 4 X$ X e 


x 4 . 0 

x 5 .0 

*6.0 


Net evaluation 


36 3 4 2 1 0 0 
36 4 3 2 0 1 0 
36 2 2 4 0 0 1 
0 6 8 6 0 0 0 


Second tableau 


Require - 6 8 6 0 0 0 

Solution Unit x ments X x X 2 X, X 4 X 5 X 6 



Solution 

Unit 

Require- 
7 r ments 

6 

X\ 

8 

x 2 

6 

Xs 

0 

x 4 

0 

X 5 

0 

X6 

X 2 . 

.8 

6 

% 

1 

0 

X 

0 

-H 

x$ . 

.0 

6 

% 

0 

0 

-X 

1 

-X 

Xz . 

.6 

6 

/is 

0 

1 

-H 

0 

H 

Net evaluation. . . 


84 

-X 

0 

0 


0 

-X 


a) Explain and verify the meaning of the circled numbers in the second 
tableau. 

b) What is the optimal solution to this linear programming problem? Be sure 
to explain any slack variables in the solution vector. 

c ) The X 2 was brought into the solution vector because the net evaluation 
value was eight. Can you define another criterion for bringing a variable 
into the solution vector? 

d) If you contemplated adding capacity, where would you add that ca¬ 
pacity? Why? 

e) This company has conducted additional demand studies and has found that 
the contribution to overhead and profit on good 2 drops by $1 on all goods 
produced above 4. Explain verbally how you would handle this problem. 

f) The company must produce two units of good 1. How would you handle 
this? Note that the condition described in part ( e) does not hold here. 
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7. A company is producing two products for the military. These products 
include component parts which are kept in inventory. The company has re¬ 
ceived a rush order and must use its existing inventory of components. One of 
the products contains more expensive components than the other. However, 
the cheaper equipment may be made with one, two, or all of the more ex¬ 
pensive components. The following table shows cost, present inventory, and 
interchange ability (i.e., when component A 1 is called for, A2 may be used). 


Interchangeable 


Component 'with: Cost Inventory 


A 1. Nothing $2 1,100 

A2 . Al 3 1,000 

B1 .Nothing 3 1,000 

B2 . Bl 4 1,000 

Cl .Nothing 4 900 

C2. Cl 5 1,000 


Good 1 is made from A 1, Bl, and Cl, and sells for $20. Good 2 is made 
from A2, B2, and C2, and sells for $25. This good must pass through two pro¬ 
duction departments, and each good requires the following amounts of pro¬ 
ductive capacity: 


Department 



Good 

A 

B 

1 . 

3 

2 

2 . 

4 

5 

Available capacity. . . . 

6,500 

6,000 


The amount of productive capacity used to process good 1 is independent 

of what components are used. The government must have 1,200 units of good 

1 and 600 units of good 2 (i.e., demand is an equality). 

a) Can the company fulfill this obligation? Show why or why not. 

b ) Set up the linear programming system for this problem. {Hint: Maximize 
contribution to overhead and profit, and assume that demand is an equal¬ 
ity.) 

c) Discuss the impact of the productive capacity on part (b) above. 

d ) Make an approximation to the answer to part (b) above. (Hint: You should 
be able to arrive at the exact answer by a logical deduction process.) 

e) Assume that the company anticipates an order for 1,214 units of good 1 
and 814 units of good 2. Further, assume that available production capacity 
is fixed at 6,500 units for department A and 6,000 units for department B. 
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Should the company produce to inventory; i.e., should it use the extra ca¬ 
pacity now? 

8. The Schell Oil Company produces and distributes two different types of 
gasoline: regular and premium. These gasolines must meet the following speci¬ 
fications: 6 


Regular gasoline specifications 


Vapor pressure index.<26 

Performance number .>61.4 

Fraction distilling off at 150° F.<32% 


Premium gasoline specifications 


Vapor pressure index.<20 

Fraction distilling off at 150° F.<40% 


On a particular day the company has four different gasoline components 
(Ci, C 2 , C 3 , and C 4 ) available for blending into regular and premium gasolines. 
These components have the following technical characteristics: 


Characteristics 

Ci 

c 2 

C 3 

c 4 

Contribution to 

vapor pressure index. 

.12 

24 

0 

140* 

Performance number 

(analogous to octane number) . .. 

.56 

58 

57 

74 

Fraction distilling off 

off at 150 F. (percent). 

. 8 

20 

0 

115 


* Note: Percentages greater than 100 percent are due to the “carry” effect— 
distilling vapors carry along other, less volatile components. 


The maximum availabilities of the four gasoline components (in barrels 
per day) are tabulated below: 


Component 
Cl... 
C 2 . . . . 
Cs. . . . 

c 4 .... 


Availability 
11,500 barrels 
5,000 barrels 
1,500 barrels 
Unlimited 


The contributions to profit and overhead (per barrel of gasoline component 
utilized) are shown below: 


Component 

Ci... . 

Ci.... 
Ci. . . . 

Ci.... 


Contribution 
.. $0,448 
. . 0.464 
. . 0.456 
. . 0.592 


0 Adapted by permission from Thomas H. Naylor and Eugene T. Byrne, Linear 
Programming (Belmont, Calif., Wadsworth Publishing Co., Inc., 1963), pp. 157-59. 
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a) The firm is presently realizing profits of $15,000 per day by blending its 
gasolines by trial-and-error and intuitive means. Should the company con¬ 
sider using linear programming to blend its gasolines if the cost of process¬ 
ing the required data and solving the problem on a computer amounts to 
$250 per day? 

b) State the linear programming problem as a system of linear inequalities. 

c) Set up the initial simplex tableau. 

d) Choose the key row and key column, using the most effective means of 
making that choice. 

9. What is the condition which signals a degenerate solution? 

10 . Can the requirements (quantity) vector ever assume a negative value? 
If not, why? 

11. In the maximization case with no mixed inequalities (as in Problem 6 
of this chapter), suppose you wished to start out with three real variables in 
the solution vector. How would you identify a correct first tableau? {Hint: 
Use matrix inversion to solve a set of simultaneous linear equations.) 
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Network models 


I. QUANTITATIVE TOOLS AND MANAGERIAL ACTIVITIES 

The manager’s job is to allocate valuable resources to fulfill the objec¬ 
tives of the organization. His job may also include expansion, contraction, 
or modification in resource holdings. The allocation of resources may be 
explicit, as in the linear programming model, or implicit, as in the classical 
economic model. In the classical economic model the optimum price is 
found, which in turn dictates the quantity of goods to produce. In the 
linear programming model, we have seen that at least some data (the 
shadow prices) were available to assist in the decision to increase (or de¬ 
crease) the investment in productive facilities. Thus the model has multiple 
uses. The models presented in this chapter may be concerned with the 
proper level and the kind of activities which optimize organizational ob¬ 
jectives as well as with increasing or decreasing resource holdings. Along 
the same line the inventory model identifies the level of resources devoted 
to inventory as well as the size of the production run, which itself allo¬ 
cates productive resources. Some tools can be used for either changing 
resource holdings or allocating resources. 

In this chapter, we shall look at techniques which may be used either to 
combine resources (implicitly or explicitly) or to control the activities to 
see that they are in fact carried out according to plan. The techniques are 
PERT (program evaluation and review technique) and CPM (critical path 
method). They are especially suited to projects which are not routine or 
repetitive and which will be conducted only once or a few times. 

II. INTRODUCTION TO NETWORK ANALYSIS 

A network is a series of identifiably related activities which immediately 
or ultimately result in a service or product which in turn contributes to 
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the objectives of the organization. The specific nature of the activities can 
be described by the use of a flow model. A flow model merely r identifies 
the order or progression of events. An example of a network is the assem¬ 
bly of some structure. 1 A product is composed of three subassemblies, 1, 
2 and 3. Subassemblies 1 and 2 are combined to form a new subassembly 
12. After subassembly 3 is completed, it must be extensively tested before 
being added to the final product, which is -identified as 123. This network 
is shown in Figure 17-1. 


Figure 17-1 



Many kinds of networks exist. The distinguishing feature between net¬ 
work models is the acceptable order and conditions imposed on that order. 
In the subassembly model in Figure 17-1, some steps may be taken in par¬ 
allel, but each must be completed before moving on. Included in network 
models are routing and sequencing models. 

III. CRITICAL RATH METHOD (CPM) 

Given the network shown in Figure 17-1, let us add above the arrows 
the time in workdays which it takes to complete each task. This is shown 
in Figure 17-2. Each circle is called an event and represents the start or 
completion of some activity. An event consumes no time and is identified 
by the first letter in the circle. Activities are defined by arrows connecting 
two events. The activity represents action and thus represents time. Each 

1 The pictorial detail does not necessarily indicate mathematical or computational 
complexities. 
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actmty is identified by its preceding and ending event. For example, ac¬ 
tivity AB represents the activity of producing subassembly 1. Events must 
occur in the order presented. Thus, subassemblies 1 and 2 must be com¬ 
pleted before assembly 12 can be completed. Activity AB takes eight days 
and leads to completion of subassembly 1. Consequently, one set of activi¬ 
ties which must be completed in order to complete the project is AB, BC, 
and CD. Another set is AE, EC, and CD. 


Figure 17-2 



The critical path 

Since the time required to complete each activity is known, we may 
ascertain how long it takes to complete each set of activities and thus find 
the activity path which will take the longest. The following paths and 
times for this assembly process are shown: 

Path 1: AB, BC, CD = 8 + 11+4 = 23 days 

Path 2: AE, EC, CD = 8 + 10 + 4 = 22 days 

Path 3: AF, FG, GD = 6 + 4 + 5 = 15 days 

It can be seen that path 1 is critical because it controls the completion date 
of the project. On the other hand, path 3 has little influence on the com¬ 
pletion date. If some of the resources used to complete path 3 could be 
diverted to path 1, the completion time might be reduced. If so, path 2 
might become critical. 

Usually, the total cost of the project is quite important, and some 
method of incorporating costs would be desirable. Also, the analysis so far 
has assumed that the completion time for each activity is known with cer- 
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tainty. This assumption may be true in some cases, but not all. At one ex¬ 
treme are activities which have never been performed before, e.g., research 
leading to the development of a new product. These activities will have a 
large variance in their performance time because they contain many 
chance elements. On the other hand, there are activities which have only a 
slight variance in performance time. Production activities which have been 
performed frequently are of this nature. 


Slack 

The difference in time between the required completion date for the 
entire project and the length of any path is termed slack. Slack may be 
either positive or negative. Often the completion date is determined from 
the total time estimates for the critical path activities. When this is the 
case, all the slack is positive except along the critical path, where it is zero. 
The time required to accomplish activities in any noncritical path may 
then increase in magnitude up to the amount of slack before it will affect 
the time required to achieve the project objective. Thus, slack in path 2 
is one day; and in path 3, it is eight days. 

When the completion date is determined in other ways (e.g., contrac¬ 
tual agreement), it is possible for a path to require more time than allowed 
for the project. In this case the slack would be negative. For example, if 
the contract for the assembly of ABCD specified a finish date 20 working 
days after the beginning of the project, path 1 would have 3 days of nega¬ 
tive slack because it requires 23 days to achieve the project objective. 

Slack is generally not desirable. Positive slack represents idle time and 
resources, with corresponding implicit costs. Negative slack occurs when 
the project requires more resources than are normally available. One can 
choose either not to meet the completion date and assume any penalties 
that may be imposed, or to use more resources and absorb the correspond¬ 
ing increase in costs in order to finish the project on time. 

Adjusting the system 

Determination of the critical path and the recognition of where slack 
occurs in the system are the two most important revelations of CPM. 
When this information is known, adjustments can be made for the better 
utilization of resources and time. Some of the possible adjustments that can 
be made are: 2 

1. Reduction of time estimates for critical path activities 

2. Elimination of some project activities 

2 Harry F. Evarts, Introduction to PERT (Boston: Allyn and Bacon, Inc., 1964), 
p. 89. 
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3. Transfer of resources from slack paths to activities on the critical path 

4. Addition of resources to the project 

5. Restructuring of the network in order to reduce project duration 

When the network has been developed, evaluated, and revised, the 
analysis has produced an improved plan, based on estimated time and cost 
information, for the achievement of the project objective. 

As the project progresses, actual information becomes available, and the 
network can be revised to reflect this information. Each time information 
is entered, the plan can be reevaluated. Often the location of the critical 
path and/or of the slack in the system changes. When used in this manner, 
the network ceases to be static in nature and becomes a dynamic controll¬ 
ing device. 

Cost considerations 

It costs money to conduct each of the activities. The cost is dependent 
upon the length of time required plus a fixed element. Thus, cost for each 
step may be expressed: 


Ci = Ai + BiTi 

where C 4 is the cost of the zth step, and B { are constants, and T* is the 
time required to complete the step. Consequently, step A (completion of 
subassembly 1) is expressed: 

Cab = Aab + Bab(8) 

Table 17-1 expresses these cost equations, in hundreds of dollars, for each 
step. 

Table 17-1 

Cab = 200 + ST 
Cam = 160 + 4 T 
Cap = 150 + 3 T 
Cfg — 60 + 2 T 
Cec = 100 + 4 T 
Cbc — 100 + 6 T 
Ccd = 50+2 T 
Cod = 40+2 T 

Given this information, we can determine the cost of completing the 
project or any portion of the project. The cost equations shown here rep¬ 
resent the costs of producing 123 via the present network. If the network 
or times are changed, the cost equations may have to be changed. If the 
project must be completed in 20 days, not only may it be necessary to di¬ 
vert resources from other activities, but it may also be necessary to go to 
overtime and other speedup methods. 
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The fixed term (A t ) in the cost equation represents the total costs of 
performing the activity under normal circumstances independent of the 
time required. The variable term (BJ4) represents costs that vary with the 
time required to complete the project. Thus the variable costs of the space 
used for the construction of subassembly 1 is one ingredient that makes 
Bab = S. In order completely to recognize costs of this project, a total cost 
equation which recognizes the aggregate unallocated costs of the total 
project must be developed. An example of this cost is the cost of capital 
provided for some period of time. Let that cost be represented by. 

C v = 300 + 10T* 

where T v is overall time. 

Suppose we conclude that no resources can be diverted from path 3 to 
reduce paths 1 and 2 to the 20 days allotted for completion. Then we must 
undertake a crash program of overtime and other means of reducing com¬ 
pletion time. Obviously, time can be reduced only so far. Let us recognize 
this by identifying the following two times, T n (normal time) arid T c 
(crash time). 

Figure 17-2 contains normal time. Crash time is the fastest possible 
time. In most instances, these costs increase at an increasing rate. For 
example, the added costs of a crash program for production of sub- 
assembly B can be expressed by the term: 5 (T aj AB — T n> AB ) 2 , where 
T a ab is actual time taken to complete step AB and T n , ab is the normal 
time required to complete step AB. Thus the equation which expresses 
the complete situation for production of subassembly 1 is: 

Cab = 200 + 5T a , ab + 5 (To, ab-Tu , as) 2 

For ease of discussion, assume that the coefficient for the third term in each 
equation is the same as the coefficient for the second term. Also, assume 
that the overall equation is linear with respect to time; therefore: 

C v = 300 + 10 T v 

still holds. Now the cost system is as shown in Table 17-2. 


Table 17-2 


Cost equations 

Cab — 200 - f - ST a , ab + 5(T a , ab 

Cab = 160 + 4 T a , ab T 4 (To, ab 

Caf = 150 + 3To, af + 3 (To, af 

Cfo = 60 + 2T 0 , fg 4- 2(To. fg 

Cbc = 100 + 4 T a , ec T 4(T 0 , ec 

Cbc ~ 100 -j- 6T 0 , bc T 6(To, bc 

Ccd — 50 4 - 2T 0 , cd + 2(To, cd 

Cgd — 40 -p 2T a , gd -p 2 (To, gd 

C v = 300 + 10T» 


Shortest possible time 
T n , AB y T c , ab — 4 

Tn, AbY T c , AE = 4 

Tn, AFY T c , AF = 4 

Tn, fgY Tc fg = 2 

Tn, ECy T c . EC ~ 5 

T„, BC) 2 T c , BC « 5 

Tn. CD y T Ci CD = 2 

Tn, gd) 2 T c , gd = 3 
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Remember that T (h { =t T Cj 4 where: 

T a ,i = Actual time for the zth step 

T n ,i = Normal time for the fth step 

T c ,i = Crash or shortest possible time for the ith step 

Referring to Table 17-1 for the equation and Figure 17-2 for the times, 
the normal costs, in hundreds of dollars, are as shown in Table 17-3. 

Table 17-3 

Cab = 200 + 5 (8) = 240 

Cae = 160 + 4(8) = 192 

Caf — 150 + 3 (6) = 168 

Cfg = 60 + 2 (4) = 68 

Cec = 100 -f 4(10) = 140 

Cbc — 100 4*6(11) = 166 

Ccd = 50 + 2(4) = 58 

C G d = 40 + 2(5) = 50 

C v = 300 + 10(23) = 530 

1,612, which is $161,200 

One way of reducing path 1 to 20 days while at the same time reducing 
path 2 to 20 days is to undertake a crash program to reduce step BC from 
11 to 10 days and CD to two days. Thus: 

C BC = 100 + 6(10) + 6(-l) 2 = 166 

and 

Ccd = 50 + 2(2) + 2(2) 2 = 62 which is 
an increase of $400. However: 

C v = 300 + 10(20) = 500 

a decrease of $3,000 and an overall decrease of $2,600. Hence, both the 
time and the cost are reduced. This example demonstrates that the best 
performance time for an activity is not necessarily normal time. This 
analysis has recognized fixed costs, time-variable costs, normal costs, and 
crash costs. Clearly, there is an interaction among the above costs that 
should be considered. In determining how much time a project should 
take, the time-cost trade-off should also be considered. Further discussion 
of the interaction between the various kinds of costs and the interaction 
between time and cost is beyond the scope of this book. It should be noted 
that the example shown above is an unusual occurrence. 

The foregoing discussion is a description of CPM in PERT terminol- 
ogy. This approach is used because the concepts seem readily understand¬ 
able under conditions of data certainty and the somewhat novel approach 
taken here enhances the analytical ingredient in CPM. Finally, the time- 
cost trade-off takes on meaning with this presentation. The following 


11. Network models 313 


pages will describe the background of CPM and PERT, and will explain 
PERT in more detail. 

The critical path method (CPM) was developed in 1956 at the E. I. 
du Pont de Nemours & Co., to aid in the scheduling of routine plant over¬ 
haul, maintenance, and construction work. Because this type of project is 
comprised of activities which have a relatively small variance in their per¬ 
formance time, CPM does not incorporate any statistical analysis in de¬ 
termining time estimates. Two time and two cost estimates are obtained 
for each activity. The first time-cost estimate is for the normal situation. 
The second time-cost estimate is for the crash situation, when it is assumed 
that no cost will be spared to reduce the time required to perform the 
activity. 

Although CPM was unique because of its use of the time-cost trade-off 
concept, it has been incorporated into other network analysis programs. 
Nevertheless, one of the primary assumptions of CPM is still the direct 
relationship between time and costs. 

CPM differs from other methods of network analysis in that if dif¬ 
ferentiates betw r een planning and scheduling. Planning is the determination 
of the activities that must be accomplished to achieve a project objective, 
and the order in which they should be performed. Scheduling is the intro¬ 
duction of time into the plan, thus creating a timetable. It is more difficult 
to use CPM as a controlling device than it is to use PERT. Because CPM 
was initially developed as a static planning model, one must repeat the 
entire evaluation and manipulation phase each time changes are introduced 
into the network. 

IV. PROGRAM EVALUATION AND REVIEW TECHNIQUE 

The program evaluation and review technique (PERT) originated in 
195 8 through the work of William Fazar, C. R. Clark, and Navy personnel 
working on the Polaris fleet ballistic missile program. 3 PERT is most 
applicable to long-range research and development projects. These proj¬ 
ects are usually unique and subject to a considerable degree of uncer¬ 
tainty. They are comprised of activities which demonstrate a large vari¬ 
ance performance time and often are pursued in many different geographic 
locations. 

Variation in time estimates 

PERT deals explicitly with this problem of uncertainty by the applica¬ 
tion of statistical analysis to the determination of job duration estimates. 
Three estimates are obtained for each activity, usually from the group 

3 William Fazar, “The Origin of ‘PERT.’ ” The Controller Vol. XXX (December, 
1962), pp. 34-36. 
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which will actually perform the task. The three figures represent optimis¬ 
tic (a), most likely {m), and pessimistic (b) estimates of the time required 
to accomplish the activity. x \n expected time (t e ) and its standard devia¬ 
tion (o-) are determined for each activity in the following manner: 4 

a + 4 m + b 
6 

b — a 
6 

In addition to the statistical approach to time estimation, PERT is 
unique in its emphasis on the control phase of project management. Be¬ 
cause of this emphasis, it is easier to revise the plan each time changes are 
introduced into the network than with other network analysis techniques. 

When it was initially developed, PERT did not consider the direct rela¬ 
tionship between cost and time. However, the latest versions offer highly 
sophisticated cost analysis procedures. 

Some examples 

In order to explore further the methodology for dealing with uncer¬ 
tainty, let us examine three examples: 

Example 1 . Let us use as an example the testing of subassembly 3 in 
the example (see Figure 17-2). We indicated that testing took four days. 
However, a further look tells us that the four days are the most likely 
length of time. If things go very well, the testing might be completed in 
one day. However, this is likely to happen at least 1 time in 10; thus the 
optimistic time {a) is 1. At least once in 10 times, things can go wrong so 
that it takes five days; accordingly, the pessimistic time (b) is 5. The prob¬ 
ability that a job will be completed in a given amount of time can be 
shown graphically.There is, for our example, a greater probability that 
our job will take four days than any other time. This is the highest point 
on the curve shown in Figure 17-3. To compute the expected time, t e , 
from the three time estimates given, we must find the time that will divide 
the area under the curve in half. This would mean that there is a 50-50 
chance of completing the job at that time. 



4 The formula to show variation in time estimates is frequently shown as: 

- ■ (V)' 

This is due to the fact that <r 2 is used in the formula to calculate the variation in the 
expected completion time of the entire project. The formula to calculate variation 
in the expected completion time of the entire project is: 


T s - Te 
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Figure 17-3 



The expected time and variation can be estimated satisfactorily by 
using the previously shown formulas: 

a + 4 m + b 

4 - 6 

b — a 

For our example: 

, 1 + (4) (4) +5 _ -2 

h 6 3 

5-1 2 

^ 6 3 

The 50-50 dividing line is shown in Figure 17-4. 


Figure 17-4 



Example 2. To illustrate further the range of distributions, suppose 
that we have an activity for which little time variation is expected even 
under the most unusual circumstances. 
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The time estimates might be: 


a — 3 (Optimistic time) 
m — 4 (Most likely time) 
b — 5 (Pessimistic time) 

Hence, using the formula, we find: 


and 


4 = 4 


(7 = 1/3 

The expected time is close to that computed for the first example, but we 
can see that there is less uncertainty for this job and less chance of saving 
time by extra supervision, effort, or attention to detail. 

This distribution is shown in Figure 17-5. 


Figure 17-5 



Example 3. As a further illustration, assume that our three time esti¬ 
mates are as folows: 

a — 3 (Optimistic time) 
m — 4 (Most likely time) 
b — 7 (Pessimistic time) 

We would find that: 


and 


4 = 4 ^ 


In this case, although little time can be saved on the job, there is a much 
greater possibility that carelessness or chance can cause great difficulty in 
our schedule. 
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Calculation of slack 

In the PERT approach, slack is calculated using the earliest and latest 
time. 

The earliest time an event can occur is the earliest time we can expect 
all activities preceding the event to be completed. This will be identified 
as T e . 


Figure 17-6 



The latest time an event can occur is the latest allowable time it can 
occur without affecting the final completion date. This will be known 
as T l . 

Let us use the network shown earlier and assume that the times shown 
are the expected times. This network, slightly changed, is reproduced 
in Figure 17-6. 

The earliest time, T E , for each event can be calculated by starting with 
the first event at time 0 and adding the activity times along the paths to 
the event in question. 

The earliest times for each event are shown in Table 17-4. Event E can 
be reached by two paths. Along the path consisting of activities AC and 
CE y T e appears to be 18 weeks. However, event E cannot occur until the 
activities along all paths leading to it are completed. Since the longest path 
leading to event E totals 19 weeks, the earliest time we can expect event E 
to occur is at the end of 19 weeks. By the same token, event G must take 
23 weeks rather than the 15 weeks to run AD, DF, and FG. 

Finding T L . The latest time, T h , that an event can occur without affect- 
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ing the final completion date of the project can be found by starting with 
the time for the end event of the project and subtracting the time required 
for activities back to the event in question. The Tl for the events has been 
arrived at by subtracting activity time from the 23-week total. 

The latest times for each event are shown in Table 17-5. 

Table 17-4 


Event Time (in weeks) 

A . 0 

B . 8 

C . 8 

D . 6 

E . 19 

F . 10 

G . 23 


Table 17-5 


Event Time (in weeks) 

G . 23 

F . 18 

E .19 

D .14 

C . 9 


Thus, event F must be completed by week 18, since it takes five weeks for 
activity FG. Likewise, event D must be completed by week 14, since it 
takes four weeks for activity DF. 

Let us now review the possible paths: 

1. ABEG 

2. ACEG 

3. ADFG 

We shall see that the critical path occurs when all T E = T L (see Table 
17-6). As indicated in the discussion of CP Ad, path 3 contains eight days 
of slack. Thus, activities along that path have eight weeks of spare time and 
can consequently be diverted to other uses with little or no penalty. 

If a scheduled completion time of 20 days had been imposed, each T E 
would have been smaller by 3 days. If the difference between T L and T E 
(T L — T e ) is negative, this indicates negative slack, as discussed earlier. 

With the information from PERT, the manager is in a better position 
to know where trouble may occur, where supervision may be needed, and 
where resources may be shifted to keep the project on schedule. With a 
PERT network before him, he can easily grasp the interrelationships that 
exist in the project; and with the network, he can explain clearly to man- 
















Table 17-S 

Path 1 
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Event Te Tl Tl — Te 


A . 0 0 0 

B . 8 8 0 

E .19 19 0 

G .23 23 0 


Path 2 


Event Te Tl T l — 1 e 


A . 0 0 0 

C . 8 9 1 

E .19 19 0 

G .23 23 0 


Path 3 


Event Te Tl Tl — Te 


A . 0 0 0 

D. 6 14 8 

F .10 18 8 

G .23 23 0 


agement above and below him just what his objectives are, how the project 
is progressing, and where difficulty is predicted. 

V. ROUTING MODELS 

Another class of network models deals with networks for which many 
paths or routes may be taken to complete the objective. An example of 
such a network is the case of a salesman who must cover all of his allotted 
territory. In order to do so, he must find an efficient route or sacrifice 
either valuable calling time or his own leisure time. Figure 17—7 shows the 
placement of his home (H) and four customers (A, B, C, and D). \ou 
will note that he lives in a city with main connecting streets running north 
and south, which form a neat grid. His house is located at point 2, 3 (i.e., 
two miles east and three miles north of the southwest corner. In order to 
reach customer A, he drives two miles south and one mile east, or a total 
of three miles. If he is at A, he drives five miles directly north to get to 
customer D. The conditional mileage matrix in Figure 17-8 shows miles 
to get to a point, given that he is at another point. 

We shall assume that minimizing mileage will most effectively maxi- 
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mize the salesman’s overall objective. In Chapter 1, we pointed out that 
by placing a dollar value on time, we could identify costs and thus mini¬ 
mize total costs instead of miles. One obvious method to identify the 
shortest round trip is to enumerate all possible paths and the total distance 
required to cover each. Then we could choose that route which minimizes 
distance. In the case at hand, there are 24 possible routes, which are listed 
in Table 17-7. Fortunately, we do not need to investigate all of these 
alternative routes because they are symmetrical. Thus the distance required 
to cover the route HABCDH is the same as that to cover the route 
HDCBAH , which is the first route in reverse. In fact, a look at the con¬ 
ditional mileage matrix will show that elements a i} = a H . When this con- 

Figure 17-8 
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Table 17-7 


Route Short 

possibility Route order notation 


1 ... H to A to B to C to D to H A BCD 

2 . H to A to B to D to C to H ABDC 

3, .. H to A to C to B to D to H ACBD 

4. ,. H to A to C to D to B to H ACDB 

5 . dl to A to D to C to B to H ADCB 

6 . H to A to D to B to C to H ADBC 

7 . H to B to A to C to Z) to H BACD 

8. .. H to B to A to D to C to H BADC 

9... H to B to C to D to A to H BCDA 

10 .. H to B to C to A to D to H BCAD 

11.. . H to B to D to A to C to H BDAC 

12.. . H to B to D to C to A to H BDCA 

13 . H to C to A to B to D to H CABD 

14 . H to C to A to D to B to H CADB 

15 . H to C to B to A to D to H CBAD 

16.. . ..... 7/to C to B to D to A to H CBDA 

17 . H to C to D to B to A to H CDBA 

18 . H to C to D to A to B to H CDAB 

19 . H to D to A to B to C to H DABC 

20 . H to D to A to C to B to H DACB 

21 . H to D to B to A to C to H DBAC 

22 . H to D to B to C to A to H DBCA 

23 . H to D to C to A to B to H DC A B 

24 . H to D to C to B to A to H DCBA 


dition holds, we have a symmetrical matrix. However, the symmetrical 
condition need not exist. It is possible that traffic or other factors might 
make the time required to cover the distance differ, depending upon 
whether the salesman is traveling to or from one point to another. 

Table 17-8, showing routes and distances, then must be investigated. 


Table 17-8 


Route 

Short 

notation 



Distance 



Same as: 

1 . 

. ABCD 

3 

+ 6 

+ 2 

+ 5 

+ 4 

= 

20 

24 

2 . 

. ABDC 

3 

+ 6 

+ 5 

+ 5 

+ 7 

= 

26 

17 

3 . 

. ACBD 

3 

+ 8 

+ 2 

+ 5 

+ 4 

= 

22 

22 

4 . 

. ACDB 

3 

+ 8 

+ 5 

+ 5 

+ 5 

= 

26 

12 

5. . 

. ADCB 

3 

Hb 5 

+ 5 

+ 2 

+ 5 

= 

20 

9 

6.. 

. ADBC 

3 

+ 5 

+ 5 

+ 2 

+ 7 

= 

22 

16 

7. . 

. BACD 

5 

+ 6 

+ 8 

+ 5 

+ 4 

= 

28 

23 

8 . 

. BADC 

5 

+ 6 

+ 5 

+ 5 

+ 7 

= 

28 

18 

10.. 

. BCAD 

5 

+ 2 

+ 8 

+ 5 

+ 4 

= 

24 

20 

11. 

. BDAC 

5 

+ 5 

+ 5 

+ 8 

+ 7 

= 

30 

14 

13. 

. CABD 

7 

+ 8 

+ 6 

Hb 5 

+ 4 


30 

21 

15. 

. CBAD 

7 

+ 2 

+ 6 

+ 5 

+ 4 

= 

24 

19 
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Thus, the salesman concludes that route 1, 5, 24, or 9 will minimize the 
distance traveled. Although certain search methods which reduce the work 
exist, they are beyond the scope of this book. 5 


DISCUSSION TOPICS AND PROBLEMS 

1. Place the following jobs in the form of a PERT network: 

Tune engine 

Test car 

Move car to service station 

Assemble carburetor 

Remove car to owner’s garage 

Finish entire tune-up 

Clean carburetor 

Rotate tires 

Remove carburetor 

2. On the arrows in the network shown below the first number is the 
optimistic time, the second is the most likely time, and the third is the pessi¬ 
mistic time. 



a) Find the critical path, considering only the most likely time. What is the 
slack in the remaining paths? 

b ) Under the conditions of part (a) above, what is the slack in all paths if the 
project has to be completed in 65 days? What general recommendations 
would you give the manager in this situation? 

c) Find the critical path using PERT methods. What is the slack in the re¬ 
maining paths? 


5 See, for example, Frederick S. Hilliard and Gerald J. Lieberman, Introduction to 
Operations Research (San Francisco: Holden-Day, Inc., 1967), pp. 208-38; and Mau¬ 
rice W. Sasieni, A. Yaspan, and L. Friedman, Operations Research (New York: John 
Wiley & Sons, Inc., 1959), pp. 250-69. 
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d) Given the following cost equations for the conditions of part (a) above, 
reduce the critical path to 65 days or less: 

Cab = 150 + 6? 

Cbc = 100 + 4? 

C C d = 120 + St 
C DH = 80+4? 

Cdg = 100 + 6 ? 

Chi — 80 + 5? 

Cgi = 90 + 6? 

Cu = 80 + 4? 

Cjk = 100 + 6 ? 

Cv = 200 + 8? 

3. On the arrows shown below, the first number is the optimistic time, the 
second is the most likely time, and the third is the pessimistic time. 



a) Find the critical path, considering only the most likely time. 

b) Find the critical path using PERT methods. 

4. On the arrows shown below, the first number is the optimistic time, the 
second is the most likely, and the third is the pessimistic time. 



a) Find the critical path, considering only the most likely time. 

b) Find the critical path using PERT methods. 
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5. Find the shortest route for a traveling salesman to follow if he must make 
all of the following stops. Roads do not go where the lines are not joined. 
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Decision theory: 
Payoff matrix models 


I. THE BASIC STRUCTURE OF DECISIONS 

It is useful to focus upon certain elements in the decision situation 
which are basic to all decisions but which, when structured as a payoff 
matrix, form the body of decision theory via payoff matrix models. These 
elements are: 

1. Alternative courses of action (strategies) 

2. Various states of nature 

3. Knowledge about the likelihood of occurrence of each state of nature 

4. Net value (payoff) to decision maker for each outcome 

5. Decision maker’s objectives 

The first element recognizes the alternative courses of action (strat¬ 
egies) which may be taken by the decision maker. These are actions the 
decision maker may take at his option and are thus controllable variables. 
Alternative courses of action must be identified so that they are mutually 
exclusive. 

The second element recognizes the condition or states of nature which 
may occur. These conditions are not under the control of the decision 
maker. The classical economic order quantity formula assumes a single 
state of nature because demand (the state of nature) is assumed to be one 
single figure. States of nature must be identified so that they are mutually 
exclusive and collectively exhaustive. 

The third element recognizes that it is not enough simply to know what 
the states of nature are, but that decision making becomes effective and 
indeed possible only when the analyst has knowledge about the likelihood 
of occurrence of each state of nature. The student w r ill later see that in 
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some cases a great deal of this information exists; and in other cases, almost 
none exists. Information on the likelihood of occurrence of any state of 
nature may be objective or subjective, or a combination of subjective and 
objective information. There are some decision theorists who believe that 
decision theory can make a contribution when objective information is 
used and that decision theory is better left out of decisions when objective 
information is lacking. Other theorists believe that subjective information 
is representative of managerial experience and judgment and that to ignore 
such information is to waste a valuable asset. 

The fourth element recognizes the payoff or payout which results 
for each combination of strategy and state of nature. Although the pay¬ 
off is frequently measured in dollar terms, some other basis may also be 
used. 


Table 18-1 



Ni 

N 2 


N n 

Si 

Pn 

Pn 


Pm 

S 2 

P 21 

P 22 


P2n 






s m 

Pml 

Pm2 


Pmn 


The fifth element recognizes the role of the decision maker’s objective 
in choosing the course of action to be taken. Two decision makers facing 
similar situations may take different actions because they have different 
objectives. Some decision makers prefer the small, sure gain to the large, 
but improbable gain. The decision maker’s objectives influence both the 
appropriate method of identifying the payoff and the appropriate method 
of choosing the best course of action. 

We have shown payoff matrixes earlier in the text without naming them 
as such. In abstract form the payoff matrix looks like Table 18-1. 

The Si refers to the /th alternative course of action, and the Nj refers 
to the jth state of nature. Thus, P 4j - refers to the payoff for the jth state of 
nature when the zth course of action is taken. If any basis exists for pre¬ 
dicting the occurrence of the states of nature as a probability distribution, 
this information is recorded above the state of nature as a probability, as 
shown in Table 18-2. 

In Chapter 12, we showed a payoff matrix for Ira Optimist, who wishes 
to decide how to invest $1,000. He is concerned with his return at the end 
of one year. He is considering whether to purchase blue-chip stocks, spec- 
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illative stocks, or government bonds. These represent the alternative 
courses of action. The return per dollar on each of these investments is 
dependent upon general economic conditions, which fall into three cate¬ 
gories: good, average, or bad. These are the states of nature. The return 


Table 18-2 



pm 

N x 

pm 

n 2 


P(Nn) 

N n 

Si 

Pn 

Pn 


An 

s 2 

A i 

Pn 


An 










S m 

Pml 

Pm‘i 


Ann 


for each investment, given the state of nature, is shown in Table 18-3. 1 
This return is the payoff. Accordingly, the payoff (per dollar invested) 
when blue-chip stocks are purchased and good economic conditions pre¬ 
vail is 8 cents. If speculative stocks are purchased and bad economic con¬ 
ditions prevail, the payoff (per dollar invested) is a loss of 10 cents. 

Table 18-3 


Economic conditions 



Good 

Average 

Bad 

Buy government 
bonds 

0.04 

0.04 

0.04 

Buy blue-chip stocks 

0.08 

0.04 

0.0 

Buy speculative 
stocks 

0.15 

0.05 

-0.10 


Thus far, we have not discussed the knowledge about the likelihood 
of occurrence of each state of nature. In Chapter 12, we said that good 
economic conditions prevailed 30 percent of the time, average conditions 
50 percent of the time, and bad conditions 20 percent of the time. Given 
this information, we have discussed four of the five elements. 

1 This discussion will assume no variance in the returns; consequently, this table 
is not identical to Table 12-1. 
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The decision maker’s objectives are only vaguely stated when we say 
that he is concerned with his return at the end of one year. If for some 
reason his objectives preclude him from incurring a loss, but he does not 
have to show a positive return, his best action is to buy blue-chip stocks. 
Obviously, if he has to show a positive return, he will buy government 
bonds because he takes a 20 percent risk of bad conditions occurring, in 
which case any other action violates the necessity of showing a positive 
return. This paragraph has demonstrated that the objectives play a major 
role in the choice of the best course of action. We shall now go on to 
classify payoff matrix models. 

II. CLASSIFYING PAYOFF MATRIX MODELS: CLASSICAL BASIS 

The classical basis for classifying payoff matrix models centers on 
knowledge about the occurrence of the state of nature. Four different 
classifications are recognized: (1) certainty, (2) risk, (3) uncertainty, 
and (4) conflict. 

The condition of certainty occurs when the decision maker is certain 
which state of nature will occur and he must choose the best course of 
action. In the EOQ model, demand (the state of nature) is known, and 
the course of action has to be found using the mathematical tools of calcu¬ 
lus. Being certain which state of nature will occur does not necessarily 
mean that the decision problem is simple. Since the previous chapters have 
dealt with this condition, this chapter will not cover the condition of 
certainty. The condition of risk occurs when the decision maker has 
faced the same situation repeatedly and can reasonably construct a relative 
frequency distribution for the occurrence of the states of nature. 

The condition of uncertainty occurs at the opposite end of the spec¬ 
trum from certainty. Uncertainty occurs when the decision maker has no 
knowledge or expectation about the probability of the occurrence of the 
state of nature. It is important to remember that both a lack of reasonable 
knowledge about the probability of the state of nature (objective infor¬ 
mation) and a lack of expectation about the outcomes (subjective in¬ 
formation) exist. 

The condition of conflict exists when the only information about the 
occurrence of the state of nature is that an opponent is present who will 
act to harm the decision maker. In gambling, your opponent’s gain comes 
at your expense. Thus, if the state of nature is the action to be taken by a 
gambling opponent, your only knowledge is that its occurrence will be de¬ 
pendent upon its ability to harm you. In this case the occurrence of any 
state of nature is dependent upon the opponent’s action. Under conflict, 
it is normally assumed that the action of the decision maker or his 
opponent is taken without knowledge of the action taken by the other. 

It should be noted that conflict models are different in kind from the 
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previous three models. Conflict models are centrally concerned with con¬ 
flict and are treated in a different fashion than the other models. Conflict 
models often use terminology built around the conditions of conflict. 

Let us now discuss the classical models for risk and uncertainty. As 
mentioned earlier, the condition of certainty has been covered in earlier 
chapters. Following this material, we shall look critically at the models 
of uncertainty. Then we shall present some of the problems in developing 
valid payoffs. Following this, we shall look at the models of conflict Then 
this text will reevaluate the classical categories and suggest an improved 
structure. Finally, we shall cover some special topics. 

III. THE PAYOFF MATRIX UNDER CONDITIONS OF RISK 

The condition of risk is a condition where the decision maker has faced 
the same situation repeatedly and can reasonably construct a relative fre- 

Table 18-4 


Number demanded Number of times demanded Relative frequency 


0 . 0 Zero 

. 5 0.05 

14. 10 0.10 

1 *. 20 0.20 

16 ... 30 0.30 

17 . 25 0.25 

!8 ... 10 0.10 

Over 18. __0 Zero 

Total.100 1.00 


quency distribution for the occurrence of the state of nature. Thus the 
owner of a retail store predicting daily sales of a perishable item may have 
a historical record of the number of items demanded. 2 Such a record may 
be the one presented in Table 18-4. 

We call the demand in any given day a random variable. A random 
variable is a value or magnitude that changes occurrence after occurrence 
or event after event, in no predictable sequence. The values of a random 
variable correspond to the number demanded, i.e., 13, 14, 15, 16, 17, or 18. 
Given the information above, the retail store can determine the expected 
or average sales by multiplying the values of the random variables by the 
relative frequency of each. Hence: 

Expected average sale = FAS = 13(0.05) + 14(0.1) + 15(0.2) + 16(0.3) 

,__ + 17(0.25) + 18(0.1) - 15.9 

2 It should be noted that in order to assure that this is an accurate reflection of 
demand, the amount on hand at the beginning of the day must have exceeded the 
amount sold. 
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Assume that each of these items sells for $8 and is purchased for $5. There¬ 
fore, each item sold results in a profit of $3. However, if it is not sold at 
the end of the day, it must be discarded, resulting in a loss of $5. The situa¬ 
tion facing the decision maker can be structured in a payout matrix which 
shows conditional profits. Thus, if 16 cases are ordered and 14 are sold, 
this results in a profit of $3 each on 14 items and a loss of $5 each on the 2 
items not sold; that is: 

14(3) - 2(5) = $42 - $10 = $32 
The conditional profit table is shown in Table 18-5. 

Table 18-5 

Demand (state or nature) 


Stock policy 


The best action to be taken is found by calculating the expected profit 
for each stock action and then choosing the highest. Recalling the relative 
frequency of occurrence of each demand condition, the expected profits 
are: 

EP ld = 0.05(39) + 0.1(39) + 0.2(39) + 0.3(39) + 0.25(39) + 0.1(39) 

= $39.0 

EP U = 0.05(34) + 0.1(42) + 0.2(42) + 0.3(42) + 0.25(42) + 0.1(42) 

= 41.6 

EPu = 0.05(29) + 0.1(37) + 0.2(45) + 0.3(45) + 0.25(45) + 0.1(45) 

= 43.4 

EP U = 0.05(24) + 0.1(32) + 0.2(40) + 0.3(48) + 0.25(48) + 0.1(48) 

= 43.6 

EP U = 0.05(19) + 0.1(27) + 0.2(35) + 0.3(43) + 0.25(51) + 0.1(51) 

= 41.4 

EP 18 = 0.05(14) + 0.1(22) + 0.2(30) + 0.3(38) + 0.25(46) + 0.1^54) 

- 3 7 
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where EPi is the expected profit from the ith stock action. Thus the opti¬ 
mal course of action under this condition of risk is to stock 16 items. 

Finding the best course of action under risk appears elementary. How¬ 
ever, we must look at further complications. These include the effect of 
salvage value. We shall also present another form of payoff as an alterna¬ 
tive way of expressing the decision maker’s goals. This leads to a method 
of identifying the value of added information on the state of nature which 
will actually occur. The reader can see that improved information may 
provide a better fix on the expected outcome. Finally, we shall deal with 
marginal analysis as a way of avoiding heavy computation, especially when 
the alternatives are large. The technique for marginal analysis is, however, 
limited to certain conditions. 

The effect of salvage value 

The previous discussions assumed that the product being sold was com¬ 
pletely worthless if not sold on the day of delivery. It may of course be 
more realistic to assume that the product does have some salvage value. 
Such salvage value reduces the loss from overstocking. Suppose that the 
salvage value of the perishable product discussed earlier is $1. Thus the 
overstock loss is $5 minus $1, or $4 per unit. Consequently, when the re¬ 
tailer stocks 14 units and sells 13, he salvages the remaining unit for $1. We 
may now construct a new conditional profit payout matrix, as shown in 
Table 18-6. The expected profits are: 

EPn = 0.05(39) + 0.1(39) + 0.2(39) + 0.3(39) + 0.25(39) + 0.1(39) 

= $39.00 

EP U = 0.05(35) + 0.1(42) + 0.2(42) + 0.3(42) + 0.25(42) + 0.1(42) 

= 41.65 

EPu = 0.05(31) + 0.1(38) + 0.2(45) + 0.3(45) + 0.25(45) + 0.1(45) 

= 43.60 

EP U = 0.05(27) + 0.1(34) + 0.2(41) + 0.3(48) + 0.25(48) + 0.1(48) 

= 44.15 

EP 17 = 0.05(23) + 0.1(30) + 0.2(37) + 0.3(44) + 0.25(51) + 0.1(51) 

= 42.60 

EP U = 0.05(19) + 0.1(26) + 0.2(33) + 0.3(40) + 0.25(47) + 0.1(54) 

= 39.30 

Hence the optimal stock action is still 16 units. However, the optimal stock 
action might have been different if the payout values were changed suffi¬ 
ciently. The presence of salvage value does not alter the application of the 
principles discussed earlier. It simply means that the decision maker must 
recognize the effect that salvage value has on the conditional profit table. 
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Table 18-6 

Demand (state of nature) 


Action 


Different payoffs: Regret considerations 

This decision maker may say that he is concerned about minimizing the 
cost of overstocking (if that condition occurs) or the lost opportunity to 
make a sale. In this case, we could say that he is minimizing regret. There¬ 
fore, referring to the original problem (Table 18-5), if the decision maker 
stocks 13 and 14 are demanded, he loses the opportunity to sell an addi¬ 
tional unit at a $3 profit, and his regret is thus $3. Conversely, if the deci¬ 
sion maker stocks 14 and 13 are demanded, he loses the $5 cost, and his 
regret is $5. However, if he stocks 14 and sells 14, he has no regret because, 
in retrospect, he has taken the best possible action. Accordingly, the con¬ 
ditional regret matrix is as shown in Table 18-7. 

The decision maker may now calculate the expected regret and choose 
the course of action which minimizes regret: 

ERiz = 0.05(0) + 0.1(3) + 0.2(6) + 0.3(9) + 0.25(12) + 0.1 (15) 

= 8.7 

ER U = 0.05(5) + 0.1(0) + 0.2(3) + 0.3(6) + 0.25(9) + 0.1(12) 

= 6.1 

ER lb = 0.05(10) + 0.1(5) + 0.2(0) + 0.3(3) + 0.25(6) + 0.1(9) 

= 4.3 

ER U = 0.05(15) + 0.1(10) + 0.2(5) + 0.3(0) + 0.25(3) + 0.1(6) 

— 4.1 

ERi 7 = 0.05(20) + 0.1(15) + 0.2(10) + 0.3(5) + 0.25(0) + 0.1(3) 

= 6.3 

ER 1S = 0.05(25) + 0.1(20) + 0.2(15) + 0.3(10) + 0.25(5) + 0.1(0) 

= 10.5 

where ERi is the expected regret from the ith stock action. Again, the 
least regret is experienced when 16 units are stocked. It should be noted 
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that the increase in loss when not at 16 is the same as the decrease in profits 
when not at 16. Thus, when 13 units are stocked, expected profit is $39, 
which is $4.60 less than the optimal profit of $43.60. Likewise, regret at 13 
units is $8.70, which is $4.60 more than the minimum regret of $4.10 at 16 
units. Table 18-8 demonstrates this relationship. 


Table 18-7 


State or nature 


Action 



13 

14 

15 

16 

17 

18 

13 

0 

3 

6 

9 

12 

15 

14 

5 

0 

3 

6 

9 

12 

15 

10 

5 

0 

3 

6 

9 

16 

15 

10 

5 

0 

3 

6 

17 

20 

15 

10 

5 

0 

3 

□l 

25 

20 

15 

10 

5 

0 


Table 18-8 illustrates that under conditions of risk the regret matrix 
and profit matrix yield the same optimum. The reader may also note that 
the addition of a constant (the same constant) to each payoff under either 
the risk or the profit condition will not affect the course of action nor the 


Table 18-8 


Stock action 

13 

14 

15 

16 

17 

18 

1. Expected profit. 

. 439.00 

$41.60 

$43.40 

$43.60 

$41.40 

$37.20 

Divergence from 

optimum . 

. . 4.60 

2.00 

0.20 

Zero 

2.20 

6.40 

2. Expected regret. 

. . 8.70 

6.10 

4.30 

4.10 

6.30 

10.50 

Divergence from 
optimum. 

. . 4.60 

2.00 

0.20 

Zero 

2.20 

6.40 






-- ; :■ 

^ r ~ ... 


divergence from the optimum. For example, the effect of adding $1 to 

each payoff is shown in Table 18-9. 

The concept of regret can be utilized further by recognizing that regret 
is costly and avoidance of that cost is worth money. The decision maker 
stocking 16 (because that is the best policy) could make an additional $6 
of profit if he knew that demand would be 18 when it was 18. 
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Table 18-9 


Stock action 13 14 IS 16 17 18 


1. Expected profit.$45.00 $47.60 $49.40 $49.60 $47.40 $43.20 

Divergence from 

optimum. 4.60 2.00 0.20 Zero 2.20 6.40 

2. Regret: 

Expected regret. 14.70 12.10 10.30 10.10 12.30 10.40 

Divergence from 

optimum. 4.60 2.00 0.2 Zero 2.20 6.40 


Expected value of perfect information 

The following discussion will demonstrate that the decision maker 
should be willing to pay any cost up to $4.10 which will provide him with 
a means for predicting demand with certainty. This means that the deci¬ 
sion maker knows demand when he orders the goods. In this case only, the 
diagonal of the payout matrix is relevant, and each demand condition oc¬ 
curs in the relative frequency cited earlier. This matrix is shown in Table 
18-10. The expected profits are: 

EP = 0.05(39) + 0.1(42) + 0.2(45) + 0.3(48) + 0.25(51) + 0.1(54) 

= $47.70 

Table 18-10 


State of nature 



13 

14 

15 

16 

17 

18 

13 

39 






14 


42 





15 



45 




16 




48 



17 





51 


18 






54 


Thus, 5 percent of the time, profit is $39; 10 percent of the time, $42, etc., 
giving expected daily profits of $47.70. This represents the profit when 
the condition of risk has been transformed into a condition of certainty. 
The difference between profits under risk and certainty is 

47.7 - 43.6 = $4.10 
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which is the regret or loss calculated above. Since perfect information 
transforms risk into certainty, this transformation is worth $4.10 and is a 
way of expressing the value of perfect information. 

Use of marginal analysis for risk problems 

In most problems, completely enumerating the expected value of each 
course of action would be difficult because of the number of computations 
required. We shall use the original example shown in Table 18-4, with 6 
possible stock actions and 6 possible sales levels, resulting in 36 conditional 
profit situations. Suppose there had been 200 possible values for sales vol¬ 
ume and an equal number of possible stock actions. There would have 
been a tremendous number of calculations in determining the conditional 
and expected profits for each possible combination. The marginal approach 
avoids this problem of excessive computational work. The marginal ap¬ 
proach is only applicable when the gains increase linearly and losses de¬ 
crease linearly. In the example, each additional unit sold yields a gain of 
$3, and each unit not sold yields a loss of $5. 

When an additional unit of an item is bought, either the unit will be 
sold, or it will not be sold. The sum of the probabilities of these two events 
must be one. For example, if the probability of selling the additional unit 
is 0.4, the probability of not selling it must be 0.6. The sum is one. tf we 
let p represent the probability of selling one additional unit, then 1 — p 
must be the probability of not selling it. If the additional unit is sold, we 
shall realize an increase in our conditional profits as a result of the profit 
from the additional unit. This is referred to as marginal profit and is desig¬ 
nated MP. 

We must also consider the effect on profits of stocking an additional 
unit and not selling it. This reduces our conditional profit. The amount of 
the reduction is referred to as the marginal loss (ML) resulting from the 
stocking of an item which is not sold. 

Additional units should be stocked as long as the expected marginal 
profit from stocking each of them is greater than the expected marginal 
loss from stocking each. The size of each order should be increased up to 
that point where the expected marginal profit from stocking one more 
unit if it sells is just equal to the expected marginal loss from stocking that 
unit if it remains unsold. 

In our illustration, the probability of demand is as shown in Table 
18-11. 

If we wish to test the desirability of stocking 14 units rather than 13 
units, we need to know the probability of selling the 14th unit. Since the 
14th unit is sold when we sell 14 or more units, the probabilities of interest 
are cumulative probabilities which tell the probability of selling that num¬ 
ber or more. The probability of selling 18 units is 0.10. The probability of 



336 Managerial analysis 


Table 18-11 


Demand Probability of demand 

13 .0.05 

14 .0.10 

15.0.20 

16 .0.30 

17 .0.25 

18 .0.10 


selling 17 or more units is 0.25 (the probability of selling exactly 17) plus 
0.10 (the probability of selling 18 units) which is 0.35. The cumulative 
probability of selling 16, 15, 14, and 13 units is figured in a like manner. 
See the cumulative probability table (Table 18-12). 

We may now test the desirability of stocking 14 units by recognizing 
that the expected profit on the marginal unit is the probability of selling 
the marginal unit times the profit on that unit. Likewise, the loss on the 


Table 18-12 


Sales of this 

Cumulative 

number or more 

probability 

13. 

.1.00 

14. 

.0.95 

15. 

.0.85 

16. 

.0.65 

17. 

.0.35 

18. 

.0.10 


marginal unit is the probability of not selling the marginal unit times the 
loss on that unit. Thus, when we move from 13 to 14 units: 

EP = 0.95(3) = $2.85 


and 


EL = 0.05(5) = $.25 

where EP is expected profit and EL is expected loss. Marginal gain or loss 
is EP — EL or: 

$2.85 - .25 = $2.60 

When we move from 14 to 15 units, we must remember that 85 percent of 
the time the 15th unit will be sold, but 15 percent of the time the 15th unit 
will not be sold. Consequently, marginal gain or loss is: 

0.85(3) - 0.15(5) = 2.55 - 0.75 = $1.80 
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We may express the computation of marginal gain or loss as: 

p(MP) - (1 — p) (ML) 

where p is the probability of selling this many or more. In the section on 
marginal analysis in Chapter 12, we said that we should move to the point 
w r here the marginal benefit is greater than or equal to the marginal cost. 
Since MP is benefit and ML is cost, we move up to the point where ex¬ 
pected marginal profit is greater than or equal to expected marginal loss. 
Hence: 

p(MP) > (1 — p) (ML) 

> ML- pML 

Add pML to both sides: 


pMP + pML = ML 


Divide by ML + MP: 


P> 


ML 


ML + MP 

Accordingly, we should stock up to this point. In our example: 

5 


P> 


5 + 3 
> 0.60 


Since the cumulative probability of selling 14 is 0.95, we should clearly 
stock 14 units. Since the cumulative probability of selling 15 units is 0.85, 
we should clearly stock 15 units. In a similar manner, one decides to sell 
16 units but not 17 units. Therefore the optimal stock action is 16 units, as 
verified earlier. 

Let us apply this rule to the example with salvage value. In this example, 
MP = 3 and ML = 4. Thus: 


> 0.57 

Consequently, the optimal stock action is still to stock 16 units. If salvage 
value were $3.50, then ML = 1.50, and: 

. 1.5 

P - 1.5 + 3.0 
> 0.333 

In tills case, we stock 17 units. It can be seen that when marginal loss is 
small relative to marginal profit, the stock action will be relatively high; 
and when marginal loss is large relative to marginal profit, the stock action 
will be relatively low. 
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IV. UNCERTAINTY 

As indicated earlier, the condition of uncertainty occurs when the de¬ 
cision maker has no information on the probability of the occurrence of 
the state of nature. In this case, we have no probabilities on the states of 
nature. Suppose we face the payoff table (Table 18-13). We shall discuss 
four widely recognized rules for deciding upon the best course of action. 


The minimax rule 

The minimax rule, sometimes referred to as the rule of pessimism, 
stems from the work of John von Neumann and Oskar Morgenstern. 3 This 
rule states that the decision maker should minimize the maximum harm. 
This means that the decision maker looks for the most harmful payoff for 


Table 18-13 

State of nature 


Action 



Nx 

n 2 

N z 

A x 

3 

-2 

1 

a 2 

-6 

5 

4 

Az 

6 

— 3 

2 


Table 18-14 

State of nature 



Ni 

n 3 

N s 

Ax 

13 

8 

11 

A 2 

4 

15 

14 

A 3 

16 

7 

12 


each course of action. He then chooses that course of action which gives 
the least harmful of these most harmful payoffs. Expressed another way, 
he chooses that course of action which minimizes the maximum harm— 
thus the term minimax. The worst outcome for action 1 is a payoff of —2, 
the worst outcome for action 2 is a payoff of — 6, and the worst outcome 

3 See John von Neumann and Oskar Morgenstern, Theory of Games and Eco¬ 
nomic Behavior (2d ed.; Princeton: Princeton University Press, 1947). 
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for action 3 is a payoff of — 3. It can readily be seen that taking action 1 
minimizes these most harmful payoffs. 

If the payoffs are all positive, the most harmful is the lowest payoff be¬ 
cause it is the least desirable. For example, given the payoff matrix in 
Table 18-14, verify for yourself that the minimax rule says: Take action 1. 

In these circumstances, the minimax rule is an implied assumption about 
the occurrence of any state of nature. It says: Assume that the worst will 
happen, and guard against it. Minimizing the damage of an unfavorable 
state of nature causes one to bypass an action that in retrospect would 
have been much more profitable. This line of thinking leads to L. J. Sav¬ 
age’s regret rule. 4 


Savage’s minimax regret rule 

Savage maintains that the decision maker experiences regret if a state of 
nature occurs which does not give him the highest yield on his strategy. 
Therefore, he proposes that the payoff matrix be constructed as a regret 
matrix and that the minimax principle then be applied. 

The regret matrix could equally be called an opportunity loss matrix. 
The regret is found by stating: If I knew what the state of nature would 
be, I would take that action and have no regrets. Hence, if I take an ac¬ 
tion, regret is the difference between the payoff I have received and that 
which I could have received if I had known what the state of nature would 
be. Accordingly, in Table 18-14, when state of nature (Ah) occurs, the 
best action to take is A 3 because the payoff is the largest (16 versus 4 and 
13). One will have no regrets if he takes A 3 when Ah occurs. However, if 
he takes action 2 (A 2 ), he gains only 4 instead of 16 and misses the oppor¬ 
tunity to gain an additional 12. Thus, he has a regret of 12. The regret 
matrix is constructed using this line of reasoning. In a more formal man¬ 
ner this is accomplished by finding the highest column value and as¬ 
signing it zero, and subtracting the other values in the same column from 
it to get their value. 

Given: 

Aij = Payoff value for the cell in the zth row of the j th column (i.e., 
the original matrix) 

Rij — Regret value in the cell for the ith row of the jth column (i.e., the 
regret matrix) 

Max Aj — Maximum value in the jth column 5 


4 L. J. Savage, “The Theory of Statistical Decision,” Journal of the American 
Statistical Association , Vol. XLVI (March, 1951), p. 55. 

5 When the payoffs represent undesirable or harmful outcomes (as when costs 
are being minimized), these outcomes must be recorded as negative payoffs. 
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Table 18-15 

Original matrix 



Ni 

n 2 

N, 

Ax 

3 

-2 

1 

A, 

— 6 

5 

4 

Az 

6 

-3 

2 


Table 18-16 

Complete regret matrix 



Nx 

n 2 

N s 

Ax 

3 

7 

3 

A 2 

12 

0 

0 

A% 

0 1 

8 

2 


The cell values in the regret matrix are: 

Rij = Max Aj — Aij 

We shall illustrate with Table 18-15. Hence, for example: 

Ru — Max Ai — Au = 6—3 = 3 

The complete regret matrix is given in table 18-16. Minimizing the maxi¬ 
mum regret leads to choice A lt 

However, this criterion of decision making is open to much the same 
criticism as the pure mimimax principle and has led others to propose the 
equiprobable rule which assumes equally probable occurrence of events. 
This is sometimes called the principle of insufficient reason. 


The equiprobable rule 

This rule asserts that if one has no reason to believe any state of nature 
will occur more frequently than another it is rational to assume all occur 
with equal probability. For example, in the absence of information to the 
contrary, the most rational assumption about the occurrence of any one of 
the six sides of a randomly thrown die is that each side has an equally 
probable chance of occurring. David W. Miller and Martin K. Starr term 
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this the “criterion of rationality .” 6 The value of each alternative outcome 
is computed through the use of expected value. Thus: 


A a , A(2 . , A 


EVi = — + 

n n 


+ -+-T 


= “ (Ail + Ai2 + • * • + A in ) 

where: 

EVi = Expected value of the ith row 
Ai i = Cell value of the first cell in the ith row 
n — Number of cells in the row (and correspondingly, number of 
states of nature) 

Again using the above example, we find: 

EVi = H(3 - 2 + 1) = % 

EV% — — 6 + 5 + 4) = 1 

EV Z = 3 ^ 3(6 — 3 + 2) = % 

Therefore, using the equiprobable or rationality rule, we would choose 
A 3 as our best alternative course of action, assuming that the cell values 
are of positive utility. 

Others have criticized the above criterion (in addition to the minimax 
criterion) on the ground that a person’s belief in nature may actually be 
one of optimism rather than merely one of equally probable favorable and 
unfavorable outcomes. 


Hurwicz rule of optimism 

This has led to the criterion of optimism, which was formulated by 
Hurwicz . 7 

In its purest form, the player may assume a completely benevolent na¬ 
ture and choose the alternative course of action which will yield him the 
highest possible income (payoff). For example, in the original payoff ma¬ 
trix (Table 18-15) used in our regret discussion, the player would choose 
A s because, with the occurrence of N u he receives the highest income. But 
it is not realistic to assume a completely benevolent nature, so the decision 
maker (player) will choose a coefficient of optimism which indicates his 
degree of optimism. Such coefficient may have a value from zero to one, 
inclusive. Hence, in the example cited above, the coefficient would equal 

6 David W. Miller and Martin K. Starr, Executive Decisions and Operations Re¬ 
search (Englewood Cliffs, N.J.: Prentice-Hall, Inc., 1960), p. 90. 

7 Cited by J. W. Milnor, “Games against Nature,” in R. M. Thrall, J. Coombs, and 
R. Davis (eds.), Decision Processes (New York: John Wiley & Sons, Inc., 1954), 
pp. 49-60. 
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one. One of the methods presented to arrive at this coefficient is for the 
player to assign to the maximum payoff a probability which he would be 
willing to accept in a lottery between that maximum payoff and the mini¬ 
mum payoff. Once this is chosen, an expected-value approach may be used 
to compute the values of each alternative course of action and thus make 
the choice. Again using the above examples: 

EVi = (IT) (Max A t ) + (1 - W) (Mm Ai) 

where: 


W = Coefficient of optimism 
Max Ai = Maximum value of the ith row 
Min Ai = Minimum value of the ith row 

EV X = 0.6(3) + 0.4(-2) = 1.0 
EV 2 = 0.6(5) + 0.4 ( — 6) = 0.6 
EV Z = 0.6(6) + 0.4(— 3) = 2.4 

Consequently, using the criterion of optimism with W — 0.6, we would 
choose A 8 as our best course of action. 

R. D. Luce and Howard Raiffa present further analysis wffiich leads to 
some methods for selection of W 8 Though the selection of W is a vital 
part of this decision method, we shall not present any further analysis 
leading to its selection. 

Validity in all uncertainty rules 

Each of the decision rules proposed implies a subjective judgment about 
the probability of nature. The minimax rule implies that the expected state 
of nature is dependent upon the worst outcome. The minimax rule ignores 

Table 18-17 



Nx 

n 2 


A x 

100 

-3 

50 

A 2 

-2 

|Q 

-2 

A% 

200 

-4 

100 


all values in the payoff matrix except the worst outcome for each course of 
action. The decision for the payoff matrix in Table 18-17, using the mini¬ 
max rule, ignores any gain possibility. A decision maker following the 

8 R. D. Luce and Howard Raiffa, Games and Decisions (New York: John Wiley 
& Sons, Inc., 1957), pp. 275-308. 
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minimax rule is assuming that the expected state of nature is a function of 
the values in the payoff matrix. This conclusion cannot be logically sup¬ 
ported. 

The rule of optimism implies the same thing when it says that the prob¬ 
ability of the occurrence of any state of nature is dependent upon the best 
(or at most, the best and worst) outcomes. If you switch signs in the ma¬ 
trix in Table 18-17 and let W = 1.0, you take A H with the tremendous loss 
possibility. The matrix when signs are switched is shown in Table 18-18. 

Table 18-18 



N x 

N t 

Nz 

At 

-100 

3 

-50 

A 2 

2 ; 

2 

2 

A z 

-200 ; 

4 

-100 


It is interesting to compare the decision for the matrix in Tables 18-17 
and 18-18, using the reader’s intuitive choice of action and that dictated 
by either Savage’s or the equiprobable rule. 

The equiprobable calculations for Table 18-17 are: 

E(A X ) = %(100 - 3 + 50) = 49 
E(A 2 ) = %(-2-2-2) = —2 
E(As) = %(200 — 4 + 100) = 98% 

The equiprobable calculations for Table 18-18 are: 

E(A0 = %(-100 + 3 - 50) = —49 

E(A 2 ) = %(2 + 2 + 2) = 2 

E(A Z ) = M(“200 + 4 - 100) = -98% 

Calculating the decision for Savage’s minimax regret rule, we must first 
develop the regret matrix. The calculations for this follow. 

Table 18-19 


Regret matrix for Tabi.e 18-17 



Ni 

n 2 

Nz 

Maximum 

regret 

Minimax 

regret 

Ar 

100 

1 

50 

100 


a 2 

202 

0 

102 

202 


Az 

0 

2 

0 

2 

* 
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Table 18-20 

Regret matrix of Table 18-18 



Ni 

n 2 

Ns 

Maximum 

regret 

Minimax 

regret 

A i 

102 

1 

52 

102 


a 2 

0 

2 

0 

2 

* 

A 3 

202 

0 

102 

202 



Most people agree that A 3 is the rational choice in the first case and that 
A 2 is the rational choice in the second case. This is meant to demonstrate 
that Savage’s rule is based more upon considerations of the decision mak¬ 
er’s values and is thus more tenable. However, as with the other rules, the 
chance of any given outcome is assumed to be related to the regret values 
in the matrix. 

As will later be seen, the minimax rule was developed for conflict situa¬ 
tions, in which it is completely tenable. Its application to uncertainty, as 
presented here, is supported by the contention that the decision maker’s 
objective may be to minimize harm when faced with true uncertainty. 
This indicates that some of the problems with these rules arise because the 
decision maker’s objectives and information on the likelihood of occur¬ 
rence are not clearly identified. 

It seems highly probable that a decision maker cannot estimate the like¬ 
lihood of any given outcome (state of nature). It appears as though he 
normally makes a decision based upon a subjective guess that one event is 
more likely to occur than another. If he truly has no reason to believe that 
one event is more likely to occur than another, the equiprobable rule seems 
most rational. If, on the other hand, he really does have a feeling, no mat¬ 
ter how subjective, it should be recognized by a probability distribution, 
which means that we are not uncertain about the outcomes. Thus, this 
author believes that the equiprobable rule is the only reasonable one under 
true uncertainty. 

Utility 

The payoffs illustrated thus far might have been represented in dollars 
for each combination of state of nature and course of action. This assumes 
that dollars and utility or disutility are equivalent. Utility is a measure of 
the value of the payoff to the decision maker. 

A foreign company that ships six months’ worth of production on one 
boat cannot measure the value of its loss, if the ship goes down, by the 
dollar value of its goods. Assume that the value of the shipment is $10,000 
and the probability of the ship sinking is 0.08 and the probability of the 
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ship arriving safely is 0.92 (no intermediate state of nature occurs). As¬ 
sume that insurance covering the loss costs $1,000. The payoff matrix is 
given in Table 18-21. If the company decides to purchase insurance, the 
net value of its shipment is $9,000, i.e., $10,000 less the $1,000 insurance 
premium. The expected value of each action is: 

0.92(10,000) + 0.08(0) = $9,200 

0.92(9,000) + 0.08(9,000) = $9,000 

Thus, using expected values, we would not insure the shipment. This con¬ 
clusion is drawn because over many repeated trials it is less costly not to 
insure than to insure. 


Table 18-21 

State of nature 



Safe 

arrival 

Sink 

Do not insure 

10,000 

0 

Insure 

9,000 

9,000 


Does the $10,000 loss, if the ship sinks, measure the loss to the company? 
This depends upon the effect of the loss on further operations of the com¬ 
pany. General Motors is faced with this decision every time it sends out a 
tractor-trailer loaded with cars. Since it sends large numbers of tractor- 
trailers per day, it does not risk a large loss relative to its overall valpe. On 
the other hand, the small foreign shipper is risking a very large portion of 
his assets. 

Let us assume that the value of the shipper’s assets is $18,000. A single 
$10,000 loss would be so harmful as to place him on the verge of ruin. 
Daniel Bernoulli in 1730 hypothesized that the utility of money to an in¬ 
dividual is inversely proportional to the amount of money he possesses. In 
other words, the more dollars he has, the less the utility of an additional 
dollar. Although a number of mathematical relationships could be used to 
represent this one, Bernoulli assumed that the logarithm of the number 
of dollars could be used as a reasonable approximation to utility. 

Since further discussion of Bernoulli’s contribution is based upon the 
final wealth position, let us first identify the expected value of the final 
wealth position. The payoff matrix is shown in Table 18-22. Using ex¬ 
pected value to identify the best course of action, we would choose not to 
insure; that is: 

0.92(18,000) + 0.08(8,000) = *16,560 + 1640 = *17,200 

0.92(17,000) + 0.08(17,000) = *17,000 
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It can be seen that this is the same decision as that made when the shipment 
alone was considered. This is so because we have merely added the $8,000 
not being risked to each course of action. This method is preferable to the 
net gain method shown by the matrix in Table 18-21 because it may then 
be compared with the payoff matrix in Bernoulli utility terms. 

Table 18-22 

Payoff matrix, showing wealth position 


State of nature 



This situation expressed in Bernoulli utility terms (i.e., logarithms) is 
presented in Table 18-23. Since the log of 18,000 is 4.25527, the utility of 
18,000 is 4.25527. Calculating the expected value of each course of action 
gives: 

0.92(4.25527) + 0.08(3.9031) = 3.9148484 + 0.312248 = 4.2270964 
0.92(4.23045) + 0.08(4.23045) - 4.2304500 

Table 18-23 


State of nature 



The course of action to be chosen here is to insure the shipment. One can 
further observe that as the safety margin of wealth minus amount risked 
decreases, the utility of insuring increases. If everything is being risked, 
the payoff matrix looks like Table 18-24. You will note that this is Table 
18-21 converted to logarithms because the entire wealth position is at 
stake. The expected values are: 

0.92(4.0) + 0.08(0) = 3.74 + 0 
0.92(3.95424) + 0.08(3.95424) = 3.95424 

Thus the decision is to insure. 
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In this situation, it seems that the logarithmic measure of utility is not 
adequate. In this example, we would expect a greater utility for the deci¬ 
sion to insure. The purpose of this discussion is to emphasize that the pay¬ 
offs must be expressed in terms of utility, not merely dollars. 


Table 18-24 

State of nature 



Safe arrival 

Sink 

Do not insure 

4.0 

0 

Insure 

3.95424 

3.95424 


V. CONFLICT 

The condition of conflict is often included as a part of the subject area 
known as game theory. The simplest example of game theory and conflict 
is the two-person zero-sum game. 

For example, assume that two grocery stores are competing for the same 
business. They are considering certain promotional actions, such as 
(1) doubling the number of trading stamps, (2) using loss-leader pricing 
on good A, and (3) giving away prizes. The effect on customers in each 
case is dependent upon the action taken by the competitor. 


Table 18-25 

Action or store 2 


Action of 

STORE 1 



A 

B 

C 

A 

0 

20 

-60 

B 

30 

-10 

-20 

C 

70 

-80 

-30 


The payoff matrix in Table 18-25 shows the gain or loss in customers 
for store 1. 

Let us assume that store 1 gains or loses at the expense of store 2. Thus, 
when store 1 takes action B and store 2 takes action A, 30 customers are 
gained by store 1. A moment’s reflection will show that we have ignored 
the alternative of not engaging in any of these promotional activities. Con¬ 
sequently, a fourth row and column must be added, yielding Table 18-26. 
If store 1 knew what store 2 was going to do, it would plan accordingly. 
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Action of 
store 1 


Table 18-26 

Action of store 2 



A 

B 

C 

No change 

A 

0 

20 

-60 

80 

B 

30 

-10 

-20 

30 

C 

70 

-80 

-30 

120 

No change 

20 

-120 

-100 

0 


However, such strategies are kept confidential until they are simultane¬ 
ously released to the public. Under these circumstances, we cannot see an 
obviously desirable action for either store to take. 

Given these assumptions, we have no way of meaningfully predicting 
what the other store will do. John von Neumann and Oskar Morgenstern 
proposed the use of the minimax rule to find the best strategy for each 
player. 9 The minimax rule states that the store (called a player) should 
minimize its maximum loss (which correspondingly means maximizing its 
minimum gain if no losses are present). 


Table 18-27 


Action of 
store 1 

Worst 

outcome 

Decision 

Action of 
store 2 

Worst 

outcome Decision 

A . 

... -60 


A . 

... -70 

B . 

... -20 

* 

B . 

... -20 

C . 

. .. -80 


C . 

. . . +20 * 

No change. . 

. . . -120 

i 

No change. .. 

... — 120 


Accordingly, in the case at hand, the worst condition that can befall 
store 1 if it takes action A is a loss of 60 customers. If the store takes action 
B y the worst condition is a loss of 20 customers. Table 18-27 summarizes 
these conditions. 

Store 1 will take action B, and store 2 will take action C, which will 
result in a loss of 20 customers for store 1 and a gain of 20 customers for 
store 2. 

It is worthwhile to note that there is no need for each store to have an 
equal number of actions available. Suppose, for example, that the payoff 
matrix in Table 18-28 reflects a different situation. In this case, store 1 


9 See von Neumann and Morgenstern, op. cit. 
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finds that strategy B is in all cases better than A. Here, we have a condition 
of dominance; i.e., strategy B dominates strategy A because in all cases it 
is preferable to strategy A. Thus, action A for store 1 may be eliminated, 
the effective payoff matrix is shown as Table 18-29. Table 18-30 shows 

Table 18-28 

Action of store 2 



A 

B 

C 

No change 

A 

0 

-20 

-60 

30 

B 

30 

-10 

-20 

80 

C 

70 

-80 

-30 

120 

No 

change 

20 

-120 

-100 

0 


Action of 
store 1 


Table 18-29 

Action of store 2 



A 

B 

C 

No change 

B 

30 

-10 

-20 

80 

C 

70 

-80 

-30 

120 

No 

change 

20 

-120 

-100 

0 


Table 18-30 


Action of 
store 1 

Worst 

outcome 

Decision 

Action of 
store 2 

Worst 

outcome Decision 

B . 

... -20 

* 

A . 

... -70 

C . 

. .. -80 


B . 

. .. +10 

No change... 

... — 120 


C . 

No change... 

. .. +20 * 

.. . -120 


the minimax results. Thus, store 1 takes action B , and store 2 takes action 
C, with a loss of 20 customers from store 1 to store 2. 

Note that the minimax rule is based upon the assumption that no way 
exists to predict the competitor’s behavior, i.e., complete uncertainty. This 
example has dealt with two competitors where one competitor’s gain is 
another’s loss and is thus called a two-person zero-sum game. 
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VI. the payoff matrix assumptions 

The payoff matrix assumes that the states of nature are mutually ex¬ 
clusive and exhaustive. Hence the states of nature, which in the inventory 
case are actual units demanded, should cover all possible quantities de¬ 
manded. However, states of nature may be combined if the payoff for all 
actions is the same. Table 18-31 shows a case where the payoffs are the 


Table 18-31 



P(Nx) = 0.3 
M 

P(N 2 ) = 0.4 

n 2 

P(N 3 ) = 0.2 

P(N*) = 0.1 

A^4 

A x 

7 

-8 

3 

3 

A, 

2 

7 

-5 

-5 

A s 

-3 

2 

2 

2 


same and thus the states of nature can be collapsed. The payoff for N s and 
is the same; consequently, the combined states of nature N B and iV 4 
may be recognized as one. Note that the requirement that the states of 
nature be mutually exclusive and exhaustive has not been violated. 

The recognition of mutually exclusive states of nature can be illustrated 
by the example of a grocer who must decide upon his weekend promotion 
actions. The states of nature are influenced by such things as the promo¬ 
tion activities of his immediate competitors, the weather, and local eco¬ 
nomic conditions. Assume that each of these factors may exist in three 
forms (i.e., three weather conditions may be identified, three conditions 
for other competitors, etc.). This results in 27 states of nature. However, 
we may take the economic condition as given; i.e., we are making a deci¬ 
sion for next weekend, and economic conditions do not change that fast. 
Consequently, we may assume present economic conditions. If we let 
Q be the z'th competitive condition and W t be the ith weather condition, 
the states of nature can be labeled as follows: 

QW, = N, 
aw 2 = N 2 
C1PF3 = Nz 

C 2 W X = N, 

C 2 W 2 = N b 
C 2 W 3 = Ne 
Cs W 1 = N 7 
C 3 W 2 = Ns 
C 3 W 3 = A/9 
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Thus the process of identifying states of nature should proceed by iden¬ 
tifying the variables which affect outcomes, so that they may be separately 
recognized in the states of nature. It should be obvious that the number of 
possible states of nature can be very large. Accordingly, some way may 
have to be found to reduce the number of states of nature. In some in¬ 
stances, one or two catchall states of nature may be identified for those 
states of nature which exist so rarely as to be of no consequence. For ex¬ 
ample, the payoff matrix for the retailer discussed earlier did not recognize 
the possibility of less than 13 units being sold nor more than 18. This omis¬ 
sion occurs as a practical matter because the probability of either condition 
is nil. The records for 200 days are shown in Table 18-32. 

Table 18-32 


Number of days Probability of 
this amount each number 


Daily sales nxas sold being sold 


11 . 1 0.005 

12 . 0 Zero 

13 . 9 0.045 

14 . 20 0.100 

15 . 40 0.200 

16 . 60 0.300 

17. 50 0.250 

IB. 19 0.095 

19 . 0 Zero 

20 . 1 0.005 


200 1.000 


On the basis of this information, it would seem irrational to assume that 
daily sales could not be 10, or even 8. If a condition of 10 or less units is 
recognized, the calculation of the expected values becomes impossible, 
since the number of sales is multiplied by the probability of a sale. There¬ 
fore, 10 or less cases cannot be used. This may be resolved by using an 
expected value in the cell; e.g., assuming that each number from 1 to 10 is 
equally likely, we use 5.5 to represent 10 or less. Since it appears as likely 
that the retailer will sell above 18 as below 13, he may as a practical matter 
ignore either condition because it is unlikely to influence the decision. 

The grocer trying to decide upon his promotional strategy will find it 
difficult to identify all possible states of nature. Fie may wish to identify 
some states of nature which could be further subdivided but for which 
such subdivision may be cumbersome or impossible. For example, the pro¬ 
motion practices of other area grocers will have an impact upon his sales. 
However, the possible combinations of those practices for all the area 
stores would make the payoff matrix almost infinite. Thus the figures used 
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in the cells of the payoff matrix will themselves represent expected values. 

Another assumption of the analysis thus far in the chapter is that the 
action taken by the decision maker will not influence the probability of 
the occurrence of any state of nature. In most instances, this assumption 
seems reasonable. However, the retail grocer deciding upon his promotion 
strategy would certainly influence the strategy of his competitor if that 
competitor knew his strategy. Consequently, this assumption could be very 
important to the validity of the analysis. 

VII. PARTIAL UNCERTAINTY: AN EXTENSION OF THE CLASSICAL 
CLASSIFICATIONS 

The classical classifications of payoff matrix models contain gaps which 
are not adequately covered. Between the two extremes of certainty and 
uncertainty, we recognize only risk. The reader will recall that under the 
condition of risk the decision maker has faced the same situation repeatedly 
and can reasonably construct a relative frequency distribution for the oc¬ 
currence of the states of nature. 

What about those instances in which the decision maker has not faced 
the same situation repeatedly? Some decision theorists resolve this dilemma 
by saying that the decision maker can act on the basis of probabilities he 
assigns to the states of nature, choosing that alternative which yields the 
highest expected value. They bypass the question of how the decision 
maker assigns probabilities by leaving that problem to executive judgment. 

The models of uncertainty were criticized earlier. In all but the equi- 
probable rule, the relationship between the state of nature and the action 
is foggy. The classical assumption of decision theory (excluding conflict) 
is that the course of action is independent of (does not influence) the state 
of nature. The decision dictated by the various rules of uncertainty ignores 
information on the occurrence of the various states of nature and makes a 
decision on the structure of the payoffs and the decision maker’s objec¬ 
tives. However, the implied assumption of the minimax rule is: If I take 
this course of action, I expect the state of nature to be the one which 
yields the greatest harm. Is this evidence of an interrelationship between 
the course of action and the state of nature? The answer can be yes or no, 
depending upon the outlook of the decision maker. If he truly has the goal 
of minimizing harm, no interrelationship exists. If he truly believes there 
is a relationship, he is applying a rule which has not been theoretically 
validated. 

This author advocates the use of a category called partial uncertainty to 
deal with the cases in which (1) executive judgment is present and/or 
(2) the relationship between the state of nature and courses of action are 
not independent. This would mean that the rules for dealing with un¬ 
certainty are valid only when there is a clear assumption of independence 
between the course of action and the state of nature. 
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It should also be clear that the category of conflict (including game 
theory) falls into the category of partial uncertainty. The area of game 
theory has an extensive body of literature. This text will cover only the 
two-person zero-sum game. 

Game theory does offer a partial approach to some situations in which 
the courses of action and the states of nature are interrelated. The models 
for dealing with interrelationships between courses of action and states of 
nature are generally highly complex and beyond the scope of this book. 

Let us now discuss more fully both the range of decisions involving 
executive judgment and the means of aiding the executive to derive prob¬ 
abilities of the occurrence of the states of nature. Between certainty and 
partial uncertainty, the accuracy and method of computing assigned prob¬ 
abilities vary widely. At one end of the continuum, we have an executive 
subjectively assigning probabilities to the success, partial success, or failure 
of a completely new product. At the other end of the continuum, we have 
a relative frequency for the purchase of size 8 through size 12 of men’s 
shoes. 

The probability of the occurrence of events may be based upon a priori, 
relative frequency (historical), or judgmental considerations. Further, 
these may be combined to establish the probabilities. A priori probabilities 
are those which exist by logic or assumption. The expected frequency of 
dots on a die is 1/6 each for one, two, three, four, five, and six dots be¬ 
cause there are six sides and we assume a perfect die and rolling device. 
Thus, no factor intervenes to change these probabilities. iVnalogously, a 
ball park with six entrances each placed one sixth of the distance around 
might a priori expect one sixth of its customers to enter each gate. One 
can see that the distribution of roads and population surrounding the ball 
park will have a substantial impact upon actual entrance patterns. This 
alone should indicate that the practical use of a priori probabilities is as a 
starting point so that other factors may be brought into consideration. 

Relative frequency is a historical record of events which is only useful 
if it allows us to make the best prediction of the future. Consequently, 
relative frequencies must often be modified subjectively on the basis of 
either subjective judgment or objective information. The model of revised 
probabilities in the previous chapter is an example of modification based 
upon objective information. The store buyer trying to predict the sale of 
women’s dresses may have a raft of past purchase figures. For example, 
he may know that the distribution of purchases by basic colors changes 
very little from season to season despite drastic changes in style. Such in¬ 
formation may be used to assist in assigning a likelihood of wide accept¬ 
ance, limited acceptance, or nonacceptance of any particular dress, thus 
combining objective information with judgment to assign these probabil¬ 
ities. 

In situations where subjective probabilities must be assigned, the analyst 
assists the manager to recognize all of the factors which affect the possibil- 
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ity of any outcome. Such a procedure should either strengthen the con¬ 
viction or change the probabilities. The method of establishing odds on a 
football team is a process of gathering a vast array of information which 
may affect the outcome of a game. It should therefore follow that the odds 
maker with the most information (other things being equal) should be in 
the best position to predict the outcome. The same holds true for assign¬ 
ment of subjective probabilities by the manager. 

The line of demarcation between risk and partial uncertainty is difficult 
to draw. However, risk is the condition in which the probability of occur- 

Tabl@ 18—33 


Proposition 

Answer 

A > B . 

.Yes 

A > C . 

.Yes 

A > D . 

.Yes 

B >A . 

.No 

B >C . 

.Yes 

B > D . 


C >A . 

.No 

C >B . 

.No 

C > D . 

.Yes 

D > A . 

.No 

D > B . 

.No 

D > C . 

.No 


rence of the states of nature is readily predictable, either a priori or on the 
basis of relative frequency. The method of dealing with the condition of 
risk or partial uncertainty is the same, but the faith the decision maker 
places in the recommended course of action is not the same. This is not to 
say that the course of action should not be taken, but that the actual out¬ 
come and the expected outcome may be quite different. 

Another method of assisting the decision maker is by using a logic table. 
For example, assume that there are four states of nature, identified as A , B, 
C, and D, respectively. The decision maker is asked to compare the prob¬ 
ability of occurrence of one or a combination to each event. If the propo¬ 
sition holds, he answers yes. If the proposition does not hold, he answers 
no. Given these answers, the execution can first be checked for internal 
consistency. If the decision maker’s answers are internally consistent, he 
provides a first subjective approximation to the probability of each out¬ 
come. This approximation is either accepted because it is consistent with 
all the propositions or rejected because it is inconsistent. Let us look at all 
possible propositions, comparing each state of nature to each other state 
of nature. Table 18-33, with answers to the proposition, shows a 1-to-l 
comparison. 

The condition of equality is handled by answering “indifferent.” In this 
instance, none of the states of nature exist with equal frequency. The 
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reader can further see that A >B implies B < A and is thus not recognized 
as a separate proposition. If A > B is yes, it follows that B > A should be 
no. If we had answered A > C yes and answered C > A yes, this 
would be an example of a lack of internal consistency. Asking for a 
response to A > C and C > A is one form of duplication. We could also 
ask for a response to A < C and C < A. This would amount to asking the 
same question four times, which seems highly redundant. However, some 
duplication may be necessary in order to check for internal consistency. 
In fact, the following propositions from Table 18-33 are included only to 
check for internal consistency: B > A y C > A, C > B } D > A, ti > B, 


Table 18-34 


1 -to-l 

proposition 

Answer 

2 -to-l 

proposition 

Answer 


3-to-l 

proposition 


.— * . 

Answer 

A 

> 

B. . 

. .Yes 

A 

+ B 

> 

C... 

..Yes 

A 

+ 

B 

+ 

C 

> 

D. . 

...Yes 

A 

> 

C. . 

..Yes 

A 

+ B 

> 

D. . 

..Yes 

A 

+ 

C 

+ 

D 

> 

B. . 

...Yes 

A 

> 

D. . 

..Yes 

A 

+ c 

> 

B... 

..Yes 

A 

+ 

B 

+ 

D 

> 

C.. 

. .Yes 

B 

> 

C. . 

..Yes 

A 

+ c 

> 

D. . 

..Yes 

B 

+ 

C 

+ 

D 

> 

A.. 

. .Yes 

B 

> 

D. . 

. .Yes 

A 

+ D 

> 

B. . 

. . Yes 








C 

> 

D. . 

. .Yes 

A 

+ D 

> 

C.. 

. .Yes 













B 

+ c 

> 

A... 

..Yes 













B 

+ c 

> 

D... 

..Yes 













B 

+ D 

> 

A... 

. .Indifferent 













C 

+ D 

> 

A... 

. .No 













c 

+ D 

> 

B... 

. .Indifferent 










and D > C. Assume that we are given the responses shown in Table 18-34 
after checking for internal consistency via duplication and then eliminat¬ 
ing duplications. 

What information is contained in Table 18-34? We may check further 
for internal consistency by comparing the 1-to-l answers with the 2-to-l 
answers. Thus, if A > B y then A + C > B and A 4 - D > B must hold. In 
fact, all of the 2-to-l propositions containing A can be inferred from the 
1-to-l answers. Also, the B + C > D can be inferred from the 1-to-l 
proposition answers. Consequently, for the case at hand, only four new 
pieces of information have been provided over Table 18-33. A look at the 
3-to-l proposition answers yields no new data when we have four states 
of nature. The relationships to be investigated may also include 2-to-2 
propositions. Since there are only three unduplicated 2-to-2 propositions, 
they are included in the table of summary data (Table 18-35). 

Let us investigate this information. Since A > B and A > C and A > D, 
we know that the probability of A occurring is greater than the probabil¬ 
ity of any other event occurring. Further, since B > C and B > Z), the 
probability of B occurring is second highest. Finally, we know that 
























356 


Managerial analysis 


Table 18-35 


Proposition Answer 

A > B .Yes 

A > C .Yes 

A > D .Yes 

B > C .Yes 

B > D .Yes 

C > D .Yes 

B + C > A .Yes 

B D > A .Indifferent 

C + D > A .No 

C + D > B .Indifferent 

A + B > C + D .Yes 

A A- C> B A-D .Yes 

A + D > B A- C .Indifferent 


C > D; thus, we have a strict ordering of A, B y C, and D. In other words: 

A > B > C > D 

Since B + C > A, we know that the probability of A is less than 0.5. Ear¬ 
lier, we said that indifference is an indication of equality. Hence: 


B + D = A 


and 


C + D = B 


Also: 


A -f- D — B -f- C 

If we work with the equality conditions, that is: 


(1) 

C + D - B 

and 


(2) 

B + D = A 

(3) 

A+D=B+C 

and the logic condition that: 

(4) 

A+B+C+D = 


we may identify four different equations and four unknowns. We may 
reexpress equation (1) by subtracting B from both sides and adding A 
with a coefficient of zero: 

0A-B + C + D = 0 

Equation (2) and (3) may be similarly modified. 
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In summary, the equation system is: 


0) 

(4) 

( 1 ) 

( 2 ) 


A-B-C+D= 0.0 
A+B+C+D= 1.0 
0A — B + C + D = 0.0 
- A + B + 0C + D = 0.0 


The reader will recall that matrix algebra can be used to solve a system 


of linear equations. 

This system may be ex 
by A' 1 : 


pressed in the form Ax = b; then, multiplying 

A~'Ax = A~ l b 
lx = A~'b 

x ~ A^b 


Thus, if we can find the inverse of the A matrix, we can uniquely iden¬ 
tify the probability of the occurrence of each state of nature. The A ma- 
trix is shown in case the student wishes to invert it: 


-i -i i\ 

i i 1 

-ill/ 

1 0 1 / 

P(A) = 0.4, P(B ) = 0.3, P(C) = 0.2, 

justifiably proud that he has found a 
unique answer using the simple mathematical tools presented in this text, 
a unique answer is unfortunately very rare. In fact, the final system may 
contain only inequalities, and the number of answers may be infinite. This 
is why the usual procedure involves a suggested probability distiibution 
by the decision maker which is checked for consistency against all of the 
propositions. If it is consistent, it is probably a very good estimate and can 
be used to calculate expected values. If it is not consistent, the decision 
maker is told where it fails, and he then adjusts either his response to the 
relevant propositions or his probability distribution until the distribution 
and propositions are consistent. 

In summary, the approaches suggested to aid the decision maker in esti¬ 
mating the probability of occurrence of the states of nature are: (1) Pro¬ 
vide the decision maker with information on the factors which influence 
the states of nature which occur, (2) obtain probability distributions on 
the states of nature for similar problems, and (3) use the logic table. 



The student may verify that 
and P(D) =0.1. 

A 1 t-Vi /~»n rrV» .-Vip ct-nHeru- mav be 


VIM. MULTIPLE OBJECTIVES 

The reader may recall the discussion in Chapter 5 about one method of 
handling multiple objectives. In that chapter the company had the follow- 
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ing two objectives: (1) a $500,000 profit and (2) a 25 percent market 
share. Table 18-36 summarizes the situation. 

Assume that the actual profit condition is dependent upon a possible in¬ 
crease in raw material prices which will reduce profits. However, the in- 


Table 18-36 



Profit 

(objective 1) 

Market share 
(objective 2) 

Ax . 

.$375,000 

25.0% 

A 2 . 


22.5 

As . 

. 500,000 

20.0 


crease in raw material prices is different for each alternative. Table 18-37 
summarizes this possible situation. 

Management believes that there is a 50 percent chance of an increase in 
raw material prices. Remember that objective 1 is three times as important 
as objective 2, and that objective 1 is $500,000 in profit and objective 2 is 


Table 18-37 



Profit 

Market share 


(objective I ) 

(objective 2) 

A\ . 

.$3 50,000 

25.0% 

A% . 

. 400,000 

22.5 

As . 

. 425,000 

20.0 


Table 18-38 



Ni 

n 2 

Objective 1 

Objective 2 

Objective 1 

Objective 2 

Ai.... 

.0.75 

1.0 

0.70 

1.0 

A 2 .... 

.0.90 

0.9 

0.80 

0.9 

As.... 

.1.00 

0.8 

0.85 

0.8 


a 25 percent market share; Table 18-38 shows the probability of fulfillment 
for each objective under each state of nature. Remembering that objective 
1 carries a weight of 0.75 and objective 2 a weight of 0.25, we may now 
calculate the percent fulfillment of combined objectives for each action 
and each state of nature; that is: 

A X N X = 0.75(0.75) + 0.25(1.0) = 0.8125 
A 2 N 1 = 0.75(0.9) + 0.25(0.9) = 0.9 
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Table 18-39 



P(Ni) = 0.5 
Nt 

P(N 2 ) =0.5 

n 2 

At 

0.8125 

0.775 

a 2 

0.90 ■ 

0.825 

As 

0.95 

0.8375 


and so on. Given this information, the resulting payoff matrix and expected 
fulfillment are as shown in Table 18—39. Thus, action 3 is still the best 
action to take. 


EVi = 0.5(0.8125) + 0.5(0.775) - 0.79375 
E V 2 = 0.5 (0.9) + 0.5(0.825) = 0.8625 
EV 3 = 0.5(0.95) + 0.5(0.8375) - 0.89375 

IX. THE VALUE OF DECISION THEORY 

In a hard practical sense, decision theory is of limited usefulness. How¬ 
ever, it does provide a meaningful conceptual framework for improved 
decision making. This is so because, in using the decision theory frame¬ 
work, the decision maker is forced to consider and at least attempt to 
structure the information pertinent to the decision. 


DISCUSSION TOPICS AND PROBLEMS 

1. Discuss the elements of decision making represented in the payoff 
matrix. 

2. Discuss the classification of information about the states of nature. 

3. Explain the conditions of dependence and independence between the 
states of nature and courses of action. 

4. Explain the difference between subjective and objective probability and 
its implemention for the businessman. 

5. Why is the payoff matrix an effective way of communicating the basic 
elements of a decision-making situation? What vital elements are not directly 
shown by the payoff matrix? 

6. A utility company repeatedly purchases generators which have a com¬ 
ponent part that costs $500 if ordered with the generator. If the part is needed 
and is ordered without the generator, the cost of having it made plus the cost of 
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the time the generator is out of operation is $2,000. Each generator is unique. 
The probability distribution for failures of the part is: 


Number of spare 
parts needed 

0 . 

1 . 

2 . 

3 . 


Probability 

,. . . 0.40 
,. . . 0.30 
. . . 0.20 
. . . 0.10 


a) Which of the following payoff matrixes is the correct payoff matrix to use? 
Why? 

States of nature 
(parts needed) 


Strategies 
(parts or¬ 
dered for 
inventory) 


0 2,000 4,000 


0 2,000 4,000 


3 1,500 1,000 


States of nature 


Strategies 


0 2,000 4,000 6,000 

500 500 2,500 4,500 

1,000 1,000 1,000 3,000 

1,500 1,500 1,500 1,500 


b) Choose the optimal course of action. 

c) Assume that the company is purchasing two identical generators. 

1) Present the payoff matrix. 

2) Choose the optimal course of action. 

7. Suppose that you are a beer distributor for the Terrapin Beer Company. 
You are presently faced with the problem of how many kegs you should keep 
in stock on an average day (assume that all the kegs left at the end of the day 
are worthless). Each keg costs $8.00 and is sold for $12.00. Over the last 100 
days, you have kept close tab on your daily sales, and you have arrived at the 
following distribution of sales during this period: 


Kegs sold 
20 .... 
21 .... 
22 . . . 

23 . . . 

24 . . . 


Number 
of kegs 

. 5 

. 20 
. 30 
. 35 
. 10 












18. Decision theory: payoff matrix models 


361 


You are asked to find: 

a) The expected profits under each possible stocking decision. What is the 
optimal decision? Why? 

b) Assuming that you have perfect knowledge, what would be your expected 
profits? 

c) Taking into account your obsolescence losses and opportunity losses, what 
is the minimum expected loss you can expect? What else does this figure 
show you? 

8. You are given the following game against nature: 



N x 

n 2 

Ns 

Si 

3 

-2 

1 

s 2 

-6 

5 

4 

s 3 

6 

-3 

2 


a) Choose the strategy for: 

1) The minimax criterion 

2) The Hurwicz criterion (iv = 1) and (iv = 0.6) 

3) The equiprobable criterion 

4) The Savage criterion 

5) The criterion of pessimism 

6) The criterion of optimism (state assumptions made) 

7) The criterion of regret 

8) The criterion of rationality 

b) Given the following probabilities for the various events, what strategy 
should you select to maximize your average payoff over a long period of 
time? 

P (iVi) = 0.30 
P (N 2 ) = 0.20 
P (N s ) = 0.50 

c) Each of these rules claims to offer a method of decision making under 
uncertainty. Do you agree? (Discuss why or why not.) 

d) Discuss the validity of these rules. 

9. Explain the difference between minimax and maximin. 

10. Suppose you have a total capital of $4,000. You have an opportunity 
to make a speculative investment of $3,000, which will either be totally lost or 
will be worth $5,000. 

a) Set up the payoff matrix for this investment. 

b) What is the point of indifference between the probability ( x) of a gain 
and not making the investment, using dollar value directly? 

c) How would you alter this to compute this point using the logarithmic 
measure of utility? 

11. Assume that you are given a choice of the following paired alternatives. 
Select one of the A choices and one of the B choices. Discuss briefly your 
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choices in light of your knowledge concerning expected monetary value and 
expected utility. 

At = The certainty of a $100,000 gift A 2 — On the flip of a fair coin, noth- 
tax-free " ing if it comes up heads, or a 

tax-exempt gift of $200,002 if 
the coin turns up tails 

B t = A certain loss of $10 B 2 — One chance out of 2,500 of in¬ 

curring a $20,000 debt, but 
2,499/2,500 chance of losing 
nothing 

12. Discuss the importance of the concept utility in managerial analysis. 

13. Criticize the criteria for decision making under conditions of uncer¬ 
tainty. 

14. Assume that candidate X and candidate Y have received their respective 
party nominations. Develop a two-person zero-sum game out of this situation. 
Discuss the desirability of applying the minimax criterion in this case. 

15. A decision maker has four measures of effectiveness: A, B, C, and D. He 
has ranked them as follows: 


Measure Rank 

A .3 

B .1 

C.2 

D .4 


After the measures have been ranked, a managerial analyst tells the decision 
maker to answer yes or no to the combinations of weighting, as follows: 



Yes 

No 

B > C 

X 


B > A 

X 


B > D 

X 


C > A 

X 


C> D 

X 


A > D 

X 


B > A + C + D 


X 

B > A + C 


X 

B> C + D 

X 


C > A +D 


X 

B> A+D 

X 



From this, the decision maker concludes that the weighting he devised after 
the above considerations is correct. This weighting follows: 


Measure 

Weights 

A . 

.0.5 

B . 

.1.0 

C . 

.0.7 

D . 

.0.4 
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a ) Are the decision maker’s conclusions correct? 

b) Comment briefly on the procedure he used. 

16 . A decision maker has two objectives: (1) $1 million profit this year 
and (2) a market share of 25 percent. Fie has two possible strategies and two 
possible states of nature. For each combination of objectives, strategies, and 
states of nature (OiS f N k ), a probability distribution of the relative frequency 
of fulfilling each objective is known and is shown in the following table: 


Percent fulfillment 

0% 25% 60% 100% 120% 


OiSiN x .Zero 0.2 0.2 0.5 0.1 

OiSiNz .Zero 0.4 0.5 0.1 Zero 

OiS 2 Ni .Zero 0.4 0.3 0.3 Zero 

OiS 2 N 2 . 0.1 0.1 0.2 0.4 0.2 

O 2 S 1 N 1 .Zero Zero 0.1 0.4 0.5 

OzSiNn .Zero Zero 0.5 0.3 0.2 

O 2 S 2 N 1 .Zero Zero 0.7 0.2 0.1 

O 2 S 2 N 2 .Zero Zero 0.2 0.6 0.2 


Line 1 then means that 20 percent of the time a profit of $250,000 is made, 
50 percent of the time a profit of $600,000 is made, 20 percent of the time a 
profit of $1 million is made, and 10 percent of the time a profit of $1.2 million 
is made. 

Line 5 then means that 10 percent of the time, market share is 15 percent; 
40 percent of the time, market share is 25 percent; and 50 percent of the time, 
market share is 30 percent. 

a) Given the information that objective 1 is three times as important as ob¬ 
jective 2 and that the probability of nature N x is 0.8 and jV 2 is 0.2, calculate 
the weighted expected percentage of goal fulfillment for strategy 1. 

b) Assume that the decision maker will only accept a strategy which will 
yield $250,000 profit under any circumstances. What strategy would he 
take? 

17. Suppose a company has two goals: to make $100,000 profit and to gain 
40 percent of the market. It estimates its level of profit and percentage of mar¬ 
ket share to be gained by using each of four different materials, under three 
different possible states of nature: 


Material 

Profit 

{objective 1 ) 

Market 
share 
{objec¬ 
tive 2) 

Profit 

{objective 1 ) 

Market 
share 
{objec¬ 
tive 2) 

Profit 

{objective 1) 

Market 
share 
{objec¬ 
tive 2) 

A . 

$ 80,000 

40.0% 

$50,000 

40.0% 

$40,000 

40.0% 

B . 

85,000 

37.5 

65,000 

37.5 

55,000 

37.5 

C . 

92,500 

35.0 

80,000 

35.0 

72,500 

35.0 

D . 

100,000 

32.5 

92,500 

32.5 

87,500 

32.5 
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Which is the best material to use if the company considers profit to be four 
times as important as market share? 

18. There are two players, A and B. A has four possible strategies, and B 
has five. The results of any two are as follows: 


EiV. ... 

. . . B pays $9 

GxX. . . 

.. . B pays $ 3 

FiV. . .. 

. . .B pays $6 

HxX... 

.. .B pays §2 

G X V. ... 

.. .A pays $2 

EiY. . . 

... B pays $8 

HJV.... 

. . . B pays $5 

FiY . . . 

.. . B pays $6 

E X W . . . 

. . .B pays $3 

GyY. .. 

. . . B pays $ 3 

F\W . . . 

. . .B pays $5 

FEY. .. 

. . , B pays $2 

GyW. .. 

. . . B pays $4 

ExZ. . . 

. . .Even 

FEW ... 

. . . B pays $6 

FEZ.... 

.. . B pays $7 

EiX. ... 

. . .B pays $1 

G\Z. .. 

.. ,B pays $8 

FiX .... 

. . .B pays $4 

FEZ... 

. . . A pays $ 1 


Find the best strategy for each player. 
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Systems analysis 


I. INTRODUCTION 

It would appear that this book is primarily concerned with quantitative 
analysis as opposed to systems analysis. The order of presentation is not 
meant to minimize the importance of systems analysis. However, systems 
analysis contains a much smaller collection of well-defined tools and tech¬ 
niques which lead to an identifiable solution. Systems analysis usually deals 
with problems much less well structured than those presented earlier. As 
indicated in Chapters 1 and 2, its essence is an approach which: 

1. Identifies the system or environments about which the decision must be 
made (including relationships between all relevant variables) 

2. Identifies the courses of action or alternatives which may be taken to ful¬ 
fill the objectives of the decision maker 

3. Identifies the costs of each action 

4. Identifies the benefits of each action (relative to the measurable objective 
of the decision maker) 

If this truly describes systems analysis, one might ask: How is this differ¬ 
ent from the approach suggested when using a payoff matrix? In truth, as 
long as these conditions are met, systems analysis has been conducted. 
However, it is a very elementary form of systems analysis and fails to con¬ 
sider explicitly certain features which provide systems analysis with its 
strength. These additional desirable features of systems analysis will now 
be discussed. 

One feature required of better systems analysis is recognition of costs 
and benefits over the life cycle of the alternatives. Thus, expansion of pro¬ 
ductive facilities cannot be justified on the basis of a spurt in demand. A 
meaningful analysis must be made about the permanency of the need for 
the facility as well as the costs and alternative uses of the resources to be 
devoted to the facility over its entire life. It is, of course, true that an 

367 
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estimate of use in the near future is better than an estimate of use in the 
distant future. However, the total time horizon should be considered. This 
will require the use of present-value concepts, which will be discussed 
later in this chapter. 

Another feature of better systems analysis deals with the identification 
of alternatives as well as the scope and opportunity to modify alternatives. 
In systems analysis, one usually proceeds by defining the objectives of the 
study and then identifying all possible alternatives, being careful not to 
restrict or discourage the alternatives so identified. The process may be 
somewhat analogous to brainstorming and requires that a variety of back¬ 
grounds be represented among the group proposing alternatives. After a 
period of incubation, the proposed alternatives are examined critically and 
discarded if they are obviously unmeritorious or further investigated if 
they are of questionable merit. During this same process, new but appar¬ 
ently meritorious alternatives may be proposed. By a process of cycling, 
which reduces the number of alternatives to manageable proportions, the 
analysis begins in earnest. Whether this process of identifying alternatives 
is real or fictional, the point is that better systems analysis makes provision 
for alternatives which are of diverse scope and are based upon pooled 
judgment. Elimination of an alternative should be based upon something 
more than a vague feeling that it will not work. Also, the process of 
choosing alternatives must be flexible enough that at some point new ones 
may be added. 

Another feature of better systems analysis is its willingness to wrestle 
with problems for which it can provide only a partial answer. Widest use 
has been made of this process in the military forces, where uncertainties 
abound. It may not provide the Secretary of Defense with the answer to 
his question about what kinds of weapons should be developed, but it can 
provide him with some deeper insights. Like the ball-bearing manufacturer 
in Chapter 14, systems analysis attempts to provide information in order 
that the decision maker can revise his probabilities and thus improve his 
decisions. 

In summary, it can be seen that systems analysis is particularly suited 
to analysis for decisions involving the future. Thus, it is especially useful 
to assist in research and development decisions, capital acquisition deci¬ 
sions, and expansion decisions. 

II. COST-BENEFIT ANALYSIS AND THE “BLACK BOX” 

The term cost-benefit analysis has found wide usage in the government 
and increasing usage in industry. In the structure of this book the defini¬ 
tion of cost-benefit analysis is identical with the definition of systems 
analysis. The reason for the existence of the two terms is primarily be¬ 
cause of lack of agreement on the definition of systems analysis. 
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The term cost-benefit analysis may mislead the analyst into thinking of 
the system as a “black box.” Overconcern with costs and benefits 5 may 
yield a blind acceptance of the cost of resource inputs and resulting bene¬ 
fits. If one is considering the purchase of a machine and he ignores its 
placement, maintenance, etc., his knowledge about the purchase of a ma¬ 
chine can be depicted as shown in Figure 19-1. The analyst does not know 
what causes the benefit to be YYY. 


Figure 19-1 
MACHINE A 


INPUT OF 



OUTPUT OF 

RESOURCES 


BLACK BOX j 

BENEFITS 

'm —*—~ ^ 


YYY * 


A thorough knowledge of the system may yield multiple alternatives 
about how machine A can be used and may drastically modify the conclu¬ 
sion. The lesson is not that the term cost-benefit analysis should be dis¬ 
carded in favor of systems analysis, but that an understanding of the sys¬ 
tem is as essential as an understanding of the costs and benefits. 

III. SYSTEMS DESCRIPTION 

Earlier, we defined a system as an interconnected complex of function¬ 
ally related components. A great deal of insight can be gained by trying to 
abstract and describe the system of concern to the decision maker. If the 
system is described in flow diagrammatic fashion, it may not be used di¬ 
rectly for analysis, but may be used to help the decision maker to create 
some order out of the confusing environment he faces. With this pictorial 
representation, he may be better able to cope with identification of prob¬ 
lems and interrelationships. Thus, Figure 19-2 was used by Elwood S. 
Buffa in his book on production and inventory systems to assist the stu¬ 
dent to understand the inventory system. 1 

IV. LEASE-OR-BUY ANALYSIS 

In much of the work in systems analysis, the incidence of costs and 
benefits does not occur at a single point in time. Frequently, the costs are 
immediate, and the benefits accrue later. For example, when a company 
acquires new equipment, the purchase cost is usually incurred immedi¬ 
ately, but it benefits the company over its entire life. This poses a prob¬ 
lem, because we cannot compare today’s expenditure dollar with the 

1 Elwood S. Buffa, Production-Inventory Systems: Planning and Control (Home- 
wood, Ill.: Richard D. Irwin, Inc., 1968), p. 7. 
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Figure 19-2 


Schematic diagram of multistage inventory system material and information 

FLOW, TYPICAL SYSTEM TIME DELAYS, AND MAJOR PROBLEMS OF INVENTORY 
MANAGEMENT AT EACH STAGE 



R i c ha ref D 6 1 rwi n ° I n° T 9 6 8 ^ Production - lnveniOT y Systems: Planning and Control (Homewood, Ill:. 


dollar of benefit received 10 years from now. This section will deal with 
a method for making those dollars comparable. 

An elementary problem can be used to show a methodology for mak¬ 
ing these dollars comparable. Suppose that a company has been leasing a 
car for use by its executives. Based upon projections of future usage and 
future costs, the outlay pattern for the next four years for leasing versus 
buying is shown in Table 19—1 (note that the expenditures are assumed to 


Year 


0 . 

1 . 

2 . 

3 . 

4 . 

Total 


Table 19-1 


Buy 

Lease 

. $4,000 


. 1,000 

$ 2,520 

. 1,000 

2,646 

. 1,600 

2,777 

. 2,300 

2,916 

.$9,900 

$10,859 
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take place at the end of the year; thus the $4,000 in year 0 represents the 
initial purchase cost). Ignoring time considerations, it would cost less to 
buy than lease. However, the incidence or timing of the expenditures dif¬ 
fers widely. For example, the $4,000 spent in year 0 might have been in¬ 
vested for a 10 percent return. The remainder of this discussion will as¬ 
sume that we can always make an alternative investment which yields a 
10 percent rate of return. Let us bring all of the future dollars up to 
today’s dollars, i.e., the end of year 0. Accordingly, the $4,000 spent now 
is worth $4,000. We now need to know the value of $1 one year from 
now, considering the 10 percent rate of return, i.e., what we would re¬ 
ceive today for a promise to pay $1 a year from now. In order to calcu¬ 
late this value, we need to know how much we would need to invest now 
to have $1 one year from now at a 10 percent rate of interest. This can be 
expressed as follows: 

( 1 ) A + iA = 1.0 

where A is the unknown amount and i is the rate of interest. Modifying 
this, we get: 

A( 1 + 0 = 1.0 

A. 1-0 

A 1.0 + i 

This is the standard formula for calculating the present value of $1 one 
interest period hence. Therefore, when i = 0.1: 


1 


1 + 0.1 


1 

1.1 


0.90909 


The present value of the $1,000 expenditure at the end of year 1 is $909.09. 
The value of the amount to invest now to obtain $ 1 two years from now 
can be expressed: 


(2) A + iA + i(A + iA) = 1.0 

A is the original amount, iA is the interest earned the first year, and 
i(A 4- iA) is the interest earned the second year. This can be reduced as 
follows: 


A + iA + iA + Ai 2 = 1.0 
A 4- 2 iA 4- Ai 2 = 1.0 
A( 1 + 2 i 4- i 2 ) = 1.0 

A = _ 1-0 

1 4- 2i + i 2 


Factoring, we get: 



vO N'^'OMN OOOsOvVOI^ 9? *£> £> £} 

Mass 8 8 8 3 8 08888 

*0 ddddo o o o d o d o o d d 


cO O VO 00 VO VO 00 ^ 1 in •"*< C4 00 VO 

tN CV N M M VO O t VD G C! hhOO 

10 vo ^ w n h rioooo oqqq 

ddddo do odd dooo 


88888 

ddddo 


■to^ovo cn in 00 00 in in 00 m CT\ 
hhvO'Ooo m Ov vp J to Q 1 

nioionh *-< o o 0 o oqqq 
ddddo ddddo dooo 


t-~ to tt< m « 

dodo 


10 N N O 
VO Ov VO in 
1 —t 1—I o o o 


vP CvNvoOOt Ov 

S'-. VO O', lo 10 VO O VO 

o t*. In Cn O'* N -1 


N-nbo ©oqqq 

ddddo o’ d o o o 


t O I'- m r-( N OO 0 0010 VOOtO N VO 

00 .-h o- o~ ov NNtoO« 5 i£} 3 ! 53 £3 

to vo co o* (04i-tf-tr—o qoqqq 

ddddo ddddo d o’ d o o 


^OONIO O 03 N VO O ONOOH 

otoooH uo 0 vo m ov ig tQ 53 53 
s vo >o to to ts h h rt q ooqqq 
ddddo dddod o’dooo 


65 8222 S 

Ln oo'O^^c^ 


i^roMNH 
88888 
o" dodo 


88888 

dodo d 


00888 

o o' o' o' o’ 


00000 

ddddo 


00000 

o' o' o' o* o' 


88888 
o o o 0 o 


CS <N ^ 

8888 


88888 

o' o' o o o 

dodo' o' 


8888 

dodo 

88888 

o'ddo'd 


88888 

do'ddo 

§ £j cj 53 d 
8888 
o o' o' o' d 


po^n 
OVONN 
00 VO 10 ■**< 


in ct\ if vo 

N N N ih 
( SNHHt-l 

ddddo 


TtlVO-HOvO 

80 SSS 

dodo'd 


ooooo 

o' dodo 


mnOMN 

00088 

ddddo 


S§iii 


88888 

o' o' o o' o' 


SS 888 

o o' o o d 


OONVfiKV^ 

ddddo 


O* to *1 04 vo 
VO Tti 10 N 

00 o» v£j in ■**< 


o o o o o 
ddddo 


88888 

dddod 


m O Ov O r-t 

80888 

ddo'od 


NOOmnO 

fO ^ h H H 

OOOOO 

ddddo 


h'O^Ov'O 

OOOOO 


«moo<Jt 

OO08 


§ NVOin 5 
8888 
o' d d o* o' 


OV 0 00 NN 
N in >n N Ov 
00 to vo in if 

dodo' o' 


NOMnNOv 
to VO to Ov c-i 
00 N vo 'o 1-0 

ddodd 


28888 

ddodd 


i3 o o o 

ddddo 


co vo © m O 
88888 
ddodd 

-rH \q o m 00 
88888 
doddd 


n Ov vo n O 

t<-i (S M N N 

ooooo 
o o' o' o' o 


04 1-1 04 

O^OVON 
in 'J' vf n n 

ddodd 


to to. ov in 
oomwO 
ot 04 cm 04 


8888 

dodo 


tn S ts N n 

m vH n n 
OOOOO 


8 cm in 00 04 
cvooNvqq 

ddodd 


CO 00 O Os 
11 Ov OO VO 1* 


^ VO Ov CVN 
88888 
dddod 


co 00 ^ O VO 

vo »n in »n tp 
ddddo 


04 O O 04 
Ov n m w 
N M (S N 

dooo 


ONvomiC 

NOOvOON 

NNHHH 


Oi-twvo 
VOmON 
to rv. vo 

dodo 


OinnNin 

m n O N>n 
vo vo vo *n in 


if co it in vo 
n h Ov S io 
in m ^ "C 


ov o* vo © m 
wNOOvN 
■<* if if co co 


00 VO v(l M O 
Ov Ov Ov Ov Ov 
o’ o' o o' o 


OooNinv# 
oc t^ to to to 

ddddo* 


00 s? r> 

04 r-i © co to 

n n n vo q 
dddoo 


S N>#NO 
■* m N H 

vo vo vo vo 10 
dddoo 


n v# VO 00 O 
m if to o* 04 

co 00 00 00 00 
d d o' o o* 


00 00 to to to 
doo'dd 



By permission from Robert N. Anthony, Management Accounting (Homewood, Ill.: Richard D. Irwin, Inc. 1956), p, 495. 
















































At i = 0.1: 
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a = _JL_ = 1_ 

(l.l) 2 1.21 


0.826 


Fortunately, we need not compute A every time; Table 19-2 gives us the 
present value of $1. Thus the present value of $1 three years hence at the 
10 percent rate of interest is 0.751. 

Table 19-3 brings the lease-or-buy costs to present dollars. Based upon 


Table 19-3 



Original data 


Present-value 

factor 

... '-I-..*.. .ii—Wniu i nil 

Present value 

Year 

Buy 

Lease 

Buy 

Lease 

0. 

.. . $4,000 


1.000 

$4 000 00 


1. 

. . . 1,000 

$2,520 

0.909 

909.00 

$2,290.68 

2. 

. . . 1,000 

2,646 

0.826 

826.00 

2,185.60 

3 . 

.. . 1,600 

2,777 

0.751 

1,201.60 

2,085.52 

4. 

... 2,300 

2,916 

0.683 

1,570.90 

1,991.62 





$8,507.50 

$8,553.42 


this analysis, we would still choose to buy because the present value of 
this alternative is less than the lease alternative. However, the differential 
between these two alternatives is very slight. We may now wish to inves¬ 
tigate the possible effects of uncertainty. 

Projected average expenditures in year 1 for maintenance and upkeep 
when buying are $1,000; however, the range of expenditures is from $800 
to $1,200. Let us assume that this means that working capital requirements 
must be more flexible when buying than when leasing. This is because 
there is no expected variation in lease expenditures. Assume that all ex¬ 
penditures under the “buy” alternative may vary 20 percent. Assuming 
that total expenditures do not vary, we must add as a cost the cost of the 
capital committed for this contingency. The contingent capital and its 

Table 19-4 


Contingent Ten percent Present 
Year commitment cost of capital value 


0 . 0 . 

1.$200 $20 $18.18 

2. 200 20 16.52 

3 . 320 32 24.03 

4 . 460 46 31.42 


$90.15 
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cost are shown in Table 19-4. Adding this cost of uncertainty to the 
“buy” alternative yields a cost of $8,597.65, which is higher than the lease 
alternative. 

V. THE DOCK FACILITIES PLANNING MODEL 

Thus far, the systems shown have been elementary and indeed have 
been presented to illustrate points or concepts essential to systems analy¬ 
sis. We shall now show a more complex (although still highly elementary) 
example of systems analysis. 

The existing facility 

Assume that you are responsible for a receiving warehouse which has 
one unloading dock. Trucks arrive randomly at the dock during the 8% 
hours the dock is open. The trucks all contain a standard cargo and may 
all be serviced in the same length of time, which is 400 man-minutes or 
6% man-hours. The day is broken into 25 20-minute intervals, and a log 
has been kept of the actual arrivals during each interval. Any trucks not 
unloaded remain in the dock (or in line if they cannot get into the dock) 
until the next morning when work resumes. 

As a starting point, the decision maker wishes to have sufficient infor¬ 
mation to know the cost of the present system. Then he will investigate 
other alternatives to see the cost of alternative systems. Table 19-5 shows 
the result of four days of operations, using the logbook of arrivals. 

It was assumed that trucks arrived midway in the period. Hence, in 
period 9 the truck moved directly into the dock, and each member of the 
crew worked 10 minutes, or a total of 20 minutes, which resulted in 5 per¬ 
cent of the truck being unloaded. In period 10, both men worked the en¬ 
tire period, thus spending 40 minutes unloading, which is one 10th of the 
total unloading time. Consequently, the amount left to unload at the end 
of the period is 10 percent less than the amount left to unload at the be¬ 
ginning of the period. Other periods are figured in the same fashion. It 
should be noted that during the 100 periods, 9 trucks arrived and 7.95 
trucks were unloaded. If this is a representative sample, the probability of 
arrival in any period is 0.09. However, let us assume that the actual prob¬ 
ability of an arrival over the last 2,500 periods (100 days) is 0.1. 

The total number of trucks remaining in the queue at the end of all 
periods plus those in the queue part of a period divided by 100 periods 
will provide the waiting time as a percentage of total time. This will be 
in error if trucks do not in fact arrive, on the average, midway in the 
period. The total of the last column is 62. Since in seven periods the 
queue was overstated and in six it was understated, the total periods 
when a truck was waiting is 62.5. Assuming that the variable cost of the 
truck and driver is $5 per hour, the variable cost of each dock laborer is 



Table 19-5 



Data from logbook 


Calculated data 

Day 

Period 

Did a 
truck 
arrive? 

T ruck 
in dock 
at end 
of period 

Percent left 
to unload 
at end 
of period 

Size 

of queue 
at end 
of period 

1 ... 

.... 1 

No 

No 

None 

None 


2 

No 

No 

None 

None 


3 

No 

No 

None 

None 


4 

No 

No 

None 

None 


5 

No 

No 

None 

None 


6 

No 

No 

None 

None 


7 

No 

No 

None 

None 


8 

No 

No 

None 

None 


9 

Yes 

Yes 

0.95 

None 


10 

No 

Yes 

0.85 

None 


11 

No 

Yes 

0.75 

None 


12 

No 

Yes 

0.65 

None 


13 

No 

Yes 

0.55 

None 


14 

No 

Yes 

0.45 

None 


15 

No 

Yes 

0.35 

None 


16 

No 

Yes 

0.25 

None 


17 

Yes 

Yes 

0.15 

It 


18 

No 

Yes 

0.05 

1 


19 

No 

Yes 

0.95 

None* 


20 

No 

Yes 

0.85 

None 


21 

No 

Yes 

0.75 

None 


22 

No 

Yes 

0.65 

None 


23 

No 

Yes 

0.55 

None 


24 

No 

Yes 

0.45 

None 


25 

Yes 

Yes 

0.35 

It 

2 ... 

..26 

No 

Yes 

0.25 

1 


27 

Yes 

Yes 

0.15 

2t 


28 

Yes 

Yes 

0.05 

3t 


29 

No 

Yes 

0.95 

2* 


30 

No 

Yes 

0.85 

2 


31 

No 

Yes 

0.75 

2 


32 

No 

Yes 

0.65 

2 


33 

No 

Yes 

0.55 

2 


34 

No 

Yes 

0.45 

2 


35 

No 

Yes 

0.3 5 

2 


36 

No 

Yes 

0.25 

2 


37 

No 

Yes 

0.15 

2 


38 

No 

Yes 

0.05 

2 


39 

No 

Yes 

0.95 

1* 


40 

No 

Yes 

0.85 

1 


41 

No 

Yes 

0.75 

1 


42 

No 

Yes 

0.65 

1 


43 

No 

Yes 

0.55 

1 


44 

No 

Yes 

0.45 

1 


45 

No 

Yes 

0.35 

1 


46 

No 

Yes 

0.25 

1 


47 

No 

Yes 

0.15 

1 


48 

No 

Yes 

0.05 

1 


49 

No 

Yes 

0.95 

None* 


50 

No 

Yes 

0.85 

None 


* Indicates movement from queue to dock. During this period average queue size is 
truck larger. 

+ Movement into queue. Average queue size is 3^ truck less. 








Table 19-5 ( continued) 



Data from logbook 


Calculated data 

Day 

Period 

Did a 
truck 
arrive? 

Truck 
in dock 
at end 
of period 

Percent left Size 

to unload of queue 
at end at end 

of period of period 

3... 


Yes 

Yes 

0.75 

If 


52 

No 

Yes 

0.65 

1 


53 

No 

Yes 

0.55 

1 


54 

No 

Yes 

0.45 

1 


55 

No 

Yes 

0.35 

1 


56 

No 

Yes 

0.25 

1 


57 

No 

Yes 

0.15 

1 


58 

No 

Yes 

0.05 

1 


59 

No 

Yes 

0.95 

None* 


60 

No 

Yes 

0.85 

None 


61 

No 

Yes 

0.75 

None 


62 

No 

Yes 

0.65 

None 


63 

No 

Yes 

0.55 

None 


64 

No 

Yes 

0.45 

None 


65 

No 

Yes 

0.35 

None 


66 

No 

Yes 

0.25 

None 


67 

No 

Yes 

0.15 

None 


68 

No 

Yes 

0.05 

None 


69 

No 

No 

None 

None 


70 

No 

No 

None 

None 


71 

No 

No 

None 

None 


72 

No 

No 

None 

None 


73 

No 

No 

None 

None 


74 

No 

No 

None 

None 


75 

No 

No 

None 

None 

4.... 

.76 

No 

No 

None 

None 


77 

No 

No 

None 

None 


78 

No 

No 

None 

None 


79 

No 

No 

None 

None 


80 

No 

No 

None 

None 


81 

Yes 

Yes 

0.95 

None 


82 

No 

Yes 

0.85 

None 


83 

No 

Yes 

0.75 

None 


84 

No 

Yes 

0.65 

None 


85 

No 

Yes 

0.55 

None 


86 

No 

Yes 

0.45 

None 


87 

Yes 

Yes 

0.35 

If 


88 

No 

Yes 

0.25 

1 


89 

No 

Yes 

0.15 

1 


90 

Yes 

Yes 

0.05 

2f 


91 

No 

Yes 

0.95 

1* 


92 

No 

Yes 

0.85 

1 


93 

No 

Yes 

0.75 

1 


94 

No 

Yes 

0.65 

1 


95 

No 

Yes 

0.55 

1 


96 

No 

Yes 

0.45 

1 


97 

No 

Yes 

0.35 

1 


98 

No 

Yes 

0.25 

1 


99 

No 

Yes 

0.15 

1 


100 

No 

Yes 

0.05 

1 


* Indicates movement from queue to dock. During this period average queue size is 
truck larger. 

f Movement into queue. Average queue size is 3^ truck less. 
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$2.50 per hour, and overtime costs are 150 percent of normal costs, total 
costs for the 100 periods are: 


C t = C v + Cd + c c 

where: 

C t = Total variable costs 

C v = Variable cost of vehicle and driver 

Cd = Variable cost of dock facilities 

C c - Cost of closing dock at end of analysis 

It should be noted that the last term is necessary so that the alternatives 
are comparable. At the end of this analysis, we empty the dock by going 
into overtime. The supporting model is: 

(2) 

c d = ( Rd)(H d )(F ) 

where: 

R d = Hourly rate for dock workers 

F = Number of dock workers 

H d = Total hours dock is in normal service 

and 

H d - (P) (D) (L) - (25) (1/3) (4) = 33 1/3 

where: 

p — Total periods per day 

L = Length of period (in hours) 

D == Number of days 

Then: 

Cd = (2.50) (33 1/3) (2) = 166.67 

0) 

C„ - C r + C w 

where: 

C r = Cost of trucks while in dock 

C w = Cost of trucks while waiting in queue 

(4) 

Cr = (R t )(H t ) 

where: 


Rt 

H, 

= Hourly rate for truck and driver 

= Total time a truck is being unloaded during regular operations 

and 

H t = [A — (Q + D)](U/F ) 
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where: 


Then: 

(5) 

where: 


Then: 


Thus: 


( 6 ) 

where: 


A — Total truck arrivals 
U = Unloading time per truck (in hours) 

Q = Queue size at end 

D = Percentage left to unload at end of analysis 
H t = [9 — (1 +.05)] =26.5 

C r = (5.00) (26.5) = 132.50 
C w = (A t ) (Hd) (P w ) 

R t = Hourly rate for truck drivers 
P w = Average number of trucks in queue 


C w = (5.00) (33 1/3) (0.625) = 104.17 

C v = 132.50 + 104.17 = 236.67 
C c = (R d )(H c )(F)(R 0 ) 


R 0 Overtime costs as a multiple of regular labor costs 
H c — Amount of time required to unload remaining trucks 


He = (a + D)(U/F ) = (1 + 0.05) (Af) = 3.5 

Then: 

Cc = (2.50) (3.5) (2) (1.5) = 26.25 

Therefore: 

C, = 166.67 + 236.67 + 26.25 = $429.59 


The alternatives 

The manager of the terminal has a number of alternatives open to him 
which may be investigated. Presently, he has two workers working 25 
20-minute periods, which is 1,000 productive minutes available during 
the day. Since he expects 2.5 arrivals during the average day, and it takes 
400 minutes to unload each truck, thus requiring 

400(2.5) = 1,000 minutes to unload 

these workers should be busy all the time. Obviously, an increase in ar¬ 
rival rate will cause a line to build up. Thus, he may consider at least five 
pure alternatives: 
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1. Increase the work force 

2. Use overtime to unload some or all of the trucks remaining at the end of 
the day 

3. Use driver to help unload 

4. Improve unloading methods 

5. Expand to two docks, using one worker per dock 

Note that expansion to two docks is a pure alternative only by assuming 
that such expansion would not require additional employees. A tacit as¬ 
sumption is that unloading time is directly proportionate to the number 
of dock workers. Accordingly, it was assumed that if two employees 
took 200 minutes, one employee would take 400 minutes, and three em¬ 
ployees would take 13 3 / 3 minutes. If this is not true, it must be recog¬ 
nized in the analysis. 


Calculations for an additional employee 


Let us add one employee and observe the effect on the system. This 
results in an unloading time of 133/3 minutes. Table 19-6 summarizes this 
situation. 

Thus the total of the last column is 19. Again, we shall assume that 
trucks arrive midway in the period. Since the queue was overstated in 
three periods and understated in three periods we will ignore this impact. 
Thus average queue length is 19/100 or 0.19 trucks. Calculating total 
costs as before, we get: 

C t - [R d PDLF ] + [R t (A - [Q + D]) ( U/F) + R t PDLP W } 

+ [R d (Q + D)(U/F)FR 0 ] 

where: 


R d =2.5F— 3P — 25L = }^D — 4Rt = 5 U — 6% Q = 0 
D = 0.075 P w = 0.2 R 0 = 1.5 A = 9 


Therefore: 

C,- [(2.5) (25) (4) Q/£) (3)j + 
+ (5) (25) (4) (H) (0.19) 


/ 2 ()\ 

5(9 - [0 +0.075]) y/j 

/ 20 \ 

(2.5) (0.075) y-jy (3) (1.50)J 


+ 


= 250.00 + 99.17 + 31.67 + 1.87 = $385.62 

C d = $250.00 
C v = 130.84 
C c ~ 1.87 

Ct = 382.71 



Table 19-6 



Data from logbook 


Calculated data 

Day 

Period 

Did a 
truck 
arrive? 

Truck 
in dock 
at end 
of period 

Percent left 
to unload 
at end 
of period 

Size 

of queue 
at end 
of period 

1 ... 

. 1 

No 

No 

None 

None 


2 

No 

No 

None 

None 


3 

No 

No 

None 

None 


4 

No 

No 

None 

None 


5 

No 

No 

None 

None 


6 

No 

No 

None 

None 


7 

No 

No 

None 

None 


8 

No 

No 

None 

None 


9 

Yes 

Yes 

0.925 

None 


10 

No 

Yes 

0.775 

None 


11 

No 

Yes 

0.625 

None 


12 

No 

Yes 

0.475 

None 


13 

No 

Yes 

0.325 

None 


14 

No 

Yes 

0.175 

None 


15 

No 

Yes 

0.025 

None 


16 

No 

No 

None 

None 


17 

Yes 

Yes 

0.925 

None 


18 

No 

Yes 

0.775 

None 


19 

No 

Yes 

0.625 

None 


20 

No 

Yes 

0.475 

None 


21 

No 

Yes 

0.325 

None 


22 

No 

Yes 

0.175 

None 


23 

No 

No 

0.025 

None 


24 

No 

No 

None 

None 


25 

Yes 

Yes 

0.925 

None 

2 ... 


No 

Yes 

0.775 

None 


27 

Yes 

Yes 

0.625 

It 


28 

Yes 

Yes 

0.475 

2f 


29 

No 

Yes 

0.325 

2 


30 

No 

Yes 

0.175 

2 


31 

No 

Yes 

0.025 

2 


32 

No 

Yes 

0.875 

1* 


33 

No 

Yes 

0.725 

1 


34 

No 

Yes 

0.575 

1 


35 

No 

Yes 

0.425 

1 


36 

No 

Yes 

0.275 

1 


37 

No 

Yes 

0.125 

1 


38 

No 

Yes 

0.975 

None* 


39 

No 

Yes 

0.825 

None 


40 

No 

Yes 

0.675 

None 


41 

No 

Yes 

0.525 

None 


42 

No 

Yes 

0.375 

None 


43 

No 

Yes 

0.225 

None 


44 

No 

Yes 

0.075 

None 


45 

No 

No 

None 

None 


46 

No 

No 

None 

None 


47 

No 

No 

None 

None 


48 

No 

No 

None 

None 


49 

No 

No 

None 

None 


50 

No 

No 

None 

None 


* Indicates movement from queue to dock. During this period average queue size is 
larger. 

f Movement into queue, Average queue size 's Y truck less. 
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Data from logbook 


Calculated data 


Day 

Period 

Did a 
truck 
arrive? 

Truck 
in dock 
at end 
of period 

Percent left 
to unload 
at end 
of period 

Size 

of queue 
at end 
of period 

3.. 

.51 

Yes 

Yes 

0.925 

None 


52 

No 

Yes 

0.775 

None 


53 

No 

Yes 

0.625 

None 


54 

No 

Yes 

0.475 

None 


55 

No 

Yes 

0.325 

None 


56 

No 

Yes 

0.175 

None 


57 

No 

Yes 

0.025 

None 


58 

No 

No 

None 

None 


59 

No 

No 

None 

None 


60 

No 

No 

None 

None 


61 

No 

No 

None 

None 


62 

No 

No 

None 

None 


63 

No 

No 

None 

None 


64 

No 

No 

None 

None 


65 

No 

No 

None 

None 


66 

No 

No 

None 

None 


67 

No 

No 

None 

None 


68 

No 

No 

None 

None 


69 

No 

No 

None 

None 


70 

No 

No 

None 

None 


71 

No 

No 

None 

None 


72 

No 

No 

None 

None 


73 

No 

No 

None 

None 


74 

No 

No 

None 

None 


75 

No 

No 

None 

None 

4. 

.76 

No 

No 

None 

None 


77 

No 

No 

None 

None 


78 

No 

No 

None 

None 


79 

No 

No 

None 

None 


80 

No 

No 

None 

None 


81 

Yes 

Yes 

0.925 

None 


82 

No 

Yes 

0.775 

None 


83 

No 

Yes 

0.625 

None 


84 

No 

Yes 

0.475 

None 


85 

No 

Yes 

0.325 

None 


86 

No 

Yes 

0.175 

None 


87 

Yes 

Yes 

0.025 

None 


88 

No 

Yes 

0.875 

None 


89 

No 

Yes 

0.725 

None 


90 

Yes 

Yes 

0.575 

If 


91 

No 

Yes 

0.425 

1 


92 

No 

Yes 

0.275 

1 


93 

No 

Yes 

0.125 

1 


94 

No 

Yes 

0.975 

None* 


95 

No 

Yes 

0.825 

None 


96 

No 

Yes 

0.675 

None 


97 

No 

Yes 

0.525 

None 


98 

No 

Yes 

0.375 

None 


99 

No 

Yes 

0.225 

None 


100 

No 

Yes 

0.075 

None 

• 

Indicates movement from queue to dock. During this period average queue size is 


larger. 


f Movement into queue. Average queue size is }$ truck less. 
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Accordingly, adding a dock worker saves $46.78, 

This elementary planning model will allow the manager to test the 
desirability of alternatives. He can also test the impact of exogenous fac¬ 
tors such as an increase in truck arrivals. 


Calculations in using overtime 

Let us investigate a policy of using up to one hour of overtime at the 
end of each day. 

The only impact of the overtime policy is a reduction in the average 
size of the queue from 0.625 to 0.445; the increased cost of this overtime 
may be compared to the savings from the reduced waiting time. Using 
equation 5 in the original system, C w = $104.17. In this system, C w = 74.16. 
Therefore the overtime policy saves $104.17 - $74.16 = $30.01 in wait¬ 
ing costs. It cost (2) (2.50) (1.50) (4) =$30.00, thus saving $0.01. This 
saving seems very slight. However, the condition which prevailed for the 
100 periods is sufficiently below normal to change this figure substan¬ 
tially. This condition will be discussed further after we have discussed all 
of the alternatives. Because of space limitations, the table showing queue 
size by period for the overtime alternative is not presented. It is left as 
an exercise for the reader to verify these findings. 

Using the driver to help unload 

Using the driver to help unload requires more information on the en¬ 
vironment. If he is employed by someone else, it may be impossible to use 
him to help unload. If he is employed by the company, union regulations 
may prevent him from assisting. If there is no impediment to using him, 
one may ask why he was not used before. For the moment, let us assume 
that we may use him while his truck is in the dock, but that we must 
compensate him at the normal rate of pay in addition to his normal pay. 
This results in a system identical to that which occurred when an addi¬ 
tional employee was added, except that the idle-time costs of the addi¬ 
tional employee are avoided. Hence, looking at Table 19-6, the student 
can verify that the dock was idle 4014 periods, or 40.5 percent of the 
time. Another way to verify the idle time is to remember that 8.925 
trucks were unloaded, each taking 1 33.33 minutes, for a total of 1,190 
minutes. Since the facility was open 2,000 minutes, it was idle 810 min¬ 
utes, or 41.5 percent of the time. Both figures check. We may now reduce 
the cost found for the additional employee by the number of idle hours 
times the $2.50 rate per hour saved by using the truck driver instead, of 
an additional employee. Thus: 

(810/60) (2.50) = 13.5(2.50) = $33.75 
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Since the total cost for an additional employee was $382.71, the total cost 
when using the driver is: 

382.71 - 33.75 - $348.96 

Improving unloading methods 

Let us assume that the addition of mechanical equipment, use of pallets 
(i.e., platforms on which a number of boxes are placed and removed as a 
unit), and more efficient stacking methods can reduce unloading time by 
50 percent. This results in calculated data the same as in Table 19-6 (page 
381). However, the cost of the above-mentioned changes must be identi¬ 
fied so that we can evaluate their desirability. The reader should recog¬ 
nize that this alternative and the remaining one (expansion to the trucks) 
are quite different from the previous alternatives because they are of a 
much more permanent nature. 

In this instance, we need more information on the environment, since 
we propose a change in loading methods as well as unloading methods. 
The first question is: Can we obtain a change in loading methods? If so, 
it is necessary to recognize the costs and/or savings in the loading proc¬ 
ess. Even if the loading organization is not directly related, it may be 
desirable to recognize the impact on it. 

However, a more crucial problem is the permanency of the commit¬ 
ment in making an investment of this nature. We must evaluate this over 
its life cycle. This evaluation necessitates a projection of the use of the 
facility over the life cycle. Management must supply its plans which 
might affect the use of the facility, such as use projections (includ¬ 
ing labor costs), maintenance and wear data (including costs), scrap 
value, and other necessary information to evaluate the alternative. In com¬ 
paring this alternative with the remaining ones, they all should be com¬ 
pared as to the same time period. 

The MAPI methodology for decisions about equipment purchases can 
be found in almost any basic private finance book. We shall not discuss 
this methodology here. Consequently, we shall not be able to compare 
this alternative with the others. 

Expansion of facilities 

The reader will recall that the pure alternative of expansion to two 
facilities meant no additional employees. Expansion to two docks also 
requires a permanent investment and requires an even longer life cycle 
than improvement of facilities. As the system now stands, this expansion 
(using two employees) cannot change waiting time unless the employee 
in the idle dock does not help the employee in the full dock. In this case 
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the waiting time is longer. We shall not compute the desirability of this 
alternative. 

Summary of findings 

The findings are: 

C p — $429.59 = Cost of present 
C 0 — 429.58 = Cost of overtime 
C a — 382.71 = Cost of additional employee 
C d = 348.96 = Cost of using truck driver 

Clearly, the cost of using the truck driver is the best alternative under the 
assumptions made. Obviously, this alternative will be more difficult to 
implement than the others. Aside from the difficulties of selling the idea 
to the drivers, we have assumed that there will not be side effects on the 
system. It could be that greater driver fatigue could increase travel time 
and increase the accident rate. If this is so, it should be considered. 

It should be obvious that the cost data for the additional employee are 
more reliable than the data for the use of truck drivers. 

Accuracy of findings 

Earlier, we said that the long-term probability of arrival was 0.1, but 
that it was 0.09 for the 100 periods used in the analysis. The length of the 
analysis was far too short to produce reliable findings. The differential 
between the present cost and cost using either the driver or an additional 
employee will increase with reliable findings. The reader can appreciate 
the effect by assuming that a truck arrives at the 101st period and every 
10th period thereafter. In this case the queue is always one, and the truck 
must wait 10 periods before being serviced. If we added an employee at 
this point, we would soon eliminate the queue. 

Mixed alternatives 

So far, we have only looked at pure strategies. However, we could try 
some combination of alternatives. 

Additional considerations 

This form of planning model is particularly desirable because it allows 
the decision maker to investigate alternatives which would be prohibi¬ 
tively costly in real life. Further, a well-structured planning model can 
be used repeatedly to investigate modifications of existing facilities. 

Facilities-planning models are usually called simulations because they 
simulate (represent) an entity in the real world. They have been highly 
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successful in planning a wide variety of facilities, including airports, high¬ 
ways, and industrial plants. In fact, any facility which is used repetitively 
and in which there is an interaction between man and the facility can 
conceptually be modeled for planning purposes. 

Frequently, the logbook records are not the basis for determining 
whether a truck has arrived. If a probability distribution of truck arrivals 
can be obtained, then a Monte Carlo technique can be used to determine 
arrivals. Monte Carlo techniques will be discussed in the next chapter. 


DISCUSSION TOPICS AND PROBLEMS 

1. Discuss the difference between decision theory (as evidenced by the 
payoff matrix) and systems analysis. 

2. Assume that the arrival information found in Table 19-5 applies to early 
arrivals at the supermarket (i.e., arrivals during the first five-hour period) dis¬ 
cussed in problem 4 of Chapter 14. The period is 30 seconds long. Assume that 
five counters are available, and recognize labor costs as the only facilities costs. 
Overtime costs are 1.5 times normal costs. 

a) Clear the que at overtime, and compare costs for three and four checkout 
counters. 

b) As an alternative to opening the fourth checkout counter, the manager 
could hire a person to assist the checkout personnel by bagging the gro¬ 
ceries. Assume that a bagger reduces average service time to nine minutes 
and costs $2 per hour. Discuss the validity of this assumption. What are the 
costs for three checkout counters and a bagger? What are the costs for two 
checkout counters and a bagger? 

3. Defend the lease-or-buy example as an illustration of systems analysis. 

4. The following table shows the median annual income (in 1949) for 
American males 15 years and over, by years of schooling: 


Years of school 
completed 

15-19 

years 

old 

20-24 

years 

old 

25-29 

years 

old 

30-34 

years 

old 

35-44 

years 

'old 

45-54 

years 

old 

55-64 

years 

old 

65-74 

years 

old 

75 years 
old and 
over 

Male, total. 

$444 

$1,376 

$2,090 

$2,363 

$2,324 

$2,152 

$1,718 

$ 887 * 

$ 546 

None. 

$367 

$ 706 

$ 840 

$ 964 

$1,034 

$ 977 

$ 852 

$ 526 

$ 393 

Elementary: 








604 

423 

1 to 4 years... 

393 

847 

1,130 

1,249 

1,278 

1,217 

989 

5 to 7 years. .. 

438 

1,143 

1,535 

1,731 

1,818 

1,793 

1,474 

839 

523 

8 years. 

487 

1,386 

1,925 

2,123 

2,248 

2,287 

1,948 

1,099 

680 

High school: 








1,396 

828 

1 to 3 years... 

455 

1,623 

2,289 

2,591 

2,750 

2,750 

2,361 

4 years. 

515 

1,800 

2,703 

3,151 

3,369 

3,518 

3,161 

1,954 

1,052 

College: 

1 to 3 years... 

168 

1,139 

2,590 

3,512 

3,865 

3,913 

3,443 

2,203 

1,296 

4 years or more 

0 

1,200 

2,921 

4,203 

5,029 

5,364 

4,864 

3,526 

1,868 
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a) Compare the expected median income for life of the high school graduate 
with the individual completing four years of college. (Use four years or 
more as representative of four years of college.) Assume a discount rate of 
8 percent. 

b) Assume that an education costs $2,500 per year. Is it economically justified? 
(Assume a discount rate of 8 percent.) 

5. Five years ago, the Beta Company leased a warehouse for 10 years. The 
lease payments are $5,000 annually. Appreciation in building costs have pushed 
the cost of comparable space to $7,000 annually. You are seeking this space and 
offer to sublease for five years from the Beta Company at $7,000 per year. The 
Beta Company in turn offers to transfer its lease for a lump-sum payment of 
$7,500. You know you can find equivalent space elsewhere at $8,000. You de¬ 
mand returns of at least 10 percent. 

a) Should you accept the offer of the Beta Company? How valid is your con¬ 
clusion? 

b) The Beta Company offers you two alternative lease agreements for its two 
forklift trucks. Under agreement 1, you pay the Beta Company $800 per 
year per truck, and the Beta Company handles all repairs. Under agreement 
2, you pay $500 per year, and you handle all repairs. You expect repair costs 
per truck of $200 in each of the next three years, and $400 in the fourth 
and fifth years. Compare these two alternatives. 

c) You have investigated the purchase costs of forklift trucks. The following 
table shows the expenditures for two new trucks of the type the Beta 
Company is offering to lease (Beta’s are two years old). These trucks can 
be resold at the end of five years for $500 each. 

Outlay per 


Year truck 

0.$3,000 

1 . 50 

2 . 50 

3 . 200 

4 . 200 

5 . 200 


Should you lease or buy the trucks from the Beta Company? 

d) One of your analysts points out that you have not considered downtime 
(i.e., the time the equipment is inoperative). Downtime costs are $50 per 
day of downtime. The following table shows age and expected number of 
additional days of downtime when Beta Company handles repairs. 


Age 

(years) 


Downtime per 
year (days) 
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What is the best alternative, considering downtime? 

6. The Dame Company has decided to surface a vacant lot next to one of 
its retail outlets, to serve as a parking lot for customers. Managment is consider¬ 
ing the following bids, involving two different qualities of surfacing for a 
parking area of 10,000 square yards: 

Bid A. A surface which costs $5.55 per square yard to install. This surface 
has a probable useful life of 10 years and will require annual main¬ 
tenance in each year except the last year, at an estimated cost of 2 
cents per square yard. 

Bid B. A surface which costs $3 per square yard to install. This surface will 
have to be replaced at the end of five years. The annual maintenance 
cost on this surface is estimated at 10 cents per square yard for each 
year but the last year of its service. 

Instructions: 

Prepare a computation showing which bid should be accepted by the com¬ 
pany. You may assume that the cost of capital is 10 percent, that the annual 
maintenance expenditures are incurred at the end of each year, and that prices 
are not expected to change during the next 10 years. On the basis of your 
analysis, make a recommendation to the management of the Dame Company. 
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Simulation 


I. INTRODUCTION TO SIMULATION 

The term simulation has found wide usage in quantitative literature. It 
has a technical meaning and one or more popular meanings. In popular 
usage the term sometimes refers to the assumption of the appearance of 
something without having its reality. For instance, electric light may be 
termed simulated sunlight. It possesses many of the properties of sunlight, 
but is not actually sunlight. Simulation is also a term that has been used to 
describe management games. The relationship between management 
games and simulation will be discussed later. For the purposes of this text, 
simulation refers to the construction and manipulation of an operating 
model, that model being a physical or symbolic representation of all or 
some aspects of an environment or process of interest to the constructor. 
Its purpose is to manipulate the operating model in order either to provide 
information about the environment or to assist in making the decision. The 
reader will recall the discussion in Chapter 7 about accounting models, 
functional models, and operating models. In that chapter, we said that an 
operating model is a model for which the parameter values have been 
specified, and thus manipulation upon the model is possible. The best 
way to identify the variety of uses to which simulation has been put is to 
discuss briefly some of the simulations that may be of interest to the 
reader. 

In Chapter 14, we discussed some of the elementary queuing models. 
Simulation may be used to simulate or represent the behavior of those 
who enter the queuing system and the consequent impact on queue length 
and other variables of interest. One may wish to look not only at the 
queue size but also at the impact on queue size if, for example, the service 
is speeded up, or if the number of service facilities is increased. 

388 
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Joseph Wright Forrester, in his widely read work, Industrial Dynam¬ 
ics, has modeled a production and distribution system, including factory, 
factory warehouse, distributors, retailers, and customers. 1 Using this 
model, he has investigated the impact on inventory size of various inven¬ 
tory and purchasing policies. His findings show that the more removed 
the inventory is from the customer, the wider the fluctuation in the size 
of the inventory, given fluctuations in demand. If the system is represent¬ 
ative of the real world, certain modifications in inventory and purchasing 
policies may be considered in order to reduce the fluctuations in inven¬ 
tory as well as to reduce the average inventory size. 

Charles P. Bonini, in his model of information and decision systems in 
the firm, has simulated various aspects of a firm. 2 The elements simulated 
include certain methods for (1) developing sales forecasts, (2) developing 
budgets, (3) controlling sales forecasts, (4) controlling budgets, and (5) 
controlling personnel. He identifies the impact of certain policies on sales, 
profits, and other performance variables in the firm. Consequently, modi¬ 
fications in policies can be studied in terms of their impact on perform¬ 
ance variables for the firm. 

G. P. E. Clarkson, in a study of the behavior of a trust investment officer 
in a bank, has been able successfully to predict the trust investment action 
that the investment officer w r ould take for a given trust. 3 He develops 
this model of behavior as a means of understanding the thought processes 
of the trust investment officer. The purpose of the model is not to assist 
the trust investment officer in making better trust investments, but simply 
to understand how the trust investment officer goes about making his in¬ 
vestments. If the model can explain the process used to make trust invest¬ 
ments, it may be used as a basis for improving those investments. 

Other models have been developed to simulate the production system 
of a firm in order to use that model to modify and improve the production 
system. 

II. MONTE CARLO TECHNIQUE 

The Monte Carlo technique is a technique usually associated with simu¬ 
lation which allows one to generate events or outcomes. In the dock facil¬ 
ities analysis the basic event was the arrival of a truck at the dock. Rather 
than take the event from a nonexistent or inaccurate logbook, the inci- 

1 Jay Wright Forrester, Industrial Dynamics (Cambridge: Massachusetts Insti¬ 
tute of Technology Press, 1961). 

2 Charles P. Bonini, Simulation of Information and Decision Systems in the Firm 
(Englewood Cliffs, N.J.: Prentice-Hall, Inc., 1963). 

3 G. P. E. Clarkson, Portfolio Selection: A Simulation of Trust Investment (Engle¬ 
wood Cliffs, N.J.: Prentice-Hall, Inc., 1962). 
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dence of arrival might have been derived from the Monte Carlo tech¬ 
niques. 4 

Let us illustrate the Monte Carlo technique with the problem of an 
electric company with four new generators. In order to develop the opti¬ 
mal maintenance policy, the company needs information on life expect¬ 
ancy and failure of each generator. Fortunately, the units are made up of 
some combination of three components the company has used extensively; 
thus the company has failure data. 

Table 20-1 


Component X Component Y Component Z 


Wi 

P(v> i) 

^2 

PM 

Wz 

PW> 

0 

Zero 

0 

Zero 

0 

Zero 

4 

Zero 

4 

0.2 

4 

0.1 

8 

0.1 

8 

0.3 

8 

0.3 

12 

0.3 

12 

0.5 

12 

0.3 

16 

0.4 

16 

Zero 

16 

0.3 

20 

0.2 

20 

Zero 

20 

Zero 


The three components X, Y, and Z, are combined in the following 
ways to form the four generators: 


Generator 1 
Generator 2 
Generator 3 
Generator 4 


Components X and Y 
Components Y and Z 
Components Z and X 
Components X , F, and Z 


In a generator the failure of any component is statistically independent 
of the failure of any other component. When any component fails to 
operate, the entire unit must be shut down, and the entire unit is over¬ 
hauled. This is so because the marginal cost of repairing the additional 
components is more than offset by subsequent savings. 

Data on failure rates by component are shown in Table 20-1. The nv 
stands for the number of weeks that elapse between the time maintenance 
is performed and failure occurs, and P(‘w) is the probability that w weeks 
will elapse between the time maintenance is performed and failure occurs. 
The, reader will notice that failure takes place only at the end of 4, 8, 12, 
16, or 20 weeks. The purpose of the Monte Carlo technique is to predict 
when failures take place, and from that figure to predict average life for 
each generator. 

Since the failure of any component is statistically independent of the 
failure of any other component in the generator, failure of the generator 

4 As a matter of fact, the arrivals in Tables 19-5 and 19-6 (pages 375 and 381) 
were generated with the Monte Carlo technique. 
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is dependent upon which component fails first. As an example, assume 
that we conduct an experiment with generator FZ. This experiment con¬ 
sists of separating the components and running them until each fails. Table 
20-2 shows 10 replications of this experiment. If we are to believe this 
table, the generator will fail, on the average, in 7.6 weeks. This is found 
by recognizing that the total life of the generator for the 10 replications 
is 76 weeks (total of column 3), for an average of 7.6 weeks. Obviously, 
a great deal of time must elapse before this experiment could be con¬ 
ducted, and it would be quite costly. The Monte Carlo technique provides 
a means of conducting this experiment using either a table of random 
numbers or a random number generator. 


Table 20-2 


Week in which 
component Y 
failed 

Week in which 
component Z 
failed 

Failure of 
generator {ear¬ 
liest component 
to fail ) 

12 

12 

12 

4 

16 

4 

8 

8 

8 

12 

16 

12 

4 

12 

4 

12 

8 

8 

12 

4 

4 

12 

16 

12 

4 

8 

4 

8 

12 

8 

88' 

112 

76 


A random number generator can be imagined by assuming that we have 
a large urn containing 100 balls numbered from 00 to 99. When the num¬ 
bers are mixed in the urn and a number is drawn at random, each number 
has an equal chance of being drawn. If we let each ball represent the 
event “failure in uu weeks,” we may draw a series of balls to represent 
the events of interest. For example, for component Y the balls shown in 
Table 20-3 represent the events. This representation stems from the fact 
that 20 percent of the failures occur in week 4, and the 20 numbers 
(00-19) are 20 percent of the balls in the bowl. Now assume that we draw 

Table 20-3 


Balls 

00-19 

20-49 

50-99 


Event—failure 
of component Y 
in week: 

.4 

. 8 

.12 
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Table 20-4 


Event—failure 
Number of component Y 

on ball in week: 

88 . 12 

16. 4 

43. 8 

55.12 

15. 4 

67.12 

79.12 

70.12 

09. 4 

31. 8 


a ball, record the number found on the ball, replace it in the urn, and 
thoroughly mix the balls and repeat this procedure 10 times. Table 20-4 
will show the number found on the ball and the week in which component 
Y fails. The reader should note that the last column of this table is identi¬ 
cal to (and indeed the source of) the first column of Table 20-2. In 


Table 20-5 



Event—failure 


of component Z 

Balls 

in week: 

00-09. 

. 4 

10-39. 

. 8 

40-69. 

.12 

70-99. 

.16 


similar fashion, we may represent failure of component Z, remembering 
that the balls represent the events as shown in Table 20-5. 

Table 20-6 will show the number found on the ball and the week in 
which component Z fails. The reader should note that the last column 

Table 20-6 


Event—failure 
Number of component Z 

on ball in week: 

61.12 

88.16 

22. 8 

91 .16 

51.12 

19. 8 

6. 4 

92 .16 

13. 8 

40.12 






























20. Simulation 393 


of this table is identical to (and the source of) the second column of Table 
20-2. The Monte Carlo technique is simply the process of generating 
events or outcomes using random numbers, and Table 20-2 (with Tables 
20-4 and 20-6 as a source of input) summarizes the findings. 

Obviously, the elaborate use of an urn is impractical when the number 
of events becomes unduly large. However, a more significant drawback in 
the use of an urn is the possibility of the selection not being completely 
random. Many things could affect the randomness of the draw. The proc¬ 
ess of mixing could be incomplete, and one could draw only from a par¬ 
ticular section of the urn. Thus, some numbers may have a better chance 
of being drawn than others. The random numbers are normally taken 
from a table of random numbers; or if a computer is used, a random num¬ 
ber generator subprogram will provide the random numbers. The table 
of random numbers (Table 20-7) is the source of the random numbers 
used in this example. 

The reader will note that each number is a five-digit number, but we 
used a two-digit number. In Table 20-4, we have used only the first two 
digits beginning with the 16th number of column 8 and moving down the 
column. Accordingly, the first number is 88348, and we recognize the 88; 
the second number is 1611, and we recognize the 16, etc. Since component 
Z is parallel to Y, we move over to the corresponding line of the next 
column to find the random number for failure in component Z. Hence, 
we begin in line 16 of column 9 with the number 61211, and w T e recognize 
61. The second number is 88599, and we recognize 88, etc. 

The complete table for generator 2 is given in Table 20-8. 

The reader should now be able to verify that average failure in com¬ 
ponent X is 14.8 weeks if we begin with the random number in the 16th 
line of column 7. 

Since the total weeks until failure of component Y are 88 and we have 
a sample of 10 events, there are on the average 88/10 = 8.8 weeks until 
failure of component F. Likewise, average calculated weeks until failure 
are 11.2 for component Z. Using the data from Table 20-1 on the proba¬ 
bility of failure in week <w, we may find the expected value of failure for 
each separate component. Consequently: 

E /t * = 8(0.1) + 12(0.3) + 16(0.4) + 20(0.2) - 14.8 
where E f , * is the expected (or average) w^eek of failure for component 
X. Then: 

E,,y = 9.2 

and 

E f , ,= 11.2 

Thus the Monte Carlo sample drawn was low by 0.4 weeks for Y and Z, 
but perfect for X. A sample of 10 is far too few to provide any degree of 
reliability. 
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Table 20-7 


Table OF RANDOM NUMBERS* 


96268 

03SS0 

22188 

63759 

55006 

11860 

59144 

81205 

61429 

17765 

83699 

59468 

99699 

14043 

15013 

38631 

37984 

84260 

49095 

77707 

90045 

77892 

19693 

84746 

54317 

69696 

89766 

36701 

22018 

48862 

48572 

86489 

43233 

19014 

53823 

05917 

46619 

62719 

76781 

52905 

51905 

50263 

53117 

61086 

70754 

10052 

91136 

71153 

90216 

68212 

81982 

06344 

92363 

96038 

92993 

45644 

50136 

99784 

16943 

10747 

12600 

33122 

94169 

89916 

08985 

01951 

31794 

03652 

55159 

44999 

72166 

86423 

80824 

62184 

36785 

52682 

58037 

33407 

86208 

65035 

97598 

36065 

40837 

09764 

65933 

11955 

32190 

97749 

20244 

77378 

63018 

31367 

18364 

88388 

92339 

23528 

96007 

72666 

98675 

96454 

95083 

77308 

11913 

70648 

92771 

70292 

60721 

49624 

47484 

99203 

50394 

96057 

28510 

05095 

37786 

61044 

86031 

27311 

92335 

81142 

65591 

83148 

61586 

55299 

44271 

09774 

34970 

28576 

27161 

36433 

16216 

30892 

43092 

64486 

31726 

63561 

53489 

69971 

71307 

74879 

59751 

44999 

44220 

85883 

89348 

78771 

18021 

80410 

69610 

76886 

78816 

79934 

64698 

44212 

82292 

20975 

35392 

83376 

12995 

00204 

53043 

56097 

87524 

03581 

00579 

55921 

87613 

36897 

37618 

70630 

82774 

94627 

17215 

94851 

37136 

62745 

63622 

74339 

63020 

50922 

48338 

08110 

69856 

65348 

83387 

88348 

16611 

43622 

55857 

15014 

61211 

88599 

22567 

91742 

51838 

88074 

02890 

11510 

79508 

81760 

08692 

67927 

62167 

45828 

01164 

87237 

76855 

94213 

45441 

35307 

87879 

50702 

52971 

74220 

26526 

01629 

78555 

85974 

84157 

80335 

72184 

97442 

68067 

23241 

58090 

33853 

78809 

78814 

49332 

85871 

95144 

40575 

40103 

23646 

07205 

67943 

79714 

70759 

09390 

31749 

19345 

06201 

92129 

13032 

40571 

03469 

34576 

46716 

51569 

51755 

29283 

19868 

14294 

77410 

36580 

31581 

49978 

93587 

52195 

06921 

04359 

81699 

55960 

29459 

35675 

45538 

84904 

23149 

23032 

81645 

41435 

50163 

07370 

83242 

60479 

61103 

22625 

65065 

89938 

71035 

32428 

07845 

06580 

40501 

99380 

94042 

71308 

46285 

27252 

59759 

39971 

00859 

07884 

55565 

42161 

63678 

87984 

83928 

64714 

93440 

07780 

07548 

22023 

20927 

47802 

18093 

08454 

60448 

37210 

79270 

31258 

36674 

00344 

57797 

48805 

78156 

46255 

44260 

34660 

59480 

07871 

80541 

90570 

32510 

88092 

20369 

52903 

01632 

71558 

11441 

53947 

37366 

21002 

78228 

96016 

08534 

21164 

24413 

43204 

76091 

39433 

97516 

04671 

77197 

51823 

57216 

66181 

05665 

79168 

94442 

76730 

26439 

32927 

51484 

45142 

86591 

02903 

83426 

05286 

96804 

18978 

20935 

07848 

77103 

92834 

25479 

76297 

59327 

47284 

26886 

77684 

15290 

44422 

05578 

70002 

88439 

84688 

53372 

88774 

96643 

35112 

74002 

27823 

15293 

36008 

26052 

09467 

25417 

50740 

02239 

57112 

41111 

27150 

07932 

93563 

91653 

19194 

21750 

87633 

66429 

12760 

15564 

71051 

42742 

59474 

96106 

38648 

34941 

08817 

97752 

89348 

02147 

55384 

82579 

77124 

76127 

03894 

70709 

19505 

79579 

17058 

97787 

11646 

26344 

65448 

37181 

35234 

30269 

94116 

87700 

74001 

44302 

60154 

86230 

54002 

43869 

41672 

28276 

49139 

81411 

28377 

12408 

48153 

32644 

57988 

80923 

90168 

23122 

36545 

57437 

12581 

00278 

59317 

59220 

00670 

18211 

75089 

31861 

42448 

32157 

61713 

20673 

62559 

70881 

15877 

73962 

37438 

30925 

33687 

87120 

87212 

92361 

23055 

53575 

13857 

55624 

47941 

70922 

54599 

23979 

85675 

62056 

47195 

69525 

38922 

33961 

94104 

29827 

76424 

62421 

63272 

45502 

68065 

98778 

03043 

17587 

79159 

95409 

10459 

19602 


* By permission from David W. Miller and Martin K 
(Englewood Cliffs, N.J.: Prentice-Hall, Inc., I960). 


Starr, Executive Decisions and Operations Research 


In the example used, we could have calculated the expected average 
life of generator 2 by direct means. However, as the number of compo- 
nents increases and the number of points in the probability distribution 
increases, direct means of calculating grow prohibitively costly. Thus the 
Monte Carlo technique becomes important. 
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Table 20-8 



Component Y 

Component Z 

Failure in 
generator 2 
('weakest link ) 

Random 

number 

Week of 
failure 

Random 

number 

Week of 
failure 

88 


12 

61 

12 

12 

16 


4 

88 

16 

4 

43 


8 

22 

8 

8 

55 


12 

91 

16 

12 

15 


4 

51 

12 

4 

67 


12 

19 

8 

8 

79 


12 

6 

4 

4 

70 


12 

92 

16 

12 

09 


4 

13 

8 

4 

31 


8 

40 

12 

JL 


Total 

88 


112 

76 


Let us show how we calculate the average failure of generator 2 by 
direct means. Let us observe that failure of generator 2 is the joint proba¬ 
bility of failure in components Y and 2. However, in the final analysis, 
we only recognize the weakest link (i.e., the earliest failure). For example’ 
one possible event is failure of component Y in week 4 and failure of com¬ 
ponent 2 in week 4. Since these events occur under a condition of sta¬ 
tistical independence, the probability of this joint event is: 

( 0 . 2 ) ( 0 . 1 ) = 0.02 

Hence, by listing all possible events and their probability, we may estab¬ 
lish the probability of failure of generator 2. This information is presented 
in Table 20-9. We may now find the individual probability of failure in 


Week in which 

Y and Z fail 

_ — 


Table 20-9 


Probability of Probability of 

Y failing failing Week of Joint 

Pi'ivJ) P(w z ) earliest failure probability 


4 

4 

8 

4 

12 

4 

16 

4 

4 

8 

8 

8 

12 

8 

16 

8 

4 

12 

8 

12 

12 

12 

16 

12 


0.1 

0.2 

4 

0.02 

0.3 

0.2 

4 

0.06 

0.3 

0.2 

4 

0.06 

0.3 

0.2 

4 

0.06 

0.1 

0.3 

4 

0.03 

0.3 

0.3 

8 

0.09 

0.3 

0.3 

8 

0.09 

0.3 

0.3 

8 

0.09 

0.1 

0.5 

4 

0.05 

0.3 

0.5 

8 

0.15 

0.3 

0.5 

12 

0.15 

0.3 

0.5 

12 

0.15 




1.00 
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week 4, 8, or 12, summing all of the joint events in which the earliest fail¬ 
ure was in week 4, 8, or 12. This is shown in Table 20-10. Therefore the 
expected failure is: 

4(0.28) + 8(0.42) + 12(0.3) = 8.08 

which is higher than the 7.6 arrived at by the Monte Carlo technique. 
As indicated earlier, the sample of 10 is entirely too small for reliable 
results. 

Before completing our discussion of the Monte Carlo technique, we 
should briefly discuss the use and interpretation of the random number 
table. It should be noted that not only is each number random, but also 
each digit is random. This means that each digit in a number has an equal 
chance of being zero through nine. It further means that in the example 

Table 20-10 


Week in which 
generator failed 

4. 

8 . 

12 . 


Probability of 
failure 
. . . .0.28 
. . . .0.42 
. . . . 0.30 
1.00 


we could equally as well use the last two digits, or the second and third 
digits, etc., instead of the first two. However, we should always begin 
randomnly within the table. If we always begin in row' 1 of column 1, we 
shall probably introduce a bias in all of our findings. 

The arrivals in the dock facilities model of the previous chapter were 
drawn by Monte Carlo techniques, using the first two digits of item 16 
of column 2. In this case the numbers 00-09 represent an arrival, and 
10-99 represent no arrival. 

HI. MANAGEMENT GAMES AND MODEL BUILDING 5 

War games have been used as a teaching device by the military for 
well over 100 years. 6 More recently, business games have been developed 
for teaching and research in business administration. It has been only 11 
years since the first fully developed business games were introduced. 7 

5 Much of this section is drawn from the author’s article, “A Computerized, 
Multipurpose Management Game Applied to Retailing,” Journal of Retailing, 
Vol. 41, No. 4 (Winter 1965-1966). 

6 See, for example, C. A. L. Totten, Strategies: American Games of War (New 
York: D. Appleton & Co., 1880 and 1895). 

7 This was “top management decision simulation,” developed by the American 
Management Association and reported in Franc M. Ricciardi et al., Top Management 
Decision Simulation: The AMA Approach, Elizabeth Marting (ed.) (New York: 
American Management Association, Inc., 1957). 
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Since that time, the number of games developed and being developed 
is amazingly large. Well over 100 different games are reported in two 
authoritative books on the subject: Paul S. Greenlaw, Lowell W. Herron, 
and Richard H. Rawdon, Business Simulation; and Joel M. Kibbee, Clif¬ 
ford J. Craft, and Burt Nanus, Management Games. 8 

Games may be of any degree of complexity. As complexity is added, 
the time necessary to learn the game and evolve a satisfactory competence 
in operating the simulated firm increases. Conversely, the direct relation¬ 
ship between a given action and the results of that action becomes more 
masked. However, the more complex the game, the greater the apprecia¬ 
tion for the multitude of factors that affect the results of a certain deci¬ 
sion. Also, the appreciation for the lag effect of a decision increases, and 
this in turn increases the appreciation of the need for long-run planning. 

A one-page game 

The best introduction to management games is to play one. The fol¬ 
lowing is a very simple version of a game that can be played with paper 
and pencil between two players (or two teams could be formed). This 
game is fun as well as being competitive and educational. 

Assume that you are the proprietor of a novelty stand at the Washing¬ 
ton Senators ball park. Your only product is a miniature Senator. Your 
only competitor stations himself at the opposite end of the stands, from 
you. Both of you have an agreement with the Senators that you will pay 
them $10 each game for the privilege of selling that product in their park, 
plus $5 for rent of the booth. The only remaining stipulation is that you 
submit your price for that game to the management in secret. As alterna¬ 
tive employment to selling, you are offered the job of taking tickets at 
$10 per game. The miniature Senator costs you $2, and all unsold units 

may be returned for a full refund. 

Step 1. Set your price in secret, one game at a time. 

Step 2. Match your price and your competitor’s price with the noncom¬ 
petitive price index shown in Table 20-11 (e.g., a price of $4 will 
yield a noncompetitive price index of 1.2). 

Step 3. Compute the competitive price index for your store by the following 
formula: 

a ' = /i + 4 (rTT 2 _1 ) 

where CI t is the competitive price index for stand 1, L is the non¬ 
competitive price index for stand 1, and 1 2 refers to stand 2. 

~Pad" S Greenlaw, Lowell W. Herron, and Richard H. Rawdon, Business Simu¬ 
lation (Englewood Cliffs, N.J.: Prentice-Hall, Inc., 1962); Joel M Kibbee Clifford J. 
Craft, and Burt Nanus, Management Games (New York: Reinhold Publishing Corp., 
1961)’. 

9 Stand 2 computes Cl by using h instead of h. 
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Table 20-11 


Price 

$ 2.00 . 

2.50. 

Noncompetitive 
price index 

. 15 

3.00. 

. 14 

3.50. 

. 13 

4.00. 

. 12 

4.50. 

. 11 

5.00. 

. in 

5.50. 


6.00 . 

. os 

6.50. 

. 0 7 

7.00. 

. 0 6 

7.50. 

. 0 5 

8 00 . 

. . . . 04 

8.50. 

. 0 3 

9.00. 

. 0 ? 

9.50. 



Table 20-12 


Potential or 


Game base demand 

1 .50 

2 .45 

3 .30 

4 .30 

*.40 

6 .35 

7 .30 

8 .25 

9 .20 

1(7 .30 


Step 4. Multiply the competitive price index by the potential for that game 
found m Table 20-12 to get total unit sales (drop partial units), 
otep 5. Complete the income statement. 

The income statement contains only four lines: 

1. Total dollar sales (total units sold times price) 

2. Less fixed expenses $25 (includes *10 opportunity loss because you did 

not sell tickets) 7 

3. Less variable expenses (total units sold times $2) 

4. Equals net income before taxes 

You might arrange these items as in Table 20-13. 

For example, assume that stand 1 sets a price of |3, and stand 2 sets a 
price of $4. Then the results could be as shown in Table 20-14 

Now, verify for yourself that if stand 2 had set a price of $5 instead 
of $4, stand 1 would have made a profit of $78 and stand 2 a profit of $23 
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Table 20-13 



Game 

l 

Game 

2 

Game 

3 

Game 

4 

Game 

5 

Game 

6 

Game 

7 

- - -U 

Game 

8 

Game 

9 

1. Total sales 










2. Fixed 

expenses 










3. Variable 
expenses 










4. Net profit 











Table 20-14 


Stand l 

Step 1. 1.4 

„ / 2(1.4) \ 

Step 2. 1.4 + 41 —- 1 J 

Vl.4 + 1.2 / 

Step 3. 1.708(50) - 85 

Step 4. Total sales = 85 ($3) 

Fixed costs . 

...4255 

. . . . 25 

Stand 2 

Step 1. 1.2 

c ( 2(L2) \ 

Step 2. 1.2+41 1 ) 

Vl.4 + 1.2 / 

Step 3. 0.892(50) = 44 

Step 4. Total sales — 44 ($4) 

Fixed costs 

...4176 

Variable costs 85 ($2) .... 
Net profit . 

. ... 170 

...4 60 

Variable costs 44 ($2) 

Net profit . 

CC [ m 
) CO J NC 

1 fee* 


Lessons to be derived from this simple game 

If you played this game either as one person or as a team member, you 
probably experienced the intense emotional involvement most game play¬ 
ers undergo in the attempt to beat their competition. This emotional in¬ 
volvement probably forced you to try to figure out what your competitor 
would do. Further, you may have wondered how the market (i.e., both 
teams acting together) reacted to price changes. Were you able to figure 
out that the best price for both of you to charge was $6 (i.e., total profit 
for both stands was the highest at this price)? You may have experienced 
the case where you did not change your price but your competitor raised 
his; and as a consequence, you did better. You may have noticed the ex¬ 
ample where stand 2 made a higher profit when he charged a higher price. 
At this point, you can begin to see complexity, despite the simplicity of 
the game. J 

Obviously, this is the simplest game that can be devised. 
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Changing influential variables in this game 

Try changing the influential variables and see what happens. For ex¬ 
ample, change the 4 to 2 in: 

Now, verify that for the conditions stated in the example, sales would 
have been 77 for stand 1 and 52 for stand 2, as opposed to 85 and 44, 
respectively. This change makes the demand much less sensitive to differ¬ 
ent competitive prices. 


Figure 20-1 


P 



The noncompetitive price index is an index of the quantity demanded 
from a traditional demand curve. The equation to determine the index 
used in the game is: 

100 - lOp 
li “ 50 

where p is the price. The expression in the numerator is the true demand 
curve. The graph in Figure 20-1 will show a market demand curve that 
is more price-sensitive. 

Thus, taking points off the new curve, we have the results shown in 
Table 20-15. 

Again applying the conditions stated in the example, you can verify 
that profit for stand 1 is $115, and for stand 2, $79. This change makes the 
game much more sensitive to price changes and consequently much more 
sensitive to competitive price differences. 

This exercise in changing influential variables begins to show you that 
with any specific item in any specific industry, this formula can be manip ¬ 
ulated to reflect any degree of the following four combinations: 
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1. Industry demand highly elastic, competitive price differences of slight 
influence 

2. Industry demand highly elastic, competitive price differences of great 
influence 

3. Industry demand highly inelastic, competitive price differences of slight 
influence 

4. Industry demand highly inelastic, competitive price differences of great 
influence 

Further, by changing the 4 in the Cl i formula to 0, the competitive as¬ 
pect can be dropped. Also, changes can be made in the potential demand. 


Table 20-15 

Noncompetitive 


Trice price index 

$3.00. 2.2 

3.50 . .1.9 

4.00.1.6 

4.50 .1.3 

5.0°.1.0 

5.50 .0.7 

6.00.0.4 

6.50 .0.1 


Adding factors in order to formulate a complex game 

It can be observed that CI\ was an index number that centered around 
one. When it was greater than one, sales were above the potential; and 
when it was lower than one, sales w T ere below the potential. 

Since this was an index number for behavior in setting price, one could 
develop an index number for behavior on something else, such as advertis¬ 
ing. Once the index number for advertising is known, one can multiply it 
by the total unit sales to get total unit sales considering both advertising 
and price. On the other hand, one could come up with some number of 
units to be added to, or subtracted from, total unit sales (considering only 
price) to get total unit sales considering both price and advertising. Con¬ 
sequently, you can begin to see how we add demand factors in order to 
reproduce an actual market environment. The preceding factors represent 
changes in the demand side of the game. On the other side of the coin, 
changes can be made in costs. 

This game also serves a useful purpose to distinguish between an ac¬ 
counting, functional, or operational model. It also allows us to focus on 
constants and variables. 

In abstract or function form, we have the following system: 

TT% —— jRj **■" Ci 
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where Ri is the revenue of the zth firm, C* is the costs of the zth firm, and 
7 n is the profit of the ith firm. 

This relationship is an accounting relationship because it exists by defi¬ 
nition. However, we may go on to identify R, and C» as follows: 

Ci = SiCi T Fi 

where c { is the variable unit cost of the product sold by the zth firm, Fi 
is the fixed costs of the zth firm, and S t is the unit sales for the zth firm; and 

Ri “ Sipi 

where pi is the price charged by the zth firm. Thus m may be expressed: 

TV i — Sipi SiCi Fi 

One might also introduce time by identifying the zth firm in the jth 
period, using two subscripts. Accordingly, is the profit of the zth firm 
in the 7 th period. Because of the added complexity, we shall omit reference 
to the period and implicitly understand that periods may vary. Continuing 
with the model: 

Si = CIi(BD) 

where CU is the competitive price index for the zth firm and BD is base 
demand. 

We continue to define: 



where h is the noncompetitive price index for the zth firm, a is the price- 
sensitivity factor, and n is the number of firms in the market. 

We continue further to identify /*: 



Hence the complete functional model is: 



a — bpi , 

—r~ + “ 


BDCi - Fi 
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In the game, all symbols except p t were supplied. This is, then, clearly 
an operating model. However, the model could as well have been used to 
look at the change in profit for our firm when a is changed and the p t 
values are given. Consequently, a, which in the one-page game was a con¬ 
stant, now becomes a variable. This illustrates the statement made in Chap¬ 
ter 7 that a constant is constant during the argument . 

V, ADVANTAGES AND OTHER USES OF SIMULATION 

Simulation is a tool which owes its usefulness to the computer. The 
computational speed of the computer has made the use of simulation pos¬ 
sible and effective where it would not otherwise have been. Further, simu¬ 
lation can be carried on without a high degree of mathematical sophis¬ 
tication. One advantage of simulation is that it shifts attention from 
methods of obtaining a solution to realistic portrayal of the system. This 
reduces the tendency to structure a model in terms of a known solution 
method. 

The text contains many references and examples of complete enumera¬ 
tion methods which are ways of evaluating each alternative. Thus, in 
Chapter 1, five truck-routing alternatives were tested. This is, in fact, 
manipulation of an operating model and hence a form of simulation. Many 
of the network models proceed by manipulation of an operating model. 

Some of the most useful simulations are of the “continuing use” variety. 
One may have a simulation of an assembly operation so that the effect of 
proposed modifications can quickly be checked out. If the modification 
is of the nature of a shift of production workers from one task to another, 
or a speedup of materials coming in, or a similar change, the simulation 
may be capable of providing information on the change merely by chang¬ 
ing some input values. On the other hand, an extensive modification may 
require the development of a new model. The dock facilities model shown 
in the last chapter is of this type. 

VI. SIMULATION OF THE MARKET ENVIRONMENT 

The more the businessman knows about his environment, both internal 
and external, the better he can control it to conform to his objectives. A 
good deal of literature exists on the subject of optimizing profit (or any 
organizational goals), given the sales forecast. These optimizing rules uti¬ 
lize only a knowledge of the internal environment. However, the most 
basic decisions are the pricing decision, the promotion decision, 10 and the 
innovation decision. It is the impact of these decisions which influences 
the external environment and consequently the sales forecast. 

10 Promotion is here defined as any expenditure necessary directly to enhance or 
maintain sales. Thus, it includes salesman’s salaries, advertising, and other expendi¬ 
tures. 
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The firm’s environments 

The purpose of this analysis is to discuss a simulation methodology 
which reproduces both the external and the internal environments of the 
firm. Once this is accomplished, we may develop quantitative, operational 
decision rules for the business enterprise. 

The model should include forecast behavior of other companies and 
thus allow the firm to try any combination of actions until it finds the 
best combination. 

Internal environment. In order to simulate a firm in an industry, there 
are essentially three environments which must be simulated or for which 
the interrelationships must be known. One of these environments is the 
cost or internal environment. A knowledge of the cost environment will 
tell us the total cost attached to a set of decisions, given the quantity or 
quantities sold. Work in this area has been undertaken frequently, and 
such a subsimulation need not be explored further here. 

Of course, simulation of the cost environment still is not a procedure 
which is completely perfected, but errors of not more than 2 percent to 
5 percent are possible (i.e., the error between a prediction of costs and 
actual costs). Accurate cost prediction does not assure management that 
its internal operations are optimal, but this is not the present problem. 
We are concerned with optimizing market behavior and, as a conse¬ 
quence, with any internal operations affected by this behavior. In other 
words, internal optimizing stems from taking the forecast sales and plan¬ 
ning production, inventories, and work force accordingly. Another factor 
which will affect these decisions will be the forecast error stemming from 
our ability to forecast sales. 

Competitive environment. A second environment is the competitive 
environment, which simulates the responses of competitors to (1) firm 
actions and (2) economic conditions. 

Customer environment. The third environment is the customer en¬ 
vironment, i.e., what reactions consumers will have to the various alterna¬ 
tives offered them by the decisions of the firms. Thus the demand curve 
or schedule of traditional economics portrays the behavior of consumers 
under different price conditions when other things are equal. This en¬ 
vironment is conditioned by the combined actions of all firms as well as 
stimuli outside the control of the firm (e.g., changes in income, the season, 
etc.) 

The process of simulating a firm in an industry 

Conceptual framework. Fortunately, each of the three environments 
can be derived independently of one another. Then, for any given point 
in time, the first step toward optimizing the firm’s goals is to predict a 
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competitor’s behavior. This requires first a general model to evaluate 
competitors’ behavior, which then can be reused by feeding in the com¬ 
petitor’s behavior from the last period to ascertain any change in his be¬ 
havior pattern (as a practical matter, a semiannual or annual updating may 
be preferable). Given the competitor’s behavior, each of the alternative 
market 11 behaviors of the firm can be mapped into the model (along with 
the competitor’s behavior) to derive the predicted sales. Then the sales 
can be mapped into the model of the firm to determine the net profit, and 
that alternative market behavior of the firm which maximizes net piofit 
is the optimal behavior. As indicated earlier, the sales prediction is used 
as the basis for determining nonmarket behavior, i.e., production, raw 
material purchases, plant expansion, equipment replacement, and finan¬ 
cial decisions. 

The above discussion presents a procedure which will maximize net 
profit per period but may not maximize long-run profit. In order to maxi¬ 
mize long-run profit, we would have to determine the outcome for each 
alternative course of market behavior for this period, coupled with each 
alternative for each period in the future. The result would conceptually 
look like a probability tree and would soon be overpowering in size. For 
example, if we were talking about a single product firm and we admitted 
only six different prices as alternatives and only three different promotion 
expenditures, and three different media mixes, then the possible alterna¬ 
tive market behaviors for the initial period are 56, and for six periods there 
are approximately 550 million possible combinations of market behaviors. 
Even for a high-speed digital computer, locating the profit-maximizing 
path would be a major undertaking. In addition, it would be highly haz¬ 
ardous to assume that the behavior pattern for your competitors would 
not change over an extended period of time. Therefore the model’s pre¬ 
dictive ability decreases with time. The only apparent solution to these 
opposing problems is to consider a period of time longer than one period, 
but not an extended period of time. Since, in the above example, a period 
of time of three periods represents 175,000 possible combinations of 
market behavior, two periods (which is the minimum period necessary to 
gauge the effect of competitors’ reactions) seems most appropriate. 

Up to this point in time, we have proposed an enumeration method of 
locating the optimal behavior path. There may be some better method of 
locating the path. Experimentation with different systems and different 
path location rules may result in some improved methods which will al¬ 
low a close approximation to the optimal behavior path. 

Another question which can be raised is the interrelatedness of the 
firm’s market behavior and its nonmarket behavior. Since it is here as¬ 
sumed that the market behavior decision precedes the nonmarket behavior 

' 11 Market behavior here refers to pricing, promotion, and innovation. Innovation 

is a technical change or new product recognized by the consumer as clearly doing 
a better job of fulfilling a need or needs. 
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decision, the latter is merely adaptive and does not become a problem. 
However, the status of nonmarket variables (i.e., inventories, work force, 
etc.) determines the desirability of the market behavior. For example, at 
a given point in time and with a given set of assumed competitors’ be¬ 
haviors, the profit-maximizing market behavior for the firm may be dif¬ 
ferent, depending upon the size of finished goods inventories. Thus the 
essential interrelatedness of the market behavior and nonmarket behavior 
is preserved, but is not a problem in the simulation. 

Definitional problems 

Since this simulation is to take place in the real world, we must wrestle 
with the problems of defining an industry, a product, and even a firm. 
From the theoretical standpoint, defining an industry is not difficult be¬ 
cause we merely exclude those products a firm may be producing which 
do not belong in the industry. 

An industry is normally defined from the consumer standpoint; hence 
an industry is a group of sellers of close substitutes who supply a common 
group of buyers. According to this definition, a large number of firms, 
perhaps the majority, are engaged in production in a number of industries. 

Promotion expenditures are any expenditures designed expressly to 
maintain or increase a firm’s customers; i.e., this must be the motivation 
behind the expenditure. Consequently, expenditures on product design 
are to pinpoint the customer group and are not promotion expenditures. 

Price itself is not simple to define. Nondirect price is here defined as 
any concession to a customer or group of customers which directly affects 
his cost of acquiring the product. The most notable of these concessions 
are producer absorption of delivery costs, quantity discounts, financial 
discounts, special services such as costless installations, etc. When the in¬ 
dustry standard includes delivery, this becomes a nonpromotion expendi¬ 
ture; i.e., promotion should be an item of competition and thus differenti¬ 
able between firms. 

VII. SIMULATION OF MARKET BEHAVIOR IN A MANAGEMENT GAME 

Reported below is the model for a simulation of market behavior in a 
management game. Actual histories of play were analyzed to produce the 
model. The model could have been used to play the game in competition 
with student players. The results show that this model, if computerized, 
would have performed as well as the average student team. However, the 
complexity of the game environment allows superior teams to triumph. 

The game used as the basis of this simulation is MANSYA4. 12 The ver- 

12 Robert E. Schellenberger, MANSYM (Wayne, Penn.: M.D.I. Publications, 
second edition, 1969). 
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sion simulated included three teams or firms per industry. Each firm pro¬ 
duces one product basically similar to the product of the other firms. 
Decisions are submitted bimonthly. Thus, period 1 refers to the January- 
February period, period 2 refers to the March-April period, etc. In gen¬ 
eral, sales were higher in periods 2-5. Market decisions included only the 
price of the product and the promotion expenditure. The industry con¬ 
tains three firms. 

Prediction models and rules 

The basic approach is to develop a model which will ( 1 ) predict the 
price and promotion of other firms; ( 2 ) try a price and promotion de¬ 
cision for your firm; ( 3 ) given all price and promotion decisions, predict 
industry sales; ( 4 ) given industry sales and each firm’s price and promo¬ 
tion, predict sales for your firm; and (5) given sales, price, and promotion, 
determine profits. With a model of this nature, the firm merely tries nu¬ 
merous combinations of price and promotion, and decides actually to use 
the combination which yields the highest profit. The heart of the system 
comes in steps 1 , 3 , and 4 . The following pages present the final model 
(without discussing the methodology used to develop it) for ( 1 ) the pre¬ 
diction of price and promotion of all firms; ( 2 ) the prediction of industry 
sales, given the price and promotion of all firms; and (3) the predicted 
sales for each firm, given market behavior and industry sales. 

The price prediction model 

The following set of price-estimating rules evolved: 

Case 1 . If profits in the previous period were one-third or more of 
industry profits, and the period for which the price decision is being made 
is periods 2-5: 

P= Pk 

where P is the predicted price for the firm, P h is the average price in 
periods 2 - 5 , P L is the average price in periods 1 and 6 , and P f _ i is the 
price charged by the competitor with the highest price in the previous 
period. 

Case 2. If profits in the previous period were one-third or more of 
total industry profits, and the period for which the price decision is made 
is period 1 or period 6: 

P=Pl 

Case 3. If profits in the previous period were less than one-third of 
total industry profits, if your price last time was higher than either of 
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your competitors’, and if the period for which the price decision is being 
made is periods 2-5, then your price is dependent upon the following 
additional factor. 

If the difference between your price and that of the competitor with 
the highest price is greater than 75 cents: 

P = - $0.75 

If the difference between your price and that of the competitor with 
the highest price is less than or equal to 75 cents: 

P = Pj-i 

Case 4. If profits in the previous period were less than one-third 
of total industry profits, if the period for which the price decision is be¬ 
ing made is periods 2-5, and if your price last time was not higher than 
both of your competitors’ prices: 

P=P h ~ $0.25 

Case 5. If profits in the previous period were less than one-third of 
the total industry profits, if the period for which the price decision is be¬ 
ing made is period 1 or period 6, and if your price last time was higher 
than either of your competitors’ prices, then your price is dependent 
upon the following additional factor. 

If the price of your competitor with the highest price in the previous 
period is greater than P L : 

P=Pl 

If the price of your competitor with the highest price in the previous 
period is less than or equal to P L : 

P = Pj-i 

Case 6. If profits in the previous period were less than one-third of 
total industry profits, if the period for which the price decision is being 
made is period 1 or period 6, and if your price last time was not higher 
than both of your competitors’ prices: 

P=Pl 

It should be pointed out that P h and P L are reevaluated each period on 
the basis of the actual price charged. Thus, for example, at the start of 
the second year of actual play, we have two observations upon which to 
determine Pl,‘ but after that period, we have three observations upon 
which to determine P L . As a consequence, the model is dynamic, in that 
the average price will follow some long-run movement. Accordingly, if 
the pressures of increasing raw material prices force prices up in the long 
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run, this pressure would be recognized. However, it would be more fully 
recognized by a weighting procedure which would weight more recent 
observations heavier. It will be seen later that the errors wrought by not 
weighting are much more pronounced with reference to promotion. 

The simulation did not attempt to validate the resulting rules of price 
behavior. However, for the first four periods of the actual simulation, 
these rules resulted in a mean of zero between the actual prices and the 
estimated prices. Consequently, the rules of price behavior appear to be 
valid enough for our purposes. 

The promotion expenditure prediction model 

Case 1. If the period for which the promotion expenditure decision 
is being made is period 1 or period 6: 

PR = PR l 

where PR L is the average promotion expenditure in periods 1 and 6. 

PR h is the average promotion expenditure in periods 2-5, and PR is the 
promotion expenditure. 

Case 2. If the period for which the promotion expenditure decision 
is being made is periods 2-5: 

PR — PR h 

Using past data, it was found that the average error (considering the 
overall mean) for the high sales periods is 12.3 percent, and the average 
error for the low sales periods is 19.3 percent. 

Industry sales prediction model 

The industry sales prediction model is: 

ISj = [27,166.5(21 -p)+ 0.3 (PE - 150,000) + 98,000 ](SI)V 

and p is computed as follows: 

If SP > 2.00, then p = s - [-0.3746 + 0.28177 (SP)]. 

If 2.00 < SP < 0.5, then p-'s - [-0.054 + 0.096423 (SP)]. 

If SP < 0.5, then p — s. 

The symbols are defined in Figure 20-2. 

Firm sales prediction model 

Sales for the firm are: 

FSi = (IS,) Q4 - [—0,0628438(p - p % )]) 

The symbols are defined in Figure 20-2. 
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Figure 20-2 

Glossary of Symbols 

ISj = Industry sales in period j 
PE = Industry promotion expenditure 
SI = Seasonal index 
T } — Secular trend index 
p = Weighted average industry price 
s = Simple average industry price 
SP = Spread between high price and low price 
FS } = Sales of the firm in period j 
Pi = z'th firms’ price 


The results of the simulation 

Complete information on results is only available for all firms in three 
industries for periods 1-4. It is difficult to evaluate predictions unless we 
have some standard against which we may test the prediction. Inasmuch 
as the players submitted sales forecasts, we can at least compare our pre¬ 
dictions with those of the firm. The findings are summarized in Table 
20-16. 

Line 1 shows that total sales for the 36 observations predicted by the 
firm and by our model are virtually identical, and both of these are within 
1 percent of actual sales. However, lines 2 and 3 indicate that the pattern 
of prediction varies. In general, the model overpredicts during periods 

Table 20-16 


Actual sales 

{total for 36 Firm’’s estimated Our estimated 
Periods observations) sales sales 


1-4.2,006,450 1,979,510 1,979,676 

1 and 2. 845,185 888,310 772,793 

3 and 4. 1,161,265 1,091,200 1,206,883 


Table 20-17 


Firm's estimates Our estimates 


Number of Number of Number of Number of 
Period high estimates low estimates high estimates low estimates 


1 .4 4 0 9 

2 . 3 6 5 4 

3 . 3 6 6 3 

4 .4 4 6 3 
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3 and 4, and underpredicts during periods 1 and 2, whereas the firms do 
just the opposite. If we look at the sign of the error by periods, we see a 
pattern emerging. The information is presented in Table 20-17. It appears 
evident that the seasonal index developed in the industry sales prediction 
model for period 1 is understated, thus inducing considerable error. In 
fact, in terms of magnitude, the underestimate of sales in period 1 totaled 
81,287 units. However, in order to draw any conclusion, we should have 
the results of periods 5 and 6. 

DISCUSSION TOPICS AND PROBLEMS 

1. Find the answer to part (a) of Question 4 of Chapter 14, using a Monte 
Carlo approach at one-minute intervals. Ignore the possibility of multiple 
arrivals in any given time interval. Make your own decision about the sample 
size, but indicate how you made your decision. In order to compare the costs 
of various numbers of checkout counters, clear the ending queue at overtime 
(1.5 times normal). 

2. Suppose the store manager for the supermarket of Question 4 of Chapter 
14 had subsequently obtained the following probability distribution of custom¬ 
ers arriving per minute: 


Customers 
arriving 
0 .... 
1 .... 
2 .. . . 

3.. .. 

4.. .. 


Probability 
. .0.700 
. . 0.200 
. .0.040 
. . .0.015 
. . . 0.002 


Plot this distribution, with the number of customers arriving per minute 
on the X-axis and the probability of arrival on the F-axis. This is known as a 
Poisson distribution. What are its characteristics? Verify the probability of 
arrival which you used in Question 1 above. Rerun the analysis of Question 1 
and compare your results. What can you say about the impact of ignoring 
multiple arrivals? 

3. Are management games true simulations? Support your answer. 

4. Suggest two situations where simulation for management could be used 
but has not (to your knowledge) been used. Provide enough detail to demon¬ 
strate that its use is feasible. Also, be sure to indicate how it would be used for 
decision making. 

5. What is the relationship between the computer and simulation? 

6. It has been said that the fact that sophistication in simulations is not 
dependent upon mathematical training is both a major advantage and a major 
disadvantage of simulation. Discuss. 









412 Managerial analysis 

7. The following is the probability distribution of time necessary to process 
one unit: 


Minutes 

required 

1 . . . 
2 . . . 
3. . . 


Probability 

. . .0.3 
. . .0.4 
. . .0.3 


Start at the top of the left-hand column of the table of random numbers and 
move down the columns, and apply a Monte Carlo procedure to run a sample 
of 25 units through the system. 

a) Assume that one unit enters the system every two minutes. Find the average 
waiting size. 

b ) Assume that two processors are available and they are fed by a single line 
(i.e., when the processor is free, it takes the first item in line). Further, 
assume that one unit enters the system every minute. Find the average 
waiting size. 

c ) Under conditions of part (a) above, assume that each item must go through 
a second process with the following distribution of time necessary for 
processing: 


Minutes 

required 

2 .. . 
3.. . 
4. .. 


Probability 

. . .0.3 
. . .0.4 
. . .0.3 


Assuming that the time necessary for the second process is independent 
of the time necessary for the first process, find the total waiting time. In 
a separate analysis assume the time necessary to complete both steps is al¬ 
ways four minutes. Thus when the first step takes one minute, the second 
takes three minutes. Ignore the distribution of times shown under part 
( c) and find average waiting time. 

d) If the relationship between the first and second process had been the fol¬ 
lowing: 


First 

Second 

Total 

process 

process 

time 

1 minute 

1 minutes 

2 minutes 

2 minutes 

2 minutes 

4 minutes 

3 minutes 

3 minutes 

6 minutes 


how would the queue for this condition compare with the queue for the 
previous conditions? 
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8. A professional football coach is trying to decide on the optimum number 
of running backs to have on his squad. He believes that in order to produce a 
championship team, he must have a minimum of four running backs in excellent 
health for every game. In case of a minor injury the player must be removed 
from the game and cannot play in the next game. A major injury puts the 
back out of action for the rest of the season. The season is 12 games. Through 
his many years of experience, the coach has witnessed the following maxi- 
mums: 1 major injury per season and 11 minor injuries per season. The prob¬ 
ability of a major injury per game is 0.05. The probability distribution of 
minor injuries per game is: 

Number 

of injuries Probability 

0 . 0.2 

1 . 0.5 

2 .0.22 

3 . 0.05 

4 . 0.025 

5 . 0.005 


These injuries have happened in a completely random manner, with no pre¬ 
dictable pattern from season to season. The coach also discovered that after the 
season begins, he can not pick up any decent running backs. 

He therefore asks you what number of running backs he should start out 
with each season in order to have himself covered in this department. However, 
you must bear in mind that since he can only have 40 players on his roster each 
year, he cannot afford to have more than the minimum necessary number of 
backs. In view of this, he says he is willing to accept a 2 percent chance of hav¬ 
ing three or less good backs available. If time permits, answer the coach’s 
question. If not, design the simulation model and simulate two games. 

9. You operate a downtown restaurant which has space for 48 patrons 
(12 tables). During the lunch hour, restaurant capacity is severely strained. In 
fact, lines are the rule. Once the lines form, their length is dependent upon the 
speed at which you and your competitors process the patrons’ orders. The 
probability distribution of the time a group of customers will take after re¬ 
ceiving their food are as follows: 


Time in 


minutes 

Probability 

9 . 

. 0.25 

13 . 

. 0.25 

17 . 

. 0.25 

21 . 

. 0.25 


Each waitress can take an order in five minutes, and customers order im¬ 
mediately upon being seated. The time required to deliver the order is depend- 













414 Managerial analysis 

ent upon what is ordered. The following distribution of order delivery times 
holds for each waitress: 


Time in 
minutes 

4 .. .. 

5 .. .. 

6 .. .. 


Probability 
.. . 0.3 
. . . 0.4 
.. . 0.3 


Assume that the kitchen takes five minutes to process each order. Assume 
that eating time and order delivery time are independent. Under the present 
competitive conditions, the distribution of arrivals per nine-minute interval 
(always in groups) between 11:45 and 12:30 is as follows: 


Number of 
groups arriving 

0 . 

1 . 

2 . 

3 . 

4 . 

5 . 

6 . 

7 . 


Probability 
. . . 0.02 
. . . 0.08 
. . 0.20 
. . 0.50 
. . 0.15 
. . 0.04 
. . 0.01 
. . .Zero 


The distribution of arrivals per interval from 12:30 to 1:15 is as follows: 


Number of 
groups arriving 
0 . 


2 

3 

4 

5 


Probability 
. . . 0.15 
. . 0.60 
. . 0.15 
. . 0.08 
. . 0.02 
. .Zero 


Assume that no customers are in the store prior to 11:45 and none arrive 
after 1:15. Further, assume that customers will wait in line only if the line has 
16 or less customers, and that customers arrive in groups of four. Thus, all 
seats may be occupied at all times. Assume arrivals occur midway in the 
period. 

a) Assume that each group of customers takes 15 minutes to eat and 15 minutes 
for servicing (i.e., 5 minutes for ordering, 5 minutes for processing, and 5 
minutes for delivering the order. Test the desirability of three, four, five, or 
six waitresses. (Hint: Divide the restaurant into waitress-service areas.) 

b) If you have the time and/or facilities, use the probability distributions on 
eating and servicing times, and find the number of waitresses required. 
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c ) Do you agree that the owner should be maximizing the number of custom¬ 
ers serviced? 
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I. INTRODUCTION 

Phase 3 of managerial analysis is concerned with determining and main¬ 
taining validity. The essence of this phase is to evaluate the model and the 
data in order to give the decision maker a basis for deciding the degree of 
faith he can have in the course of action recommended by the analyst. 
Three kinds of validity must be recognized: (1) technical validity, (2) 
operational validity, and (3) continuing validity. Technical validity re¬ 
quires the identification of all divergences in model assumptions from 
reality as well as the identification of the validity of the data. Rarely will 
one be able to find an analysis in which the model perfectly fits reality 
and the data are entirely valid. Thus the analyst must raise the question of 
the meaningfulness of these divergences. Operational validity deals with 
the question of the importance of the divergences which are identified 
under technical validity. Finally, we must assure the manager that the 
model will continue to be operationally valid. This is called continuing 
validity and requires an analysis of the provisions for the application to be 
modified in light of new circumstances. 

II. TECHNICAL VALIDITY 

Technical validity refers to a reasonably identifiable set of criteria 
against which any application of managerial analysis may be compared. 
It is termed technical because the analysis of technical validity does not 
include a judgment about the importance of the divergence from some 
ideal. Judging the importance of the divergence is the subject of opera¬ 
tional validity. 

The four primary components of technical validity are (1) model va¬ 
lidity, (2) data validity, (3) logical validity, and (4) predictive validity. 

419 
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Each is judged on the basis of subcriteria. The four primary components 
will now be discussed and illustrated. These illustrations will be centered 
around the inventory and linear programming models. 

Model validity 

Model validity refers to the correspondence of the model to the real 
world. As indicated in Chapter 7 on models and systems, the best possible 
model is one which exactly reproduces what we perceive to exist. The 
validity of the model must be judged by comparing each assumption to 
the real world. Consequently, the starting point for judging technical va¬ 
lidity is to identify all assumptions. Very little has been written on the 
process of identifying assumptions. The process of developing a model in¬ 
volves implicit or explicit assumptions throughout the course of the model 
development. Certain hypothesized relationships between variables are 
implicitly or explicitly tested during the course of model development. 
Obviously, the good model developer will keep track of these assumptions 
for use at this juncture. The model assumptions must agree with the man¬ 
ager’s perception of the real world, and not the analyst’s. 1 

Throughout this text, we have attempted to identify the assumptions 
that operate for all of the models presented. Despite this overt attempt, 
it is highly unlikely that all of the assumptions will have been stated. This 
is partly true because in transferring the model to a particular environ¬ 
ment, there are some assumptions which are made so that the model is 
applicable to that environment and could therefore not be anticipated in 
the text. 

Assumptions can frequently be spotted after the fact by looking at the 
entire process step by step. At one time, many of the advertising agencies 
were offering a media-mix model which used linear programming pre¬ 
sumably to identify the best mix of media that an organization could use 
in order to maximize the effectiveness of its advertising. One of the ap¬ 
plications sought to aim the message at an audience possessing certain de¬ 
sirable characteristics. One of the hidden assumptions of that model would 
have drawn the erroneous conclusion that it was equally desirable to ad¬ 
vance the message to a group of individuals possessing an IQ of 80 and 
another group possessing an IQ of 120 when the ideal audience was to 

1 It should be noted that some people claim that one of the greatest benefits of 
managerial analysis is its ability to improve the decision maker’s perceptions about 
the real world. On the other hand, more than one analyst has resigned because the 
decision maker did not share his perception about the real world. However, the 
analyst may attempt to improve the decision maker’s perception by persuasion, not 
by fiat. The burden of failure to change perception must rest with the analyst’s lack 
of evidence or ability properly to convey that evidence. Management can only be 
held at fault when it grants the analyst no audience to communicate his perceptions 
of the real world. 
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possess an IQ of 100. Such oversights are not entirely uncommon. At the 
introductory level, one cannot dwell at length on the procedures for iden¬ 
tifying assumptions, but can only emphasize the necessity of being fairly 
familiar with the model assumptions. 

Assumptions may be clearly expressed or implied. Implied assumptions 
are frequently spotted by looking at results or outcomes. The following 
pages should serve to illustrate this point. 

Even the most capable analyst makes liberal use of all or parts of exist¬ 
ing models of common processes. Many of these models or their com¬ 
ponent parts are used because they seem capable of predicting the out¬ 
come of a given action. Consequently, all managerial analysts must be 
capable of extracting the assumptions from an existing model. Model 
validity can be investigated by looking at the mathematical assumptions, 
the content assumptions, and the causal assumptions. 

Mathematical assumptions. Some assumptions exist because of the 
mathematical nature of the model. The linear nature of the linear pro¬ 
gramming model is so important that it is mentioned in the title. 

In fact, the assumption of linearity is one of the most common assump¬ 
tions. This assumption says that (within the relevant range) the slope of 
the equation is constant throughout. One of the first assumptions to be 
recognized should be the mathematical form of the model. 

The economic order quantity model offers a useful example to use 
throughout our discussion of validity. The EOQ model is: 

TC = (\ + | C\P 

D = Annual demand 
Z = Order quantity 
Ci = Order cost per order 
C 2 = Cost of carrying $1 in inventory per year 
p = Value of item carried in inventory 

In the EOQ model the order quantity is the independent variable, and 
total cost is the dependent variable. The order cost element is nonlinear, 
and the carrying cost element is linear, as shown in Figure 21-1. 

Another mathematical assumption which occurs because the ordering- 
cost term and the carrying-cost term are added but not multiplied is that 
ordering costs do not influence carrying costs, and vice versa; i.e., each of 
the terms are independent of one another. In this model, such an assump¬ 
tion seems entirely correct. The same assumption is made in the linear 
programming model. For example, one of the constraint equations from 
Chapter 15 is: 
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Figure 21-1 


$ 



This depicts the limited amount of processing time available in depart¬ 
ment 1 and the fact that it takes four hours to process good 1 and two 
hours to process good 2. This equation implies that the amount of proc¬ 
essing time is independent of the number of different goods processed. 
If the manager believes that production is higher the more sustained the 
work on a single product, we might find that a third term is necessary to 
reflect this relationship. J 

A reasonable third term might be — ~!^ 2 ’ giving the equation this 

8 

form: 


4-Xi + 2Xt < -^ + 32 

o 

The third term acts to reduce available capacity when both X x and X 2 
are being produced. Table 21-1 shows selected mixes of products when 
all available time is used and before the penalty effect of this term takes 


Units of X i 

8 . 

7. 

6 . 

5. 

4. 

3. 

2 . 

1 . 

0 . 


Units of X 2 

.... 0 
... 2 
... 4 
... 6 
... 8 
. . .10 
. . .12 
. . .14 
.. .16 


Table 21-1 
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X X 

effect—i.e. for 4Xi + 2X 2 =32. Imposing the penalty term— LJL on 

8 

either extreme, its value is zero. Thus, no penalty is incurred in producing 
all one good. If two goods are produced, this term assumes that it is more 
desirable to produce one at a high level and the other at a low level. Ta¬ 
ble 21~2 shows the penalty. 

Although this term cannot be accommodated by the linear program¬ 
ming model, it does illustrate a means of recognizing dependency between 
the indicated variables. Hence the second type of mathematical assump¬ 
tion to recognize is the relationship between independent variables. 

Another frequent mathematical assumption is that the relationships 
are continuous in the relevant range. This means that a change in the 

Table 21-2 


X 

X % 

Penalty 

8 

0 

0 

7 

2 

IH 

6 

4 

3 

5 

6 

3M 

4 

8 

4 

3 

10 

3M 

2 

12 

2 

1 

14 

1% 

0 

16 

0 


independent variable (no matter how small) is always accompanied by a 
change in the dependent variable. It also means that such a change is 
possible and has meaning. Thus the solution to the linear programming 
model may indicate the production of partial units. The EOQ model may 
indicate ordering partial units. Partial units have no real meaning. How¬ 
ever, partial units may in some instances be ignored without causing harm. 
If you are ordering or producing nails, ignoring the partial unit will not 
affect the solution. However, if you are ordering or producing battle¬ 
ships, the partial unit could be a real problem. 

Content assumptions. The second type of model assumption deals 
with the content of the terms and content of variables within the terms. 
For the EOQ model, we shall discuss both the carrying-cost and the order 
cost terms. This model assumes that inventory costs are of three types: 
(1) those dependent upon the number of units in inventory, (2) those 
dependent upon the number of orders, and (3) those dependent upon 
annual demand. Carrying costs are the same per unit in inventory. Order 
costs are the same per order. Fixed costs are those costs which are the same 
regardless of the number of orders or inventory size and are thus either 
dependent upon annual demand or fixed regardless of demand. The EOQ 
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model ignores those costs which do not vary, as indicated above. For ex¬ 
ample, quantity discounts cannot be handled in the EOQ model. 

Another asumption is that each increment of labor or capital released 
can immediately be used elsewhere at its actual cost. Thus, each dollar 
released from inventory can be immediately reinvested elsewhere because 
carrying costs are dependent upon the average inventory size. This also 
implies that the warehouse space released when inventory is used can 
immediately be put to alternative use. Such an assumption seems invalid. 
However, warehousing costs are apt to be dependent upon the space used 
when the order is first received, i.e., maximum inventory size. If this is 
the case, a simple doubling of the warehousing portion of the carrying 
cost per dollar of inventory per year will correct this error because maxi¬ 
mum inventory size is twice average inventory. 

Another assumption that affects the validity is that the EOQ for one 
good is independent of the EOQ of all goods. Further, the model implies 
that ordering costs and carrying costs for each good are independent of 
carrying costs or order costs of other goods. In the inventory chapter 
(Chapter 13), when we discussed joint order preparation, we demon¬ 
strated the fallacy of this assumption. 

The EOQ model also assumes that the time the purchasing clerk uses 
to prepare an order can be employed in other productive activity. Ac¬ 
cordingly, the direct labor cost of preparing an order is clearly included 
in the order cost. However, we have not discussed whether some or all 
of the overhead costs are included. 

The size of the warehouse and the size of the purchasing department 
are both strongly influenced by the number of orders and average aggre¬ 
gate size of inventory. When it comes to placing one more order, the out- 
of-pocket costs of physically placing the order are probably negligible. 
But the annual costs of operating the purchasing department are very real. 
The purchasing department’s contribution to the order costs is not easy 
to identify. How do we identify the technically correct order costs? 

In the EOQ model, as in most other similar models, only truly fixed 
costs are ignored. Therefore, when identifying order preparation costs, 
one procedure is to try to identify all order preparation activities and the 
costs attached to each. Then the average cost is found for each order or 
each class of order. Obviously, a wide variety of approaches may be 
taken. This problem is discussed here because the proper content of the 
cost terms is a part of the model assumptions. However, how close the 
actual data meet the model asumptions is part of the subject of data 
validity. 

Causal assumptions. The ideal model contains only true causal 
variables. Often, we do not know what causes a given event to occur, but 
we can identify some other event which, by its movement, allows us to 
predict movement in the given event. The primary example is the use of 
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time to predict growth rates. For example, we may predict growth in 
sales of a given product as a function of time. Obviously, the consumption 
of a certain product is not dependent upon the passage of time. However, 
if time will provide good estimates, we shall probably use the prediction 
equation developed by time series analysis. 

Data validity 

The topic of data validity was covered quite thoroughly in Chapter 6. 
The reader will probably find it desirable to review pages 76-80 of that 
chapter. 

Briefly, the three criteria for data validity are: 

1. Accuracy, which is the ability correctly to measure and identify the data 

2. Impartiality, which is the assurance that the data are correctly measured 
and recorded 

3. Representativeness, which is the assurance that the universe from which 
the data arc drawn is properly identified and that the sample was random 

That chapter also pointed out the necessity of assuring that data which 
are to be compared are actually comparable. However, with the possible 
exception of the question of comparability, all of these criteria deal with 
the validity of raw data. The analyst will also need to look at the validity 
of the information when it has been structured and the relationships have 
been specified. It is entirely possible that valid raw data are incorrectly 
structured, resulting in an incorrect solution. Before discussing the ques¬ 
tion of the validity of structured data, let us look at some specific ex¬ 
amples of problems with raw data. 

Validity of raw data. Earlier, we talked about identifying the order 
preparation component of ordering costs. As we have indicated, there is 
a direct cost component which is conceptually easy to identify. An order 
must be authorized by the appropriate official and typed up by a clerk. 
All of the labor costs of handling the order and the materials used are 
readily identified. However, even direct labor costs have data pitfalls. 
Some officials are paid a given salary regardless of the hours they work. 
This would imply that each additional increment of time is costless. On 
the other hand, even an executive must sleep, and his time is limited. Thus, 
each increment of order preparation time may keep him from some other 
activity. A further confusing factor is that it is not only the hourly wage 
rate that must be recognized as direct labor cost, but also the cost of 
fringe benefits. But fringe benefits are not necessarily proportional to the 
hourly rate. 

This discussion points out that direct cost data almost always fail any 
test of technical validity. However, direct cost data are considered rel¬ 
atively accurate. The crucial consideration is how actual costs change 
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with changes in the number of orders and inventory size. Obviously, a 
reduction in the number of orders by one will have almost no impact on 
order preparation costs, but a sizable reduction in the number of orders 
will decrease costs. Hence the accuracy of the estimated order preparation 
costs depends upon the magnitude of the change engendered by the 
model. 

Obviously, these data come from accounting records, and the analyst 
must understand how they were figured and whether they are accurate 
for his purposes. 

VaSidity of structured data. Structured data are raw data upon which 
some manipulation has been performed. Basically, each step of the manip¬ 
ulation should be reviewed to assure that it is correct. If the structuring 
involves the use of statistics, a statistician should be consulted. 

As indicated earlier, investigation of the validity of structured data 
may involve questioning data comparability. Whenever data are aggre¬ 
gated, they are structured. The final values of the carrying costs and order 
costs are aggregations of the components. Identifying the validity of 
structured data is so dependent upon the circumstances surrounding the 
application that it is difficult to generalize about this topic. 

Logical validity 

The components of validity represent a series of questions to be an¬ 
swered in order to make reasonably sure that the recommended course of 
action has been completely scrutinized. Many of the points raised have 
no clear answer. Consequently, the analyst is tempted to skip lightly over 
this phase. It is not easy to evaluate logical validity because no clear 
methodology exists to conduct such an evaluation. 

Logical validity is concerned with the assurance of a logical progres¬ 
sion from model construction to solution. The most identifiable com¬ 
ponent of logical validity is the correctness of the solution procedure. 
That is, were the mathematical manipulations correct and accurate? 

The remaining component of logical validity deals with the logical 
flow of the model. It is also difficult to identify a methodology for check¬ 
ing the logical flow. One element which can be checked is the logic of 
mixing the elements in the model. As indicated earlier, mixing an equal 
number of IQ’s of 80 and IQ’s of 120 does not yield IQ’s of 100. Another 
question is: Are the outcomes which have been predicted consistent with 
expected or known outcomes? 

The methodology for checking outcomes is known as sensitivity analy¬ 
sis and is the subject of a later section of this chapter. By comparing the 
outcomes of the model with actual outcomes, we obtain some indication 
of the predictive ability of the model for conditions which have occurred 
in the past. At this stage, our primary purpose is to identify errors which 
signal the obvious omission of a relevant variable. 
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Predictive validity 

Predictive validity deals with prediction errors. In logical validity, we 
looked at major errors which suggested the omission of important causal 
variables. In predictive validity, we are looking at all errors between the 
actual outcome and the predicted outcome for any of the relationships 
within the model. We also look at errors between actual and expected 
outcomes for the final model. The reader will recall that a prediction 
model is used as an input to the final model used for managerial analysis. 
Thus a prediction model demonstrates relationships between variables. In 
some cases the prediction model may be synonymous with the final 
model. But in many cases the prediction model is only an element in the 
final model. For example, each coefficient in the linear programming 
model must be extracted from company records via a prediction model. 

Predictive validity in prediction models. If one is developing a model 
requiring economic inputs, such as a forecast of sales of bricks, one 
develops a model which identifies brick sales as a dependent variable and 
other factors (such as housing starts) as the independent variable(s). The 
analyst then proceeds to identify the relationship between the dependent 
variable and the independent variables. The reader will recall that this is 
normally accomplished via regression analysis. 

Regression analysis uses the deviations between the actual and expected 
outcome as an integral part of the analysis. It minimizes the squared error 
and identifies the predictive ability of the regression equation by the re¬ 
gression coefficient ( r 2 ). Predictive validity is then concerned with iden¬ 
tifying the divergences between the actual outcome and the outcome ex¬ 
pected from the prediction model. 

As pointed out in the chapter on regression analysis (Chapter 9), 
minimizing the squared error is not the only basis for identifying the 
error. For example, absolute error could be used as the criterion for the 
best fit. However, we are not concerned here with the best fit, but with 
evaluation of the fit. The ratio of the variation accounted for to the total 
variation seems like a logical basis for measuring the goodness of the pre¬ 
diction equation. 

Predictive validity in the final model. It should be remembered that 
both prediction equations and the final model must be evaluated. The 
comments thus far have been most appropriate for evaluating prediction 
models. The reader will recall from the example in Chapter 1 that vehicle 
operating costs for each route were figured from a regression equation. 
However, the final model can actually be set up as a linear programming 
problem with the costs as coefficients. Thus the original cost prediction 
equation must be evaluated as a means of evaluating the final model. In 
other words, predicting equations are used as inputs to the final model. 

The final model may also be evaluated by looking at the errors between 
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actual and predicted outcomes, if such exist. It should be remembered that 
the economic order model is the total cost equation and has nothing to do 
with the solution which identifies the economic order quantity. There¬ 
fore, verification of the total cost equation requires that we identify 
predicted costs for actual inventory levels. However, this becomes rather 
difficult because carrying costs are being accumulated at all points in 
time and order costs are not readily associated with any particular order. 
However, one partial alternative is to look at the total system and attempt 
to identify whether in given periods of time this kind of system will at 
least account for all of the costs that must be accounted for, even if it 
cannot account for them on an item-by-item basis. Thus the company 
must account in total for all of the inventory costs for all of the goods, 
even if it cannot identify error terms for each good. 

The point of this section is to recognize the fact that when and where 
comparisons can be made between actual and expected outcomes of either 
the predicting equations or the final model, such comparisons should be 
made. 

It should also be recognized that another element of predictive ability 
deals with the ability to predict into the future. In fact, the reason for 
using past information is because of its ability to predict future events. 
Accordingly, the question of ability to predict into the future is one that 
should be considered either at this junction or when we are evaluating 
continuing validity (i.e., validity at future points in time). Consequently, 
the question of our ability to predict into the future will be explored in 
more depth at that point in time. Predicting past events will be called 
passive prediction. Predicting future events will be called futuristic pre¬ 
diction. 

111. OPERATIONAL VALIDITY 

Operational validity deals with the importance of the divergences 
found under technical validity. Virtually no model can meet all the 
criteria for being technically valid. However, the real question is how 
important is the divergence. Unfortunately, that question is not easily 
answered. However, a number of subquestions or considerations, when 
taken together, will generally provide enough information to decide to 
accept or reject the analysis and its conclusion. 

It should be recognized that this phase of managerial analysis requires 
meaningful interaction with the decision maker. Obviously, the result of 
this interaction will be to assure that the basic assumptions and trial out¬ 
comes are consistent with the decision maker’s expectations. However, 
it is not at all uncommon for the decision maker to modify his expecta¬ 
tions of the outcome on the basis of a fruitful exchange with the analyst. 
Further, interaction at this juncture may result in a modification of the 
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model so that the outcome is consistent with the decision maker’s ex¬ 
pectations. It should be remembered that the term outcome applies only 
to the output of the model, not to the recommended decision. For exam¬ 
ple, in the EOQ model the outcome is the total costs when the inventory 
is of a given size. The economic order quantity may be a complete sur¬ 
prise to the decision maker. 


Degree of improvement 

Probably the first consideration in assessing operational validity should 
be the degree of improvement generated by the new system over a reason¬ 
able period of time. The degree of improvement is the ratio of the new 


Table 21-3 


Economic Total costs Total costs Carrying 

order quantity (old system ) (new system) costs Savings Ratio 


1,095 .$13,040 $3,500 0.16 $ 9,548 0.268 

980. 16,240 3,920 0.20 12,320 0.241 

894. 19,440 4,296 0.24 15,144 0.221 


criteria to the old. For example, in the EOQ model used in this text, the 
new cost is $3,919, and the old cost was $16,240. Thus the ratio is: 


3,919 

16,240 


0.241 


Since the new cost is 24 percent of the old (a reduction of 76 percent), 
the improvement is so great that it outshadows any of the questions raised 
by technical validity. Since the costs of an existing system are generally 
easier to identify than the costs of a new system, small savings must be 
viewed skeptically. Here the savings are generated by a drastic reduction 
in carrying costs. If carrying costs are crucial to the validity of the sav¬ 
ings, one could conduct sensitivity analysis by identifying the possible 
extremes the carrying costs could assume and then looking at the effect on 
total costs. Hence, if carrying costs range from 0.16 to 0.24, EOQ ranges 
from approximately 1,095 to 894, and the total cost ranges from $3,500 to 
$4,300. 2 This can be compared to the total cost without EOQ. Under 
these circumstances, Table 21-3 depicts the situation. Hence, carrying 
costs have an impact on both the dollar amount and the percentage of 
savings; the higher the carrying costs, the higher the percentage of sav- 

2 The student will recall that D — 24,000, p — 20, Cx = 80, and C 2 — 0.20; and thatr 


* Czp 
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ings. However, in all cases the savings are so great as to negate any other 
questions of validity. 

Testing error extremes 

Probably the second most important question of operational validity 
involves a manipulation of the model by modifying parameter values so 
that they operate at their extremes and then ascertaining the effect of the 
operation of these parameter values at the extremes. One of the effects 
may be that the decision is different in kind rather than simply in magni¬ 
tude. An example is when the linear programming model results in differ¬ 
ent variables being in the solution vector than under the original solution. 
If there is a difference in kind, then the solution is sensitive to the extreme 
values the parameters may assume. 


Table 21-4 


Order costs 

Carrying 

costs 

Economic 

order 

quantity 

Number of 
orders 

Total costs 

oo 

O 

$0.20 

980 

24.5 

$3,920 

80 

0.16 

1,095 

21.92 

3,500 

50 

0.16 

866 

27.7 

2,770 

50 

0.20 

111 

30.97 

3,097 


It should be remembered that a testing of all possible extreme values 
of the parameters may result in an unwieldy number of tests. Accord¬ 
ingly, the analyst must identify those combinations of extremes which 
could reasonably occur and ignore those combinations of extremes which 
could not reasonably occur. Using the economic order formula as an 
example, let us assunle that order costs fall between $50 and $80, and that 
the carrying cost is 0.16 to 0.20. Then, checking all of the extremes re¬ 
sults in Table 21-4. 

One way of identifying the potential error involved is to find out what 
the total costs would be, testing the extreme values for one of the param¬ 
eters and holding the other constant. Thus, in this example, We could 
ascertain what the actual cost would be if we had figured the economic 
order quantity at an order cost of $80 and a carrying cost of 20 cents 
when the order cost was in fact $50. Since we placed 24.5 orders with an 
order cost of $80, the actual cost of placing the orders will be 24.5 times 
$50, rather than 24.5 times $80. That gives us a total of $1,225. However, 
since inventory size is 980 units and carrying cost is still 20 cents, the 
carrying-cost side of the equation will then result in a carrying cost of 
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$1,960, for a total of $3,185. Since the total cost would have been $3,097 
if we had in fact known what the order cost was, the differential cost of 
our ignorance is $3,185 minus $3,097, or $88. Table 21-5 will make all of 
the comparisons and indicate the value of having this information. It can 
be seen that the costliest error occurs when order costs are assumed to be 
$50 when they are in fact $80. The second most costly error occurs when 
the reverse is true. However, this is at least in part due to the fact that 
the percentage variation in the ordering costs is larger than the percentage 
variation in carrying costs. 

The results of this analysis may be used to evaluate the desirability 
of spending more to obtain information on these costs. The point of the 


Table 21-5 


Assumed 

parameters 

Actual 

parameters 

Total cost 
under assumed 
conditions 

Total cost if 
actual parame¬ 
ters has been 
assumed 

Total costs 
under actual 
conditions 

Difference 
in cost 

$80 and $0.20 

$80 and $0.16 

$3,920 

$3,500 

$3,528 

$ 28 

50 and 0.20 

50 and 0.16 

3,500 

2,770 

2,792 

22 

80 and 0.20 

50 and 0.20 

2,770 

3,097 

3,185 

88 

50 and 0.16 

80 and 0.16 

3,097 

3,500 

3,765 

265 

80 and 0.16 

80 and 0.20 

3,528 

3,920 

3,944 

24 

80 and 0.16 

50 and 0.16 

3,528 

2,770 

2,848 

78 

50 and 0.20 

80 and 0.20 

3,097 

3,920 

4,032 

112 

50 and 0.16 

50 and 0.20 

2,770 

3,097 

3,117 

20 


discussion has been to indicate that we may utilize the information on the 
possible extremes to identify the impact of potential errors on the decision 
made. 

We may also test the error extremes by looking at errors in model 
assumptions. For example, we previously discussed errors in the linear 
programming model when we did not include interaction effects between 
the variables. When the interaction affects are recognized, we have the 
equation: 


+ 2V < - ^ + 32 

The penalty term can be ignored and then imposed later. Earlier, without 
the penalty term, the optimal answer indicated that we should produce 
6 2 A units of Xi and 2 % of X 2 . If this optimum is considered in this 
equation, we find that we have 2.23 less units of capacity available in that 
department. Since we calculated the value of added capacity, the impact 
of this interaction term is 2.23 times the per unit value of added capacity. 
In other words, including this term would reduce profit by this amount. 
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Also, we have an operational problem because production cannot be met 
and erroneous modifications in production may further reduce profits. 

Effect of actions near the optimum 

The sensitivity of the criteria to actions near the optimum yields in¬ 
formation on how important it is to be near the optimum. In the EOQ 
model, we may look at two extreme examples. In the first example, assume 
that a bulky and rapidly deteriorating item is purchased. In this instance, 
setup costs are $500, and carrying costs are 0.5; the item is worth $20, 
and 10,000 items are used annually. Thus the EOQ is: 

The second item is readily purchased and small relative to its value. In 
this instance, setup costs are $50, and carrying costs are 0.2; the value of 
the item is $5, and 10,000 items are used annually. Hence the EOQ is: 


: (10,000) 50 
0.2(5) 


= 1,000 


If we purchase 800 units instead of 1,000, TC for the first item is: 

6,250 + 4,000 = $10,250 
and TC for the second item is: 

625 + 400 = $1025 

If we purchase 1,000 units, total costs are $10,000 and $1,000, respectively. 
The percentage error is the same in both instances (2.5 percent). How¬ 
ever, the error in actual dollars is 10 times as great for the first as for the 
second. 

A 20 percent deviation in order quantity has resulted in only a 2.5 per¬ 
cent deviation in total costs. Therefore the decision maker has much more 
freedom to modify actions than if a 2.5 percent deviation in the decision 
variable resulted in a 20 percent error in the criterion. As a starting point, 
the analyst might provide the decision maker the 5 percent range for the 
decision variable. Consequently, in the second example above, we know 
that TC equals $1,000 at the minimum and a 5 percent error means that 
TC equals $1,050. The TC equation may be expressed: 


1,050 = — 


10,000 


(0.2) (5) 


1,050 = 


500,000 
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Multiplying by Z gives: 

1,0502 = 500,000 + l AZ2 
3^Z 2 - 1,0502 + 500,000 = 0 

Using the quadratic equation: 

^ -1,050 ± Vld02,500 -T,000,000 

Z ~ "'I. . . 

= 1,050 ± VT02400 
= 1,050 ± 320.0 

Thus in the 5 percent range Z goes from 730 to 1,370. Let us verify that 
both Z = 730 and Z = 1,370 yield a TC of $1050: 

TC = (50) + ^ (0.2) (5) 

= 13.7(50) + 365 
= 685 + 365 
= $1,050 

and 


TC 


10,000 


(50) + 


1,370 
= 7.3(50) + 685 
= 365 + 685 


1,370 

2 


(0.2) (5) 


= $1,050 


The reader will note that the deviation is 270 units below the optimum 
and 370 units above the optimum. This can be seen by looking at the 
slope of the total cost equation in Figure 21-2. The values at selected 
points are shown in Table 21—6. The reader can see that the total cost 
equation declines more rapidly from the left than it increases to the right. 

Two extreme possibilities of the importance of actions near the opti¬ 
mum can be depicted in Figure 21-3. Deviations from the minimum in 
curve B have a marked effect on the value of the criterion, whereas de¬ 
viations from the minimum in curve A have a slighter effect on the value 
of the criterion. 


Effects of segmentation 

The effects of segmentation or discontinuities can be quite marked. 
Earlier, we cited the example of the partial unit in the EOQ or linear 
programming model. Another example occurs when considering equip¬ 
ment purchases and/or labor savings. For example, assume that a geo¬ 
graphically dispersed retail chain is considering the purchase of a piece 
of equipment for each of its stores. This piece of equipment has been 
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Figure 21-2 
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justified on the basis of its laborsaying ability. It saves one hour per week 
of each clerks time. The number of clerks per store ranges from 10 to 
40, with a total of 400 clerks. Assume that each clerk’s direct cost is $2 
per hour. The analyst concludes that as long as weekly allocated equip¬ 
ment costs are less than J800, the equipment should be purchased. This 
assumes that each hour of time released can be put to productive use. 
Further, clerks are idle an average of 30 percent of the time, but this fact 


Table 21-6 

Order 


Carrying 


quantity 

Order costs 

costs 

Total costs 

200. 

.$2,500.00 

$100 

$2,600.00 

300. 

. 1,666.67 

150 

1,816.67 

400. 

. 1,250.00 

200 

1,450.00 

500. 

. 1,000.00 

250 

1,250.00 

600. 

. 833.33 

300 

1,133.33 

700. 

. 714.25 

3 50 

1,064.25 

800. 


400 

1,025.00 

900. 

. 555.55 

450 

1,005.55 

1,000. 

. 500.00 

500 

1,000.00 

1,100. 

. 454.55 

550 

1,004.55 

1,200. 


600 

1,016.65 

1,300. 

. 384.50 

650 

1,034.50 

1,400. 

. 357.15 

700 

1,057.15 
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was not considered for the analysis. The analysis used to justify the 
equipment purchase has assumed that the new machine can be credited 
with saving one hour per week (at $2 per hour) for each clerk If the 
number of clerks can be reduced so that these payroll costs can in fact be 
eliminated, the analysis is correct, and the idle time is not a consideration. 

It seems unlikely that a store with 10 clerks can reduce its payroll by 
10 hours because this is one quarter of a clerk. Even a store with 40 clerks 
may find it difficult to reduce its payroll by one clerk because the sayings 
are spread over 40 clerks. On the other hand, if the saving in time occurs 
at times when the clerk is very busy, the improvement in customer serv- 


Figure 21-3 



ice may more than offset the cost of the new equipment. In this instance 
the actual saving could be from nothing to more than that reported. Ob¬ 
viously, resolving this question is very important to the analysis. The ac¬ 
tual saving can be expressed by multiplying the possible saving by a co¬ 
efficient; that is: 


S a = a S p 

where: 


S a — Actual savings 
S p = Potential savings 
a — Savings coefficient 

The savings coefficient may be used in two ways. The decision maker 
may estimate the savings coefficient and a reasonable deviation (in both 
directions). Given this, he may test the results with these estimated values. 
Quite separately, one may identify the indifference point between pur¬ 
chasing and not purchasing. For example, if the machine costs are $500 
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per week and the potential saving is |800 per week (all in labor), we need 
to find S a equals $500. Inserting this information in the above equation, 
we have: 


500 = a 800 
a = 500/800 = 0.625 

This means that the indifference point occurs when actual savings are 
62.5 percent of the potential savings. 

Subjective methods 

One way of dealing with the importance which each of the factors 
contributing to validity has is to rate each one on a scale of 1 to 10. Then 


Table 21-7 


Score times 

Factor Scale score Weight weight 


Fi . 6 1.0 16.0 

F 2 . 8 1.5 12.0 

F ?> . 10 1.5 15.0 

Fi .10 2.0 20.0 

F 5 . 8 2.0 16.0 

F 5 . 9 2.0 18.0 

87.0 


each factor can in turn be weighted according to its importance, so that 
the total weights are 10. Thus a validity scale from 0 to 100 results. For 
example, assume that there are six factors: Fi, F 2 , F 3 , F 4 , F 5 , and F 6 , and 
that each is weighted as follows: 

W x = 1 
W 2 = 1.5 
W s = 1.5 
W 4 = 2.0 
W 6 = 2.0 
W 6 = 2.0 

Table 21-7 shows sample scale evaluations and the total of the validity 
scale. 

This analysis receives an 87 validity score. The decision maker now 
has a basis of comparing different analyses and establishing his own cut¬ 
off score, i.e., that score below which he will reject the analysis. It should 
be remembered that as a general rule it is unwise to compare subjective 
scales between individuals unless a good degree of consistency has been 
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demonstrated on earlier scales. It is also possible to obtain an average for 
a group of individuals as long as the cutoff score was established for that 
group of individuals. Therefore the validity score on the above analysis 
may have been 87, 83, 90, and 88 for four individuals. This yields an aver¬ 
age of 87. In this approach, it is wise to set both a cutoff score and a cut¬ 
off range. Here the low score was 83, and the high score was 90, yielding 
a difference of seven points. This would appear to constitute relative 
agreement among the evaluators. If the difference were wide, it would be 
wise to investigate the consistency of each of the factors. If one or two 
items account for the difference, they should be reinvestigated. If the 
difference is spread over all items, it is probably attributable to a consist¬ 
ent and acceptable pattern of differences. An additional advantage of this 
scale is that it forces the use of a checklist and indicates where the weak¬ 
ness lies. 

Implementation validity 

The final component of operational validity is concerned with assuring 
that the expected outcomes occur when the system is in fact operating. 
For example, the linear programming model may dictate a change in 
product mix which can readily be accomplished with the resources at 
hand. However, the production employees may artificially restrict pro¬ 
duction because they do not like the new product mix. Implementation 
validity asks the question: Will the real world respond as the model indi¬ 
cates? Generally, the response error is the result of errors in predicting 
human responses. This kind of response error generally refers to changes 
in controllable behavior rather than physiological changes. For example, 
the chapter on linear programming (Chapter 15) raises the question of 
fatigue at the higher production levels. This is a physiological question 
and is not of concern here. Aversion to change and relinquishment of 
control is a very real threat when objective decision criteria are being 
substituted for subjective criteria. 

IV. CONTINUING VALIDITY 

Continuing validity evaluates the provisions for updating parameters 
and relationships. Obviously, those analyses which are concerned with a 
unique decision need not be concerned with validity. How¬ 

ever, models of common processes frequently deal with repetitive deci¬ 
sions. The EOQ is a repetitive decision, as is the production mix gener¬ 
ated by a linear programming model. The provisions for updating require 
that the model and the solution have the possibility of being updated and 
a source of information which allows it to be updated. The possibility of 
updating requires that the model be written with abstract notation, with 
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parameter values added later. Thus the linear programming model is 
written: 

Maximize: 2 = C,X x + . . . + C m X m + 0 w+1 X m+1 + . . . + 0 w+n A m+n 
Subject to: A n Xi + . . . + A Hm+n) X m+n = b x 

A m \X “f" . . . “f" A m (j ri j rn ^ = b m 

When analysis is required, A ih b i? and C* are given values. In fact, fre¬ 
quently used models of common processes may be computerized. Ac¬ 
cordingly, the analyst will call for the particular computer program and 
add to it the size of m and n as well as values for A ih b h and C { . 

The possibility for updating is called flexibility. When all parameters 
are abstract, we have technical flexibility. When the form of the equa¬ 
tions may be changed, we have form flexibility. 

In the models used in this book, a modification of the form of equations 
may render the solution procedure useless. Since the number of possible 
forms is large, form flexibility is generally unwieldly and not used. 

The last ingredient in continuing validity is an assurance that the sys¬ 
tem which provides this information is operating, so that it can notify the 
appropriate individual or machine when parameter values change. 

Since most large companies have extensive computerized financial sys¬ 
tems, the reader can easily visualize that changes in the value of items (p) 
can readily be incorporated in the EOQ model. However, the changes 
which affect ordering costs and carrying costs are much more subtle and 
require a considerable amount of manipulation to reidentify. When a 
warehouse employee receives a w'age increase, warehousing costs go up, 
and so do carrying costs. Obviously, the impact of such an increase is 
negligible. Thus, one problem is identifying when a change in costs should 
be reflected in new values for Ci and C 2 . Since this model is relatively in¬ 
sensitive to errors, changes are appropriate only when major factors have 
affected costs, or via a periodic updating (e.g., once a year). 

Many companies are moving toward a central system for maintaining 
appropriate and current information. These systems are called informa- 
tion systems or planning and control systems. 3 

V. CHOICE OF NEW PROJECTS AND REANALYSIS OF OLD 
PROJECTS 

The degree of sophistication used in managerial analysis should be de¬ 
pendent upon the benefit to be derived by increased sophistication. Gen- 

3 For a discussion of the analytical components of such a system, see Robert E. 
Schellenberger and R. Sprague, contributing authors in Martin Rubin (ed.), Data 
Processing Handbook (Silver Spring, Md.: Data Processing Publications, Inc., 1969), 
chap. xxv. 
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Figure 21-4 



erally the marginal effectiveness or benefit of the analysis declines as the 
sophistication increases. This can be depicted in the graph in Figure 21-4. 
As sophistication increases, the cost increases at an increasing rate but 
benefits increase at a decreasing rate. Point A shows the point where 
marginal benefits equal marginal costs, and is the optimum degree of 

sophistication. . _• 

In a similar vein, E. Leonard Arnoff has suggested the graph in Figure 
21-5. This shows that as effort increases, the effectiveness does not in¬ 
crease proportionately. It also shows that effectiveness is limited. 

New projects must be chosen on the basis of the potential benefits to 
be generated. In other words, analytical efforts must be evaluated. The 
first question is: What are the costs of the present system? Obviously, 
this places a limit on the benefits. Next a preliminary study (sometimes 
called a feasibility study) attempts to identify a basic approach and a 
subjective estimate of gross benefits. Finally, an estimate of the cost of the 
analysis is made, which is subtracted from the benefits. Then all possible 
projects are listed in order of the benefits. Management is then in a posi- 


Figure 21-5 
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Uon to authorize those projects it can afford to fund and those which 
generate the greatest returns (either tangible or intangible). 

sometimes, it becomes important to consider improving an analysis. In 

T™ P r °j ects . Ae net benefit of reanalysis must be esti¬ 
mated We have already discussed the value of added information which 

£maly!is US6d M 3 bSS1S f ° r deddin S the desirability of improving the 


VI. SENSITIVITY ANALYSIS 

Throughout this text, we have made frequent reference to sensitivity 
analysis. Sensitivity analysis, when used to test validity, attempts to de- 
ermme the impact of errors in input information and errors in model 
assumptions. This concept is simple and has been illustrated frequently in 
this and previous chapters. * * 

. ® ensltlvit y analysis can also be used as an integral part of systems analy¬ 
sis by allowing the analyst to alter a model systematically to look at the 
impact of that alteration on the criteria. In this case, we are asking: What 
is t e impact or sensitivity of feasible changes in the system? For ex¬ 
ample, a retail store may wish to know how many brands of clothing to 
carry. If the model is appropriately constructed, the analyst may test the 
sensitivity of profit to an increase in the number of brands carried Sen¬ 
sitivity analysis may be necessary because the nature of the relationships 
m the environment are too complex to identify with a single equation. 
The reader will recall that the definition of simulation was the construc¬ 
tion and manipulation of an operating model. Obviously, this form of 
sensitivity analysis fits that definition. 

Rather than develop principles, this chapter will examine primarily the 
sensitivity of various models or components. However, a few general 
concepts should be investigated. ® 

The rate of change near an extremum 

If the model can be expressed as a single continuous function with one 
dependent variable and one independent variable, divergences near the 
optimum are always insensitive (i.e„ a slight divergence in the independ¬ 
ent variable results in a smaller divergence in the dependent variable). 

his is so because as we approach a maximum, the function is increasing 
a a decreasing rate; conversely, as we approach a minimum, the function 
is decreasing at a decreasing rate. This is illustrated by looking at the 
slope of tangents as they approach the extrema on Figures 21-6 and 21-7 
The second tangent in Figure 21-6 has a smaller slope than the first, thus 
illustrating that the function is increasing at a decreasing rate. The sec- 
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Figure 21-6 



ond tangent in Figure 21-7 has a smaller negative slope, thus illustrating 
that the function is decreasing at a decreasing rate. 

However, this general behavior pattern need only exist very close to 
the optimum. This can be partially understood by looking at the slope of 
the tangents in Figure 21-8. The slope of tangent 1 is 3/2, which means 
that a two-unit change in the independent variable is accompanied by a 
three-unit change in the dependent variable. This is a condition of sensi¬ 
tivity. However, at tangent 2 a one-unit change in the independent vari¬ 
able is accompanied by a one-unit change in the dependent variable. This 
is a condition of indifference. However, from that point to the minimum 
is a condition of insensitivity. The insensitive range continues to tan¬ 
gent 3, where a one-unit change in the independent variable is accom¬ 
panied by a one-unit change in the dependent variable. This is the range 
to X 2 . Now, consider Figure 21-9, where the insensitive range (Xi to 
X 2 ) is very small. 


Figure 21-7 
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Multiple independent variables 

If there are multiple independent variables, one may look at the change 

Tar h! P n n . Va ? a f com P a ^^ b X » change in one independent 
variable while the other independent variables are held constant In this 

instance the previous comments about sensitivity of functions of one in¬ 
dependent variable hold. However, slight variations in more than one 
variable are more apt to have a marked effect on the dependent variable. 
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The problem here is to decide what combined changes should be invest!- 


Discontinuities and sensitivity 

In Chapter 10, we discussed the cost function for purchasing an item 
on which a quantity discount applied for all purchases over 200,000 umts. 
That function was: 

If P < 200,000, then C = 0.4P. 

If P > 200,000, then C = 0.36P. 

P is purchases in units, and C is purchase cost. It was shown that purchas¬ 
ing 200,000 units instead of 200,001 units increases costs by almost $8,000. 
This is a classic example of the marked impact which deviations frgm the 
optimum can have if the optimum occurs in the vicinity of the discon¬ 
tinuities. Thus, sensitivity analysis should investigate the impact m the 
vicinity of discontinuities. 


Sensitivity analysis and the EOQ model 

We have already discussed numerous questions of validity with respect 
to the EOQ model. Here, we shall address ourselves to some additional 
considerations which can be investigated by sensitivity analysis. Let us 
look at the impact of joint errors in C, and C 2 : 

E °Q - y] 2 -§£ 

This may be reexpressed: 

EOQ = 

It can readily be seen that as long as the ratio between C, and C 2 remains 
constant the EOQ remains constant. If, for example, order costs vary 
from $75 to $50 (C, is $75, and Cj is $50) and carrying costs vary from 
0.24 to 0.16 (C 2 is 0.24, and C‘ is 0116): 

Cl _ Cl = _75_ = _50_ 

G ~ Cl 0.24 0.16 

because: 



50 

0.16 


= 312.5 


and 
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Table 21-8 



Assumed 

parameters 

c x C 2 

Assumed 

economic 

order 

quantity 

Total cost 
under actual 
conditions 

Difference 

1. Errors in opposite 
direction 

2. Errors in same di¬ 
rection 

$80 0.16 

50 0.20 

80 0.20 

50 0.16 

1,095 

111 

980 

866 

$3,394.00 

3,412.00 

3,356.50 

3,359.30 

$42.00 

60.00 

4.50 

7.30 


This shows the impact when the errors in C\ and C 2 are proportionately 
equal. In other words, the impact on EOQ is nonexistent when: 

Ci Cl 

c 2 cl 

where: 


Ci = Original order cost 
Ci = Modified order cost 
C 2 = Original carrying cost 
C 2 = Modified carrying cost 


he effects of errors in C t and C 2 which are of the same direction (but 
not proportionate) as well as errors when the direction is opposite may 
he investigated by using the technique discussed earlier under the section 
ot this chapter on testing error extremes (pages 430-31). Table 21-8 
shows the results of this analysis, assuming actual C, is 65 and actual 
‘ 8, J? “ 24 ’ 000 ’. and P - 20 - In this case, EOQ is 931, and TC is 
?w S i 00 'J^ Sen T, Vlty anal >' sls lends Archer support to the contention 
that the EOQ model is quite insensitive to errors within a reasonable 
range. However, these data also indicate that the magnitude of errors is 
greater when errors in Ci and C 2 are in the opposite direction. 


Table 21-9 


Year 

Original data 


Present-valu, _ Pmmt valm 

Buy 

Lease 

factor 

Buy 

Lease 

0... 

.$4,000 


1.000 

non nn 


1... 

. 1,000 

$2,520 

0.909 

909.00 

$2,290.68 

2... 

. 1,000 

2,646 

0.826 

826.00 

2,185.60 

3... 

. 1,600 

2,777 

0.751 

1,201.60 

2,085.52 

4... 

. 2,300 

2,916 

0.683 

1,570.90 

1,991.62 





$8,507.50 

$8,553.42 
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Sensitivity in present-value analysis 

In the lease-or-buy problem in Chapter 19 (reproduced as Table 21-9), 
we used a discount rate of 10 percent. One purpose in using sensitivity 
analysis is to identify the point of indifference between the lease and 
the “buy” alternatives. Let us investigate (in Table 21-10) the desirability 


Table 21-10 



Original data 

Present value 

Present-value --- - 

Year 

Buy 

Lease 

factor 

Buy 

Lease 

n 

it 4 non 


1.000 

$4,000.00 


1 ... 

. 1,000 

$2,520 

0.893 

893.00 

$2,250.00 

2... 

. 1,000 

2,648 

0.797 

797.00 

2,108.86 

3... 

. 1,600 

2,777 

0.712 

1,139.20 

1,977.22 

4... 

. 2,300 

2,916 

0.636 

1,462.80 

1,854.58 





$8,292.00 

$8,191.02 


of the “lease” alternative at a discount rate of 12 percent. This changes 
our decision from one of “buy” at a discount rate of 10 percent to lease 
at 12 percent. If we are limited to discount rates which can be investi¬ 
gated by Table 19-2, we can only say that the point of indifference is be¬ 
tween 10 percent and 12 percent. 

DISCUSSION TOPICS AND PROBLEMS 

1. Discuss the role of assumptions in managerial analysis models, using one 
of the models in the text to illustrate this role. 

2. The owner of a small chain of ladies’ ready-to-wear shops is contem¬ 
plating hiring an MBA (master of business administration). This employee 
would apply managerial analysis to the company. 

a) Give the owner at least three specific examples of models of commpn proc¬ 
esses which could be applied to his operations; i.e., explain the general 
model and the elements which characterize this model. Be sure to discuss 
the limitations of these techniques. 

b) Explain to the owner what managerial analysis is all about. 

c) Give the owner some indication of the dollar value of managerial analysis 
to his organization and some method of evaluating the potential contribu¬ 
tion of managerial analysis to his organization. 

d) Would you recommend that the owner proceed with his plan? Defend any 
answer you suggest. 
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3. The members of your managerial analysis team have come to you with a 
breakthrough which they are urging you to adopt. List and discuss each of the 
questions you would ask them. 

4. Discuss the validity of the linear programming example in Chapter 15. 

5. It has been said that expenditures on mangerial analysis are always directly 
related to the size of the organization. Comment. 

6. Comment on the technical and operational validity of the revision of a 
prior probabilities model. 

7. What are the assumptions of the EOQ model? (Ignore any measurement 
assumptions; i.e., assume that all elements can be measured.) 

8. Discuss the validity of the four parameter values (C x , C 2 , p , and D) used 
in any application of the EOQ Model. 

9. Discuss the validity of the model assumptions if the EOQ model is ap¬ 
plied to all items in a normal grocery store. 
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Epilogue 


The Epilogue brings us to a time for reflecting upon the real essence of 
what has been presented and learned. It is a time for sober reflection on 
what has not been presented. 

The book has looked rather critically at the economic order quantity 
model and the linear programming model It has looked less critically at 
other models, but has attempted to provide the reader with a basis for a 
thorough look at the remaining models. The criticism leveled should 
not act as a deterrent to the use of the models. They are tremendously 
useful, but the manager must know their limitations. Since the list of mod¬ 
els finding wide application is bound to expand, it will undergo altera¬ 
tion. At the same time, the frequency of use of models in the real world 
is rapidly expanding. 

The book has not attempted to discuss more sophisticated models of 
common processes. This is true because the tools necessary for the use of 
more complicated models involve higher mathematics. In addition, many 
of the more sophisticated techniques cannot be handled with paper and 
pencil. The electronic computer is essential to many of these techniques. 
In fact, linear programming and simulation are topics requiring a com¬ 
puter for their conduct. The author views the computer as a tool neces¬ 
sary for the effective conduct of managerial analysis in the same sense as 
statistics or mathematics are necessary for managerial analysis. Since the 
computer, more than statistics and mathematics, is a facilitating tool, it is 
not discussed. At the same time, the author believes that the future analyst 
or manager cannot expect to function effectively without an adequate 
background in the use of the computer. 

Further, the system which the managerial analyst is trying to model 
includes unpredictable human beings. An understanding of the human 
side of the organization is as essential a tool as the other tools. From the 
observation of this author, the behavioral scientist has been relatively un¬ 
successful in translating his knowledge of human behavior and its impact 
on the environment into operational terms. Admittedly, behavioral sys¬ 
tems may be most complex. However, one often gets the feeling that the 
behavioral scientist has little desire to make his findings operational be¬ 
cause of their probabilistic nature. 

The section on models of complex systems may not properly convey 
the vast possibilities and scope of the topics presented. It is in these mod- 
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els that advancement of immediate significance to mankind is possible. 
The federal government has supported massive studies utilizing simulation 
and systems analysis. Unfortunately, the tremendous size of the system 
and the massive mechanics involved in these applications have overshad¬ 
owed penetrating questions of validity. Further, the state of the art still 
limits the portrayal of dependencies between variables. However, the au¬ 
thor believes that the models of complex processes will drastically im¬ 
prove both from the standpoint of evaluation techniques and from the 
standpoint of portraying dependencies between variables. Obviously, the 
mere process of recognizing all relevant variables and some elementary 
interrelationships has been a major advance in managerial analysis for 
complex systems. 

This book has said very little of the place of the managerial analyst in 
the structure of the organization. We have pointed out that it is essential 
that there be three sources of projects: (1) the continuous monitor sys¬ 
tem containing performance standards, (2) requests by managers, and 
(3) projects initiated by the analyst. The appropriate place in the organi¬ 
zation structure is a position which allows the analyst to carry out his 
charge properly. Since he can only function effectively with proper en¬ 
try to managers and information sources throughout the firm, his posi¬ 
tion must be of sufficient importance to assure this entry. 

This book has said very little about the source of data for managerial 
analysis. Many relationships cannot be ascertained because of the unavail¬ 
ability of data. IVlany organizations are moving toward total information 
systems. It is up to the managerial analyst to identify essential information 
which should be gathered in order to improve past, present, and future 
analysis. Further, he will want to see that the information system provides 
updated parameter values to operational models so that the decisions can 
be modified as necessary. 

Also, a word should be said about the frequently cited team approach 
to operations analysis. Russell L. Ackoff and Patrick Rivett claim that one 
of the essential ingredients in operations research is the team approach. 1 
This is justified by citing the difficulty any one individual has in remov¬ 
ing himself from the biases his training and experience give him. An ex¬ 
ample of this bias is shown in the case of the slow elevator. Tenants were 
complaining about waiting for the elevator. The mathematicians and en¬ 
gineers investigated numerous ways to speed up service but could not find 
a solution. A psychologist viewed the problem differently and suggested 
that mirrors be installed so that the women could primp while waiting 
and the men could watch the women. Although this may illustrate the 
viewpoint of various analysts, it does not pinpoint the underlying char- 


1 Russell L. Ackoff and Patrick Rivett, A Manager's Guide to Operations Research 
(New York: John Wiley & Sons, Inc., 1963). 
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acteristic necessary for conducting managerial analysis, which is the abil¬ 
ity to identify the system, model it, and derive a solution. Admittedly, 
the more balance on an analytical team, the better it can identify the sys¬ 
tem, model that system, and derive a solution. Thus the team approach is 
a useful and highly desirable means to the end. 

This author believes that a good analytical group will include a bal¬ 
anced team. It becomes difficult to identify the ideal or even minimum 
members of such a team. However, two requisites seem universally nec¬ 
essary. One requisite is the ability to model. Obviously, this requires some 
mathematical preparation but more importantly the ability to translate 
the real world into the abstract world of mathematics. Hence, it is not 
the degree of mathematical training but what can be done with it that 
counts. The better the training, the more a capable person can do with it. 
The second requisite is the ability to understand the user’s needs, prob¬ 
lems, and viewpoint. Some companies feel that an undergraduate engineer 
with an MBA and training in management science or operations research 
comes closest to this set of characteristics. Some feel that a managerially 
oriented industrial engineering program provides these characteristics. 
There are some operations research programs which attempt to provide 
this set of characteristics. Obviously, some mathematicians have the first 
characteristic, and they obtain the second because of the nature of their 
personalities. Given these characteristics, the team is usually expanded to 
include members trained in the tool specialties and analytical specialties. 

Finally, the Epilogue should review the scope of managerial analysis. 
We have said that managerial analysis assists the manager in making deci¬ 
sions as long as (1) the analysis recognizes organizational goals; (2) the 
analysis recognizes relationships between relevant variables; (3) the rec¬ 
ommended course of action is explicit, verifiable, and independently re¬ 
producible; and (4) the recommended course of action uses an adaptation 
of the scientific method. One can add that the decision in question must 
be material. A restaurant owner does not need an analyst to decide what 
kind and quality of toilet paper to purchase, although a large chain may 
find the question material. 

One real problem is to decide what constitutes a decision. When a 
top-level manager sets policy, does that constitute a decision? If so, can it 
be assisted by managerial analysis? When a top-level manager sets up a 
committee to study a problem, is that a decision? Forming a committee 
merely prolongs execution on the operational problem and cannot be con¬ 
sidered a decision in this context. Setting policy, on the other hand, does 
not prolong execution, although execution is not possible without further 
decision making. In the case of policy the guidelines constitute a bound¬ 
ary within which the decision must be made. Whether the policy deci¬ 
sion was assisted by managerial analysis depends on whether the pre¬ 
viously stated characteristics are present. 
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Frequently, the student of business administration is asked to conduct 
case analysis. This often consists of a series of statements and data about 
a company’s market performance. The data often contain market per¬ 
formance information about competitors. In question is the decision 
whether changes are necessary in the line of products carried by the firm. 
From the data at hand, it is impossible to construct a totally acceptable 
representation of the situation facing the company. Here the analysis 
obviously must recognize organizational goals. It should recognize rela¬ 
tionships between relevant variables. Indeed, the essence of this approach 
is to hypothesize relationships. The frustrating part of the analysis is the 
lack of obvious or direct support for hypothesized relationships. Given 
the hypothesized but unsupportable relationships, the recommended 
course of action can be explicit, verifiable, and independently repro¬ 
ducible. As long as the analyst follows the tenets of the scientific method, 
he can meet the fourth characteristic. Unfortunately, all too infrequently 
the recommendation is made without any attempt to identify relation¬ 
ships, and thus the recommendation is not verifiable and independently 
reproducible. The point is that even policy decisions can be attacked by 
the managerial analyst, although the validity of his hypothesized relation¬ 
ships may seriously affect the usefulness of his recommendations. From a 
practical standpoint, the managerial analyst will want to avoid analytical 
efforts which string together a series of unsupported or poorly supported 
relationships. 
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